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Bosonic encodings of quantum informa-
tion offer hardware-efficient, noise-biased
approaches to quantum error correction
relative to qubit register encodings. Im-
plementations have focused in particular
on error correction of stored, idle quan-
tum information, whereas quantum algo-
rithms are likely to desire high duty cy-
cles of active control. Error-transparent
operations are one way to preserve er-
ror rates during operations, but, to the
best of our knowledge, only phase gates
have so far been given an explicitly error-
transparent formulation for binomial en-
codings. Here, we introduce the concept
of ‘parity nested’ operations, and show
how these operations can be designed to
achieve continuous amplitude-mixing logi-
cal gates for binomial encodings that are
fully error-transparent to the photon loss
channel. For a binomial encoding that pro-
tects against [ photon losses, the construc-
tion requires |//2| +1 orders of generalized
squeezing in the parity nested operation
to fully preserve this protection. We fur-
ther show that error-transparency to all
the correctable photon jumps, but not the
no-jump errors, can be achieved with just
a single order of squeezing. Finally, we
comment on possible approaches to exper-
imental realization of this concept.

1 Introduction
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of harmonic oscillators, so-called bosonic en-
codings, aim to provide hardware-efficient ap-
proaches to quantum error correction (QEC) [1,
2, 3]. One key experimental platform is that of
superconducting devices, in which harmonic os-
cillators demonstrate the lowest decoherence and
a large noise bias to photon loss [4, 5, 6, 7|. These
approaches were the first among superconducting
devices to demonstrate a gain from error correc-
tion [8, 9, 10, 11], owing in part to their low exper-
imental overhead that simplifies various aspects
of experiments.

A special class of bosonic encodings are
rotation-symmetric codes, such as the binomial
encoding |12, 13|. These encodings support the
logical and error subspaces on distinct parity
(or generalized parity) manifolds of the oscillator
Fock space. Therefore, parity checks are sufficient
for detecting photon loss errors in a correctable
way, which is a good match for superconducting
bosonic modes, which have single photon loss as
the dominant source of errors.

So far, most demonstrations of error correc-
tion gain, on binomial codes and otherwise, are in
the context of idling quantum information. How-
ever, quantum algorithms will likely have a high
duty cycle of logical operations, so the design and
implementation of the logical gate set are crit-
ical [8].
that are fault tolerant, in which errors are not
amplified if they occur during an operation (e.g.,
no increase in rate and no conversion to leakage
errors). A key class of fault tolerant gates are
error-transparent (ET) gates [14, 15|, which are
designed to commute with the set of correctable
errors within the codespace so that the errors pass
through the algorithm with zero amplification.
So far, ET constructions for bosonic codes have
focused on phase gates [16, 17|, which were possi-

Therefore, we must design operations
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ble due to easier-to-implement operations that re-
quired tuning a number of parameters that scales
linearly with the codespace dimension, O(d) (see
Appendix A for a discussion on this).

Here, we take a step forward by designing error-
transparent gates for bosonic codes that trans-
fer weight between Fock states, i.e., ‘amplitude-
mixing operations’. Specifically, we describe a
method for constructing ET Hamiltonians which
generate continuous logical rotations, like X (6),
for binomial codes.  This problem is more
challenging because the number of parameters
scales quadratically with the codespace dimen-
sion, O(d?). We introduce the concept of ‘parity
nested’ operations, illustrated in Fig. 1, in which
the Hamiltonian is block-diagonal in generalized
photon number parity. We then specifically de-
sign the couplings within each generalized par-
ity manifold to produce amplitude-mixing gates
for the binomial encodings that are fully error-
transparent to the photon loss channel. In par-
ticular, we define the ET distance of a gate to
be the number of photon losses, and commen-
surate no-jump errors, that pass transparently
through the operation. For a binomial encoding
that nominally protects against [ photon losses
while idling, the construction requires |[/2] + 1
orders of generalized squeezing to achieve an ET
distance of [ (compare the solid and dotted cou-
plings in Fig. 1). We further show that even with
a single order of squeezing, it is possible to design
an operation that is ET to all the correctable pho-
ton loss jumps, but not the no-jump errors. Fi-
nally, in the concluding discussion, we comment
on possible approaches and physical platforms for
experimental realization of this concept.

2 Background

2.1 Rotation-symmetric and binomial codes

Rotation-symmetric codes [13] are a broad class
of bosonic encodings characterized by a discrete
rotation symmetry in phase-space. In particular,
an order-N bosonic rotation-symmetric code is
defined as any code where the discrete rotation
operator

ZNn = exp <z]7\rfﬁ> , (1)

acts as a logical Z gate on the codespace, where
f = ata is the photon number operator. This N-

fold rotation symmetry forces the Z basis code
words to have a Fock-basis structure of the form

0z) = i02k|2kN> ;
o (2)

|1L> = chk+1‘(2k + 1)N> .
k=0

We collect these alternating Fock-grid coefficients
cor and cok11 into a single vector € that satisfies
the normalization condition

o0 o0
doleal? = learnP=1. (3)
k=0 k=0

and defines a specific instance of an order-IV
rotation-symmetric code. The dual-basis code-
words |£7) can also be written in terms of this
vector of Fock-grid coefficients ¢ as

1) = = S ek

TV & (4)

Our error-transparent constructions will specif-
ically apply to rotation-symmetric codes that
have a hard energy cutoff K such that the
highest occupied Fock state is |[KN) and the
code is defined by a finite number of coefficients
{co,...ck}. The principal example of such codes
are the binomial codes, which are defined for each
spacing N € {1,2,...} and cutoff K € {1,2,...}

by the Fock-grid coefficients ¢, = 4/ (Ik( ), where

(Ik{) defines the binomial coefficient of K choose
k. Binomial codes have the special property that
they exactly satisfy the Knill-Laflamme condi-
tions for the error set A; = {f,&, ...,a'}, where
[ = min(N — 1,K — 1) [12, 13]. Thus, the Fock
spacing parameter N — 1 specifies the number of
detectable photon losses and the cutoff parame-
ter K — 1 specifies the number of these photon
losses that are also exactly correctable.

The error words associated with a given
rotation-symmetric code are now defined. In gen-
eral, for any code with logical states |+£r) that
corrects an (ordered) error set &€ = {Ey,..., E,},
the normalized and mutually orthogonal error
words |£g,) can be iteratively defined for each
E; €& as

PiEi|£r)
V(£ B PiE 1)

+5) = ) (5)
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Figure 1: Parity nesting schematic concept. General procedure for constructing a ‘parity-nested’ error-transparent
X (0) gate for a binomial code, depicted here with order N = 3 and cutoff K = 3 (see Sec. 2.1). After breaking the
Fock states into generalized mod N parity manifolds, the couplings in each manifold are tuned to achieve identical
)_((9) evolution in the codespace and all error subspaces. The solid colored arrows depict the couplings required for
error-transparency to the errors @ and @2, and the dotted arrow is the extra coupling required to achieve a full ET
distance of 2 (i.e. also ET to the no-jump error 7). We note that couplings between Fock states separated by an
odd number of states within the generalized parity manifolds do not need to be used. This is a consequence of
the Fock-space structure of rotation-symmetric codes and in general results in fewer required orders of squeezing to
achieve a given ET distance.
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where P; = I — |£1) (| — Y02 |+5,) (£, is
the projector onto the subspace orthogonal to all
the previous code and error words, which is what
ensures these error subspaces are orthogonal. In
the case of rotation-symmetric codes, the error
words with respect to the photon loss error set
E=A = {f, a,...,a'} are automatically orthog-
onal (i.e. the projector P; can be omitted) and
take on the form:

_ N i(il)kemc kN —m), (6)
where €' = (kN —m+1)---(kN) and N,
is a normalization constant that is the same
for |+4m) and |—zm). Notably, we can rec-
ognize these error words |£sm) as themselves
order-N rotation-symmetric codes which have
been ‘shifted” down m levels in Fock space
(i.e. obey Eq. (1) with the added global phase
e~™™/N) and have new coefficients (cp)r =
N/ (EN —m +1)---(kN)c,.  We can thus
think of the code and error subspaces of a
rotation-symmetric code as a series of shifted
rotation-symmetric codes which fill up the gen-
eralized parity manifolds of the Hilbert space —
a conceptualization which comes up throughout
our derivation of error-transparent gates in Sec. 3.

|am)

2.2 Pure-loss bosonic channel

The pure-loss bosonic channel is the main er-
ror channel that rotation-symmetric codes are
designed to protect against.
can be defined in terms of the Kraus opera-
tors [18, 19, 20]

v
E f—
" (1—7

This loss channel

m/2 am 0/
) (1= meN,
(7)

where v = 1 — e™* is the probability of losing a
photon after time ¢t when starting with one pho-
ton, given an excitation loss rate k. We are in-
terested in codes which can correct these errors
up to a specified order in ~, so it is useful to ex-
pand these errors in orders of /7, which we do
in Table 1.

A quantum code corrects this set of errors up to
[-th order in ~ if the following approximate Knill-
Laflamme error-correction conditions are satis-

fied [21]:

K

(up|ElEjlvn) = duai; + O('*Y) Vi,jeN,
(8)

where p, v € {0, 1} index the logical basis states,
0, is the Kronecker delta function, and a;; is a
constant that does not depend on p and v, but
can depend on the error pair F; and E;. As dis-
cussed in |12, 21|, these conditions hold if all the
leading terms of the errors E,, up to order ~/2
are mutually correctable. In general, cross terms
with the sub-leading terms involving factors of
7*/2 for I < k < 21 also need to satisfy Eq. (8),
but this always follows in the case of the pure-
loss channel [12] and does not affect our error-
transparent gate constructions. We can visualize
these leading terms that need to be correctable as
all those in the first [+1 columns of Table 1, up to
and including column [. In particular, we see that
the 'y%Jrk term of the m-th error E,, involves a™
multiplied on the right by some polynomial in n
of degree k. Thus, for all the terms of order ~/2
or less to be mutually correctable, we require the
error set

S oamak ™M l

51—{an|2+k§2} (9)
to exactly satisfy the Knill-Laflamme conditions.
We refer to the #F factors of these errors as ‘no-
jump’ contributions, and the a™ errors as ‘pure
jump’ errors, so that the pure jump errors live on
the main m = [ diagonal of Table 1, and the no-
jump contributions only appear for [ > m (i.e.
above the main diagonal of Table 1). It turns
out that, for any rotation-symmetric code, if just
these ‘diagonal’ pure photon jump errors A; =
{f, a,...,a'} are a correctable set, then the full
error set & will also be correctable [12|. Thus, in
addition to protecting against the first [ photon
jump errors A;, the binomial codes with N, K >
[ also protect against the full pure-loss channel
(including the I > m no-jump contributions) to
an accuracy of O(y+1).

2.3 Error-transparent gates

We colloquially say a gate is fault tolerant if it
does not amplify errors that occur before or dur-
ing the gate. FError-transparent gates are oper-
ations that achieve such fault tolerance by en-
suring the corresponding unitary acts identically
within all the logical and error subspaces. In par-
ticular, no matter when an error occurs during
the gate, the unitary evolution continues within
the error subspace exactly as in the logical sub-
space, so that the result is the same as if the
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Table 1: Expansions of error operators. The m-th row gives the expansion of the FE,, Kraus operator of the

pure-loss bosonic channel in orders of 1/2, where [ is the column index.

For example, we can read off Fy =

I —3ny+ (A% —2)y2 + O(7®) and By = a7 — Lany®/? + O(v%/?).

error had occurred at the end of the gate. This
can be formulated as a condition on the Hamilto-
nian generating the unitary evolution: the Hamil-
tonian must commute with the error within the
logical subspace. Specifically, we say that a uni-
tary U (t) generated by Hamiltonian H () is error-
transparent to a correctable error set £ if [14, 22|

[E,H@#)]|pL) =0 VE €& pe{0,1},¢. (10)

When € = &, defined in Eq. (9), we say that the
operation has an error-transparency distance of
[, since the resulting unitary is [-th order error-
transparent to the full pure-loss bosonic channel
(i.e. the unitary is error-transparent to all the
errors which must be correctable for E,, to sat-
isfy Eq. (8)). Although formulated separately for
each error ¥ € &, we note that these conditions
ensure that even when multiple errors occur all
at different times of the evolution, they will still
all commute through the unitary in the sense de-
scribed above as long as the resulting product of
errors is correctable.’

Logical phase gates Z(f) for binomial codes
have already been made error-transparent to
one photon loss & = A, = {[,a}. This
can be achieved by using Stark shifts [16], or
SNAP gates [17]°, to design diagonal Hamiltoni-
ans of the form H = "¢ o, |n)(n|. Leveraging

IWe also remark that there are ways to slightly relax
this error-transparency condition, such as allowing the ac-
cumulation of different global phases [16] or requiring the
errors to simply remain correctable after the gate (instead
of remaining the same) [23]. However, we have found that
the simpler and stricter conditions given by Eq. (10) are
achieved by our construction.

?Although this work focused on error-transparency to

the Fock-space structure of rotation-symmetric
codes, these operations directly add different
phases to each code and error words to accom-
plish Z(#) gates in both the logical and error
subspaces, yielding error-transparent phase gates
(see Appendix A). This cannot, however, be eas-
ily extended to amplitude-mixing gates since the
requisite non-diagonal matrix elements of H do
not interact simply under commutation with the
Vv/n factor of @ or the 7% no-jump contributions
of the errors in &;.

3  Amplitude-Mixing Gates Using Par-
ity Nested Operations

We will design amplitude-mixing error-
transparent gates for the binomial codes by
leveraging the periodic spacing in Fock space
of their codewords. In particular, recall that
(see Sec. 2) the logical and error subspaces of
rotation-symmetric codes can be segregated
into different |—m mod N) generalized parity
manifolds depending on the power of & in the
error a™A*: the codespace has support only on
the |0 mod N) Fock states, the @ error subspace
has support only on the |—1 mod N) Fock states,
etc. Here, |—m mod N) denotes the set of all
Fock states |n) whose number n is equivalent
to —m modulo N. Operations which preserve
generalized mod N parity at each time step will
then always keep the logical and error subspaces

within their corresponding parity manifolds and

ancilla errors, such SNAP gates could in principle be used
to achieve error-transparency to one bosonic photon loss.
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thus prevent them from mixing. At the very
least this means that detectable photon losses
will remain detectable under parity-preserving
operations.

We will take this one step further by design-
ing parity-preserving operations which specifi-
cally act identically on each logical and error
subspace of the binomial code, yielding gates
which are error-transparent up to some desired
distance [ < N. We call such parity-preserving
error-transparent gates ‘parity nested gates,” and
they can theoretically be implemented by tuning
the matrix elements of generalized higher-order
squeezing operations (Sec. 3.1). In the follow-
ing sections, we give two general constructions of
parity nested X (@) gates for binomial codes: one
achieves error-transparency to the full error set &
using |1/2] 41 orders of squeezing (Sec. 3.3), and
the other achieves error-transparency to just the
pure-jump errors A; = {f, a,...,a'} using only a
single order of squeezing (Sec. 3.4).

3.1 Parity-preserving operations and general-
ized squeezing

Any unitary which preserves generalized mod N
parity at each time step must have a correspond-
ing Hamiltonian A which can be decomposed into
independent Hamiltonians H,, acting on each re-
spective |—m mod N) parity manifold:

N—-1
m=0
where
K
Hp= > (Hp)wilk'N —m)(kN —m| . (12)
k,k'=0

When m > 0 the summations start at k, k' = 1 so
that H does not involve any negative Fock states.
Defined in this way, Hp is a (K + 1) x (K + 1)
matrix that determines the unitary evolution in
the |0 mod N) logical parity manifold, and the
remaining H,, are K x K matrices (since the |0)
Fock state has been annihilated) that determine
the evolution in the corresponding |—m mod N)
m-~th error parity manifolds. Intuitively, we can
think of H as the ‘parity-blocked’ matrix formed
by stacking these separate parity manifold Hami-

tonians H,, block-diagonally:

Hy 0 0 O
0 O 0 O

H=M"1 . M
0o 0 . 0 (13)
0 0 0 Hy.
=M 'H'M,

where M = S KN [n/NT + (=n mod N) K) (n|’
is the permutation matrix that rearranges the
Fock states so that those which are congruent
mod N are all adjacent to each other. We note
that we can only write a Hamiltonian in this block
diagonal form if it is parity nested and thus does
not contain matrix elements which mix two dif-
ferent generalized parity manifolds.

Thinking about how to actually implement
these operations, the simplest type of nontriv-
ial unitary that preserves even/odd (i.e. mod
2) parity at each time step is the squeeze op-
erator S(z) = exp (% (z*d2 — z(dT)2))7 whose
Hamiltonian only has matrix elements on the two
second off-diagonals. This can be extended to
generalized mod N parity-preserving operations
by going to ‘higher order’ squeezing;: S’N(z) =
exp (% (z*&N - z(&T)N». Writing the Hamilto-
nian H = 2*a" + z(a")" of this unitary in the
parity-blocked form of Eq. (13) results in a block-
diagonal matrix H’ containing N sub-matrices
Hy,Hy,...,Hyn_1 (since H preserves mod N par-
ity), each only having nearest-neighbor couplings
(since H only has matrix elements on the two
N-th off-diagonals). We emphasize that these
‘bare’ bosonic squeezing operators are not the
ones that accomplish the relevant gates for bino-
mial codes, but they provide a useful conceptual-
ization framework for parity nesting. In particu-
lar, in a similar spirit to [24], the matrix elements
of the @ and a' operations need to be tuned to de-
sign more general Hamiltonians of the form

H = f(p)"a™ + f(a)(@"™ (14)

where f(7) is some diagonal matrix in Fock space
which effectively changes the \/n matrix elements
of the & operator.

Unfortunately, when implementing actual
gates, the parity manifold Hamiltonians H,, may
require nonzero matrix elements on not only these

9This usage of mod refers to the modulo operation (i.e.
the remainder of —n divided by N).
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two first off-diagonals, corresponding to the N-
th off-diagonals of H, but also on the other off-
diagonals as well, corresponding to the 2N-th,
3N-th, etc. off-diagonals of H. Physically real-
izing such Hamiltonians would require the simul-
taneous implementation of several different lay-
ers of higher order squeezing — one for each kN-
th off-diagonal of H that contains nonzero ma-
trix elements. With this in mind, we classify the
complexity of a parity nested gate by the num-
ber of nonzero off-diagonals in its Hamiltonian,
and therefore the number of theoretical orders of
squeezing that would be needed to implement its
Hamiltonian, assuming the nonzero matrix ele-
ments could be arbitrarily tuned.

3.2 Parity nested X (6) gates for the binomial
codes

To serve as a starting point for our two main
constructions, we now derive parity nested X (6)
gates for the cutoff-K order-N binomial codes
(with N > K) that have an error-transparency
(ET) distance I = K — 1 commensurate with the
order O(y") of protection achieved while idling.
In particular, for a Hamiltonian H to generate
continuous X () gates, it must have |+7) in its
+1 eigenspace and |—r) in its —1 eigenspace.
For H to also be error-transparent to x_1 (and
thus have an ET distance of K — 1), it must
act in this same way on all the error subspaces
and must therefore likewise have E|+1) in its 41
eigenspace and E|—r) in its —1 eigenspace, for
every error E € Ex_1. We can directly derive an
H with this eigenstructure by using the orthogo-
nalized error words defined in Eq. (5):

H= > (+e){+el—1-)-&]) . (15)

Eclk_1

which generates a continuous X (f) gate in
the logical subspace (since I € Ex_1) and
all the orthogonalized error subspaces. Thus,
the Hamiltonian H in Eq. (15) automati-
cally satisfies the ET conditions in Eq. (10):
HEll+) = H(Blt) — BE(H|tr) =
+FE|+r)—FE(£|£L)) =0forall E € Ex_4. Since
each of the errors words |£4mpk) lives in a single
parity manifold, dictated by the power m of the
a operator in the error, this H will also always be
parity nested.

To understand how many orders of squeezing
are required for this construction, we can ana-

lyze each parity manifold independently. Starting
with the logical |0 mod N) parity manifold, only
the error words arising from the no-jump errors
n,n% ... ,fLL%J live in this parity manifold (see
Eq. (9) with I = K — 1 or the first, m = 0, row
of Table 1). So, we have:

5]
Ho= Y ([4ae)(+ar] = [=ae) (—ar
k=0

) - (16)

Since the [0z) and |1z) codewords of rotation-
symmetric codes, and their corresponding |0, )
and |1,%) error words, have support on alternat-
ing Fock states (see Eq. (2)), each |4+,x) (44| —
—ak) (k| = |04k) (Lak |+ [14x) (Opr | pair of terms
in Eq. (16) will only contribute nonzero matrix el-
ements to the odd off-diagonals of Hy. For cutoff-
K binomial codes, Hy is a (K + 1) x (K + 1)
matrix, meaning it will have {%J of these odd

off-diagonals (above the main diagonal).

Now considering the other parity manifold
Hamiltonians H,, arising from the jump errors
am™ak, since the |£4m) error words are just shifted
rotation-symmetric codes, prepending factors of
a to all the code and error words in Eq. (16)
(and removing factors of n accordingly) results
in essentially the same story for each error parity
manifold Hamiltonian H,,. This means the entire
matrix H will generically have nonzero matrix el-

%J odd off-diagonals (above

K+1
2

ements on all its {

the main diagonal), and thus will require {
squeezing orders to implement, scaling with the
size K of the binomial code.

3.3 Number of squeezing orders scales with
error-transparency distance

Any Hamiltonian that generates continuous log-
ical X () gates and is error-transparent (ET) to
& = Ex_1 must contain the eigenstructure in
Eq. (15). However, we can potentially reduce the
number of required squeezing orders by adding
extra terms to this eigendecomposition. Specifi-
cally, we can construct Hamiltonians of the form

D
H=> (+e){+el — |—e){—e)+D_ Nilvi) (Wil ,

FEe& j—

(17)
where \; € R, the |¢;) are orthogonal to each
other and all the code and error words, and
D = (KN + 1) — 2|&] is the dimension of the

Accepted in (uantum 2025-09-21, click title to verify. Published under CC-BY 4.0. 7



subspace orthogonal to all the code and error sub-
spaces. By picking these extra \; eigenvalues and
|1;) eigenvectors judiciously, we can potentially
cancel out all the matrix elements on certain off-
diagonals of H, thus reducing the required num-
ber of squeezing orders.

Unfortunately, when the ET distance l = K —1
matches the order of protection achieved while
idling, the eigenstructure of Hy (Eq. (16)) con-
tains 2 {%J +2 = K + 1 terms (when K is
odd), meaning Hj is already full-rank, so no ad-
ditional terms of the form A;|1;)(;| can be added
to the Hy sector of H (the one extra term that
can be added when K is even is not sufficient to
cancel out any matrix elements). In other words,
the two-dimensional error subspaces arising from
n,n2, ... ,ﬁL%J, along with the codespace, fill
up all K +1 dimensions of the logical parity man-
ifold, leaving no extra subspaces on which Hy can
act arbitrarily to cancel out matrix elements. In
this sense, we say that the error set £x_1 sat-
urates the logical parity manifold of a cutoff-K
binomial code, fixing Hy and thus the {%J re-
quired number of squeezing orders.

However, if we instead only seek operations
with a smaller ET distance | < K — 1, then &
will no longer saturate the logical parity mani-
fold. This gives us the freedom to add K + 1 —
2(|1/2] +1) = K — 1 — 1 arbitrary terms to the
eigendecomposition in Eq. (16) (or K — [ terms
in the odd [ case), which theoretically involves
enough free variables to cancel out matrix ele-
ments so that H only requires |[/2] + 1 orders
of squeezing. Although directly determining the
necessary A; and [1;) requires solving a quadratic
system of equations that is not necessarily consis-
tent, we find that this can indeed be done through
a different construction:

Theorem 1. For any rotation-symmetric code
with a finite number of nonzero coefficients ¢ =
[co, ..., cx] which exactly corrects the error set
g = {dmﬁk | 5+ k< %}, we can always con-
struct a parity nested Hamiltonian H generat-
ing continuous logical X () gates which is error-
transparent to the error set & and only requires
|1/2] + 1 orders of squeezing to implement.

We leave the full details of the proof for Ap-
pendix B.1, but the general idea of this construc-
tion is to first break down the code into a series of
smaller shifted binomial codes of size K’ = [ + 1,

which can be thought of as the ‘minimal correct-
ing units’ of the error set £&. We can then sep-
arately apply the error-transparent construction
from Eq. (15) to each of these smaller K’ =1 +1
binomial codes, yielding decoupled Hamiltonians
which each only utilize the {%J = {%J +1
odd off-diagonals in their immediate vicinity in
Fock space. We then recombine these decou-
pled Hamiltonians to arrive at the desired I-
distance ET Hamiltonian H, which still only re-
quires [1/2] + 1 squeezing drives to implement,
just like its constituent parts. Thus, the required
number of squeezing orders scales with the de-
sired ET distance [, instead of the size K of the
code.

We remark that, while the Hamiltonian con-
structed in Theorem. 1 is certainly not the unique
one ET to &, there is a meaningful sense in which
it is the minimal one with respect to squeezing or-
ders. In particular, as we prove in Appendix. C,
given any rotation-symmetric code which corrects
&1, any Hamiltonian which is error-transparent to
&1, continuously maps the logical subspace to it-
self, and yields a continuous amplitude-mixing
gate must require at least [I/2] + 1 orders of
squeezing, specifically involving matrix elements
on the odd off-diagonals in the H,, parity blocks.
The lowest [[/2] + 1 such orders of squeezing
are the only ones utilized by the Hamiltonians
in the Theorem. 1 construction, which is why it
is in some sense minimal with respect to squeez-
ing orders. More generally, this result suggests
that these squeezing orders are likely required
to achieve exactly error-transparent amplitude-
mixing gates for rotation-symmetric codes. That
said, logical unitaries which temporarily leave
the codespace, for which the concept of error-
transparency becomes much less straightforward,
may be able to circumvent this constraint. For
the specific statement of this required squeezing
theorem, as well as its proof and further discus-
sion, see Appendix. C.

3.4 Single order of squeezing

Simultaneous implementation of more than one
order of squeezing may be challenging. This
motivates the question: what type of error-
transparency (ET) performance can be achieved
using only a single order of squeezing?
Theorem 1, we know that with a single order
of squeezing we can achieve first-order, but not

From
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second-order, error-transparency to the pure-loss
channel. We now improve this result by showing
that, using only a single order of squeezing, we
can implement Hamiltonians that are more gen-
erally error-transparent to the first [ correctable
photon jumps:

Theorem 2. For any rotation-symmetric code
with a finite number of nonzero coefficients ¢ =
[co, ..., cr] which exactly corrects the error set
= {f,d,...jél}, consider the parity nested
Hamiltonian H formed from nearest-neighbor
parity manifold Hamiltonians H,, given by

(Hm)k g1 = (Hp )Z+1 k
K
— J+k 2
(Cm)k Cm ) k41 Z:: (e | ’
(18)
where  the error  coefficients  (¢m)k =

N/ (kN —m +1) -+ (kN)cg are defined below
Eq. (6). The resulting H then generates contin-
uous logical X (0) gates, is error-transparent to
the error set Ay, and only requires a single order
of squeezing to implement.

We now give a sketch of the proof, leaving a
full derivation of Eq. (18) to Appendix B.2. Us-
ing Theorem 1 with [ = 0, we can first derive a
nearest-neighbor logical parity manifold Hy that
generates continuous logical X (0) gates in the
codespace, yielding the m = 0 case of Eq. (18).
Then, since the error words with respect to pure-
jump a™ errors are shifted rotation-symmetric
codes (see Sec. 2.1), we can repeat this construc-
tion for each error parity manifold Hamiltonian
H,,, yielding a full Hamiltonian H which gener-
ates X () gates in both the codespace and all the
a™ error spaces and only requires a single order of
squeezing. The resulting Hamiltonian (Eq. (18))
indeed satisfies the ET conditions in Eq. (10).

This theorem tells us that the no-jump er-
rors are what force the use of all the additional
|1/2] squeezing orders, beyond the first, required
for full pure-loss error-transparency. Although
this theorem does not yield single-order squeez-
ing Hamiltonians with ET distances greater than
1 (since we lack error-transparency to the second-
order no-jump error 7 € &), it does allow us
to suppress the higher-order jump errors (e.g.
4% € &) in addition to @ € &. Since A; D &,
this indeed yields a substantial reduction in errors
as we demonstrate in Sec. 4. A similar procedure

can be used to also get error improvements over
the construction in Theorem 1 when we are lim-
ited to a larger number of squeezing orders (more
than one), but we leave the corresponding deriva-
tion to a future work.

4 Examples and Performance

As an example and to test the performance of our
scheme, we now apply the various parity nested
constructions presented in Sec. 3 to the N = 3,
K = 3 binomial code. This binomial code has

codewords
10) +v/3]6)
o) = 230 o
_ V3[3)+19)
1) = VLR
and exactly corrects the error set & =
{I,n,a,a°}.
Construction 1.  From Sec. 3.2, the par-

ity nested X gate for this code that is error-
transparent (ET) to the full error set & requires

{Lj lJ = 2 squeezing orders to implement. In

particular, using Eq. (16) we can write the logi-
cal parity manifold Hamiltonian as

Ho = 10L)(1c| + [1£)(0L| + [04)(La] + [12)(04]
0 V3 0 -1
C1V3 0 1 0
210 1 0 V3
-1 0 V3 0
(20)

Likewise for the first and second error parity man-
ifolds, we have:

Hy = |04)(1a| + [14)(0a
e
V2 01 0
(21)
Ho = |0452) (12| + [152) (042
I P
\/5 0 2 0

The full parity-blocked Hamiltonian H (see
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Eq. (13)) will then be given by

Hy 0 0
H=M"'{0 H 0 =
0 0 H
[0 0 0 ¥ 0o 0 0o 0 0 -1
1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 % 0 0 0 0
¥ o0 0 0 0 0 L 0o 0 o0
1 2
0 0 0 0 0 0 F 0 0
0 0 45 0 0 0 0 0 5 0
0O 0 0 L 0o 0o 0 0o 0 ¥
2
0 0 0 0 F 0 0 0 0 0
0 0 0 0 0 4 0 0 0 0
-1 0 0 0 0 0 ¥ 0 0 o0
(22)

As we can see, this Hamiltonian indeed requires
two orders of squeezing to implement: 3rd-order
squeezing to tune the matrix elements on the 3rd
off-diagonal and 9th-order squeezing for the —%
matrix element at the anti-diagonal corners of the
matrix.

Construction 2. Since this binomial code is the
‘minimal correcting unit’ with respect to the error
set &, this is the same Hamiltonian we would get
if we used the construction in Theorem 1 with
desired ET distance set to [ = 2. However, if
we instead only seek an ET distance of [ = 1,
Theorem 1 will give us a different Hamiltonian
that only requires a single order of squeezing. In
particular, the parity manifold Hamiltonians will
become:

0 V3 0 0
H_rx/ﬁo 2 0
°=310 2 0 V3

0 0 V3 0

010

1
H=—1101 (23)

V210 1 0

000
Hy=10 0 0f ,

000

which are all nearest-neighbor, meaning the re-
sulting Hamiltonian H will only require 3rd-order
squeezing. This Hy has changed by replacing the
104) (1] +|14) (04| contribution in Eq. (20) (which
is no longer needed since . ¢ &) with some
other coupling, orthogonal to the code space,

that specifically cancels out the (Hg)o,3 = (Ho)3,0
matrix element. This H; has not changed be-
cause it is only a 3 x 3 matrix, meaning there
are no other terms that can be added to the
Hy = 104)(1a] + |14)(04] eigendecomposition to
cancel out matrix elements — in general, for codes
with larger K, this will not be the case. Finally,
H, = 0 since a2 ¢ &1, so we do not need to im-
pose any sort of evolution in the second error par-
ity manifold to achieve the desired ET distance
of [ =1.
" We remark that, under this [ = 1 Theorem 1
3/2 ;,(;3/2) and H; = j;,(;l),
7(J)

where J;”/ is the spin-J Jy operator. Indeed, it
holds more generally for any binomial code that
thel =1 Theorem 1 construction will yield Hy =

construction, Hy =

%jy), Hy = 5= 1/2 ;EJ 1/2) and H,, = 0 for
m > 1, where J = = is the spin associated with

the dimension K + 1 of the logical parity man-
ifold. This follows because, as first pointed out
in [25], under the spaced Holstein-Primakoff map
|kN) <> |J,J — k), the |+1) states of the bino-
mial codes correspond to the spin-J spin-coherent
states lying on the £% axes, meaning they are the
+J eigenstates of the Jy spin operator under this
mapping. Thus, ljﬁ”’) is a nearest-neighbor (so
only requires a single order of squeezing) and Her-
mitian operator that generates continuous X (6)
gates in the logical parity manifold. Since the
[ = 1 Theorem 1 construction uniquely deter-
mines the logical parity manifold H?rrriltonian,
L.

we therefore must have Hy = Simi-

larly, due to the combinatorial 1dent1ty k(fk() =
K (37, the [a) o (X2 valn = 1)(nl) |+1)
error words are also spin-coherent states lying on
the £ axes, but this time of spin J' = 2 —L since
the |0) Fock state has been annihilated. Since the
[ = 1 Theorem 1 construction also uniquely deter-
mines the first error parity manifold Hamiltonian
(but not any of the other H,, for m > 1), we then
j(J=1/2)

J— 1/2 z

Construction 3. We now improve on this single
squeezing result from Theorem 1 by using The-
orem 2 to achieve error-transparency to A =
{I,4,a%} C &, still only using a single order
of squeezing. In this case, this entails adding to
Eq. (23) the Hy from Eq. (21) . We note that,
in general, the new Hamiltonians H;, Hy will be
different from the ones from the Sec. 3.2 construc-
tion. We also note that, unlike Hy and H;, this

will also have H; =
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second error parity manifold Hamiltonian will not
generically be equal to a spin matrix, and so gen-
erally should be determined from our formula in
Eq. (18).

We now demonstrate the performance of these
three constructions by plotting their gate infideli-
ties, following recovery, when subject to the pure
photon-loss channel for a range of error rates s
(Fig. 2). As expected, we find that Construc-
tion 1 (Sec. 3.2 or | = 2 Theorem 1), requiring
two orders of squeezing, has infidelities scaling
with 3, exactly matching the infidelities dur-
ing idle evolution. Likewise, we find that Con-
struction 2 (I = 1 Theorem 1), requiring only a
single order of squeezing, has infidelities scaling
with 72, meaning it indeed achieves an ET dis-
tance of |1/2| +1 = 1. Finally, we find that the
improved single squeezing Construction 3 (Theo-
rem 2), while still scaling with 72 for small v since
it is not ET to nn € &, yields about a factor of
10 improvement over Construction 2 due to be-
ing additionally ET to the second photon-jump
a? € Ay D &

5 Discussion

We have introduced the concept of parity-nested
operations and applied them to design error-
transparent (ET) amplitude-mixing operations
for the binomial encodings. These gates can be
ET to all the correctable photon jumps using
only a single squeezing order, or can achieve any
allowed ET distance [ using |I/2] + 1 squeez-
ing orders. This provides a conceptual comple-
tion of the ET gate set for binomial encodings,
though a practical implementation remains to be
designed. Although presented here for the bino-
mial codes, our theorems and constructions more
generally apply to any hard Fock state cutoff
rotation-symmetric code that can exactly correct
for photon losses (which are in fact combinations
of binomial codes; see Appendix B.1). In par-
ticular, the same constructions can also be ap-
plied to yield ET Y () gates (or any logical rota-
tion about equatorial axes of the Bloch sphere),
since they are just X (6) gates for the rotation-
symmetric code C" with codewords |01)" = |0z)
and |11)" = i|1). Direct extension of our con-
cept to other bosonic encodings that do not have
a hard Fock state cutoff may require tuning an
infinite number of couplings, but such ET opera-

tions could have perfect fidelity in principle.

The possibility of experimental implementa-
tion remains to be accomplished. We describe
one possible implementation in Appendix E
using a version of our recently demonstrated
matrix-element modification protocol applied to
a squeezing drive rather than a linear displace-
ment [26]. We also give a preliminary discus-
sion of how this protocol can be made error-
transparent to ancilla errors in Appendix F. This
proof-of-concept method shows that such parity-
nested operations are possible in principle, but
the strict adiabaticity requirements makes that
protocol impractical. Building on that protocol
with optimal control methods [27, 28] may have
the potential to successfully accomplish high-
fidelity and highly ET gates in a short duration by
building on the insights pointed out in our work.
We also remark that squeezing [29], trisqueezing
[30] and six wave mixing processes [31] have been
demonstrated in experiments which can be lever-
aged for an experimental implementation of ET
gates. Although experimentally implementing
our specific Hamiltonians may be challenging, our
work provides a conceptual touchstone through
which future efforts can be guided, motivating
working towards either (a) efficiently generating
these high orders of squeezing, (b) searching for
approximate or numerically-optimized ET opera-
tions based on our constructions, or (c) exploring
new bosonic encodings which may be more com-
patible with amplitude-mixing ET gates.

Finally, we remark that our ET construc-
tions are also compatible with qudit encodings
that allow for multi-frequency control. In those
systems, multi-frequency control makes possible
tuning of effective matrix elements in a multi-
frequency rotating wave approximation. The rel-
evant experimental systems include heavy trans-
mons [32, 33, 34, 35|, nuclear spins in solid
state defects [36, 37, 38, 39, 40|, and the multi-
component manifolds of trapped ions and neutral
atoms [41, 42, 43, 44, 45, 46]. To this end, al-
though our ET constructions focus on errors gen-
erated by photon loss jump operators, Table 1
shows how the same operations are ET against
dephasing errors, which are the dominant error
in some of these cases.
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Figure 2: Parity nested gate performance. (a) Average gate infidelities, following recovery, of various parity nested
X gates for the N = 3, K = 3 binomial code, subject to the pure photon-loss channel with total gate time ¢ = 3
and a range of error rates k (see Appendix D). The double squeezing (red), single squeezing (orange), and improved
single squeezing (blue) gate Hamiltonians come from constructions 1, 2, and 3, respectively, outlined in Sec. 4. The
table inset summarizes the ET properties and required squeezing orders of these three constructions. For comparison,
the performance of a basic X gate (purple), generated by H = [0.)(11| + |12)(0z], and idle evolution (gray) are
also shown. As can be seen, the improved single squeezing gate essentially matches the scaling of idle evolution
(and double squeezing) for large error rates, and yields a constant 8.6 factor improvement over the single squeezing
infidelity for smaller error rates. This constant factor is not generic, decreasing for larger gate times ¢ and increasing
for larger binomial codes (see Appendix D). (b) Depiction of the time evolution in each of the error subspaces for
the improved single squeezing gate. The solid lines show an example trajectory of the |0r,) state for one possible set
of photon jump times.
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A Error-Transparent Phase Gates for
Binomial Codes

As mentioned in Sec. 2.3, error-transparent (ET)
phase gates can be accomplished using diagonal
Hamiltonians of the form H = Y 7' p,|n)(n|.
In particular, since the |0;) and |1;) states of
rotation-symmetric codes have support on dis-
joint Fock states (see Eq. (2)), setting ¢, = 0 for
|n) in the support of |0z ) and ¢,, = € for |n) in the
support of |17) automatically yields a phase gate
Z(0) on the logical subspace: exp(—iH)|0L) =
|0z) and exp(—iH)|0r) = exp(—if)|lr). Since
the error words |0;) o a|0r) and |1z) o allg)
also have disjoint Fock support, we can likewise
set the ¢, for the |n) in this error subspace (which
are disjoint from the |n) in the logical subspace)
so that H also generates a phase gate Z(6) in the
a error subspace. The resulting H will then sat-
isfy the ET conditions (Eq. (10)) for the error set
Ay = {I,a}. This construction can easily be ex-
tended to more photon losses A; = {f, a,...,a}
(as long as A; is correctable) by repeating this
process for each @™ error subspace, all of which
live on disjoint Fock states. Since H is diagonal
in the Fock basis, it will also automatically com-
mute with the 7% no-jump contributions of the
errors in & (Eq. (9)), implying that these phase
gates are more generally ET to &. Thus, phase
gates with a saturated ET distance (i.e. match-
ing the order of idle protection) can be achieved
for binomial codes with relatively simple diagonal
Hamiltonians.

We remark that several parts of this error-
transparency construction rely on binomial phase
gates not requiring the mixing of different Fock
states (i.e. H can be diagonal). In particular,
diagonal matrix elements interact simply under
commutation with the \/n factor of G, and the A*
no-jump contributions, unlike their non-diagonal
counterparts that are essential for amplitude-
mixing gates which are the focus of our work.
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B Parity Nested Gate Constructions

B.1 Error-transparency to & (Theorem 1)

We start with the proof of Theorem 1, which we
repeat here:

Theorem 1. For any rotation-symmetric code
with a finite number of nonzero coefficients ¢ =
[co, ..., cr] which exactly corrects the error set
& ={
struct a parity nested Hamiltonian H generat-
ing continuous logical X () gates which is error-
transparent to the error set & and only requires
|1/2] + 1 orders of squeezing to implement.

A

amak | k< é}, we can always con-

As discussed in the main text, this construc-
tion is based on breaking down the coefficients
[co, ..., ck] defining the code into the coefficients
of the ‘minimal encoding unit’ binomial code
which corrects the error set &. In particular, we
use the following lemma:

Lemma 1. A rotation-symmetric code defined by
coefficients ¢ = [co,...,ck] exactly corrects the
{Amﬁk | B+ k< %} if and only if

error set & = <a

the vector of squared coefficients [|co|?, ..., |ck|?]
can be written as a linear combination of the set

(
{

K/

K/
0

is also a solution to Eq. (B.3).

of variably shifted binomial coefficient vectors
K’ K’ K’

1) ()04
() (5) (5]

0 1 K’
K/

where K' =1+ 1.

Proof. A hard energy cutoff order-IN rotation-
symmetric code exactly corrects the error set &
if and only if the 7' moments are equal for the
|0z) and |11) codewords up to 7! [12]. In other
words,

(Ola”|oz) = (1z]a"[1r) (B.2)

for all I’ € {0,...,1}, where the I’ = 0 case en-
sures the code words are normalized. This set of
conditions can be written as

K ’ K !
S N = S (VK)o
k even k odd

P (B.3)
= Y (- e =0,
k=0

for all I’ € {0,...,l}, which is notably a linear
system of equations in the vector of squared co-
efficients [|col?,...,|ck|?]. Since we know the
K’ = 1+ 1 binomial code corrects the error set
&, its coefficients (given by the square root of the
binomial coefficients) must satisfy Eq. (B.3), in

particular implying {(lg,), (If), . (ﬁﬁ),o, . ,O}
is one solution to this linear system. Since the

binomial code with cutoff K’ +1 also corrects the

error set &, {(K’Oﬂ)’ (K/lJrl)7 . (?E),O, e 0} is

also a solution to Eq. (B.3), immediately imply-
ing by linearity and Pascal’s rule that
+1\ (K'+1 K +1

S G
V) ()t

(B.4)

1 K’

We can recursively repeat this process to shift the binomial coefficients to the right by any amount.
In particular, since the binomial code with cutoff K’ + J also corrects the error set & for any J > 0,
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we can conclude by linearity and standard combinatorial identities that

K’ K’ K’
lolv"‘70J7<0> 7(1 >7 (K,>)017"'70K—K’—J‘|

J—1
> oa
=0

01,()2,...,0j,<

solves Eq. (B.3) if all the less-shifted vectors in
this summation already do, where a; are some co-
efficients, which happen to be equal to a; = (j)
This Eq. (B.5) follows from the fact that Pas-
cal’s rule implies the (K’ + 1)-th row of Pascal’s
triangle is equal to the element-wise sum of two
copies of the K’'-th row, which applied recursively
in turn implies the (K’ + J)-th row is equal to
some linear combination of different shifted ver-
sions of the K'-th row — since (Ilgjj) = 1 this
linear combination must only involve one copy of
the ‘most shifted” K’-th row (i.e. the vector on
the LHS of Eq. (B.5)).

Since we already know the J = 0 case (with
no initial padding zeros) solves Eq. (B.3), we can
therefore conclude by strong induction on J that
all the variably shifted binomial coefficient vec-
tors, given in Eq. (B.1), also solve Eq. (B.3) and
thus correspond to codes which exactly correct
the error set &£. Once again by linearity, this
means that if the vector of squared coefficients
[lcol?, ..., |ck|?] can be written as a linear com-
bination of the variably shifted binomial coeffi-
cient vectors, then it will satisfy Eq. (B.2) and
thus exactly correct the error set &, proving one
direction of the implication in the lemma. The
other direction of the implication follows because
each of the [+ 1 linear equations in Eq. (B.3) are
independent, and there are K 4 1 variables in
[lcol?, |e1]?, ..., |ek]?], so the solution subspace
has dimension K +1— (I +1) = K —[. There
are K — [ vectors in Eq. (B.1) and they are lin-
early independent (since when stacked vertically,
they yield a matrix that is automatically in row
echelon form with K — [ pivots), so they must
span the solution subspace, meaning any vector
of squared coefficients [|co|?, |e1]?, . .., |ck|?] sat-
isfying Eq. (B.3), and thus corresponding to a
code which exactly corrects &£, must be some lin-
ear combination of the variably shifted binomial

K'+J\ (K'+J
0 ’ 1 T

K +J
Ny 01,0 Ok g | — (B.5)
K’ K’
A R 01, Ok -k
[
coefficient vectors. O

As discussed in the main text, the idea of the
proof of Thoerem 1 is to use this lemma to de-
compose the code into a bunch of smaller shifted
copies of the cutoff K/ = [ + 1 binomial code,
apply Eq. (15) to each of these copies of the bi-
nomial code (each of which requires |I/2] + 1
off-diagonals to achieve error-transparency), and
then recombine the series of resulting Hamil-
tonians to form a Hamiltonian that is error-
transparent (ET) to the original code and still
only utilizes |[/2|+1 off-diagonals. The difficulty
here lies in the fact that the lemma deals with
the square of the coefficients, not the coefficients
themselves, so this decomposition is not a simple
linear combination, and therefore this recombina-
tion process of forming the final ET Hamiltonian
is not entirely straightforward. Nevertheless, this
general procedure still works, and so we now give
the proof of Theorem 1, repeated again for con-
venience, based on this idea.

Theorem 1. For any rotation-symmetric code
with a finite number of nonzero coefficients ¢ =
[co,...,cx| which exactly corrects the error set
& = {&mﬁk | T +k< %}, we can always con-
struct a parity nested Hamiltonian H generat-
ing continuous logical X () gates which is error-
transparent to the error set & and only requires
|1/2] + 1 orders of squeezing to implement.

Proof. We start with the simpler case of de-
composing a given order-N hard energy cut-
off rotation-symmetric code C into two order-IN
rotation-symmetric codes A and B which each
also exactly correct £ and have coefficients given
by @ = |ag,...,ax]| and b= [bo, ..., bK], respec-
tively. In particular, following Lemma 1, this
decomposition is in terms of the square of each
coefficient and says that |cx|? = alag|? + B|bk|?
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for all k € {0,...,K}. In other words, following

Eq. (4), we can write this in bra-ket notation as

K
o) = 0 (1) Jal (BN |) 2 + B| (kN |,) 2[EN) |

k=0

where |£,/.) are the |£L) states of codes A,
B, and C, respectively, and ¢ = arg(cg). Since
the codes A and B exactly correct &, we can use
the eigendecomposition construction outlined in
Sec. 3.2 to construct Hamiltonians H® and H®
which generate continuous logical X gates on A
and B, respectively, and are each ET to &. We
then construct the new Hamiltonian H¢ one par-
ity manifold at a time according to

(HE )y = a(HS )k wajar + BHY )i wbipbr 7
Cka/

(B.7)

where, critically, we see that if (HZ)pw =

He+e) = (Hg

=
|

o

<

I
M=
N
=

X
Il

0

&(H§)wagar + BEHY) kb b

(B.6)

(HY ) = 0, then (HE,)pp = 0, meaning H°
does not make use of any new matrix elements
that were not used before by either H® or HP.
We note that if ¢; or ¢ is zero, then when using
Eq. (B.7), any arbitrary (but consistent) nonzero
values can be plugged in for them instead (e.g. if
cy = ¢y = 0, then values of ¢4 = 1 and ¢7 = 2
could be plugged in whenever c4 or ¢7 appear in
Eq. (B.7)). In this case, the construction will still
work and all the following reasoning (including
Eq. (B.8) and Eq. (B.9)) will still hold.
We now show that this new Hamiltonian
= ZN ! HY generates continuous logical
X(9) gates on C and is also ET to &. For this
first continuous X () gate part, we indeed have:

(Hg)k,k’(il)klck’> |kN)

=
-

&
Il
=

C;;Ck/

/N

0

S
Q
S

~%

—
H_
~—

B

bl

Il

o
EE

K
— £ 3 () e lkN)

(il)k/ck/> kN

K K
OZCL;; Z H[) kk’ :|:1 ak/ + ﬁb;; Z (Hg)k’k/(:tl)k/bkl> ‘kN>
k'=

K=0 (B.8)

(£()Far) + b (£(£)" bk ) ) [£N)

(afar? + Blog)*) |kN)

meaning H¢ generates continuous logical X () gates on C, where we have used the fact that (Hg)|+,) =

+|4,) implies Y5 _,

(H§)pp (F1)¥ apr = 4(4)Fay, and likewise for B.

Now, for the error-transparency part, consider an arbitrary error a™n/ € & withm <1< N —1 and
J < V‘T"LJ Since H® and H® are both ET to &, we have [H% a™#/] |4,) = 0 = (HY)a™l |£,) =

amad (H)|£q) = £a™

9|), meaning Sf5_o(Hg )k ((F1)¥ef ) = +()"

e ags, and likewise

for B, where EZL’j =vVHKN-m+1)---
induced by the error 4™/ .

(FN —

1)(K'N)(K'N
We can then follow a similar line of reasoning as in Eq. (B.8) to prove

)7 is the prefactor on the k-th coefficient
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that H€ is also error-transparent to this arbitrary error a™#/. In particular, we have:

K

K / K
— Z (an)k k/(:l:l) €L ’JCk/> |kN>
k=0 \k/=0
_ § 1
i=o k =0

k m7j

K
(aai S (HE kg (ED el ap + Bby > (HY ) g (£1)* 8;3’]1%/) |kN)

k=0 (B.9)

K
=23 B a1 gl )

k=0 k
= +a"mnI|+,)
=a"n! HY|£.) ,

meaning [H¢, a™7’]|+.) = 0, making H® error-
transparent to a™n?, and thus also to the entire
error set & (since this holds for any a™d’ € &)).
We remark that this part of the proof relies crit-
ically on the fact that all the errors in & only
contain one nonzero matrix element in each row,
which is what allows us to write the action of
each error ™7’ as the simple accumulation of
a prefactor 52” on each coefficient, which can
then be distributed to each term of our decom-
position in Eq. (B.7). The construction given
by Eq. (B.7) thus indeed takes two order-N
rotation-symmetric codes A and B, with coeffi-
cients @ = [ag, . ..,ax] and b = [by, ..., bx] and
logical X (0)-generating and error-transparent (to
&) Hamiltonians H® and H®, respectively, and
outputs a new logical X (#)-generating and error-
transparent (to &) Hamiltonian H¢ for a new
order-N rotation-symmetric code C whose coef-
ficients ¢ = [co, ..., ck] satisfy |cx|? = alag|? +
Blbg|? for all k € {0,..., K} and some o and S.

Now consider the rotation-symmetric code
from the statement of Theorem 1. From Lemma
1, there must exist some decomposition of the
vector of its squared coefficients [|co|?, . .., |cx|?]
in terms of the squared coefficients of the variably
shifted cutoff K’ = [+1 binomial codes. First us-
ing Eq. (15) to construct Hamiltonians that gen-
erate continuous logical X (0) gates and are ET to
& for each of these variably shifted codes, we can
then recursively apply Eq. (B.7) to combine these
Hamiltonians based on the decomposition of the
squared coefficients [|co|?, . . ., |cx |?] to eventually
yield our desired error-transparent (to &) Hamil-
tonian H acting on the original code. As we re-

marked below Eq. (B.7), this construction does
not introduce any new matrix elements, so since
each composite shifted cutoff K/ = [+ 1 binomial
code Hamiltonian only contains nonzero matrix
elements on the first {%J = |1/2] +1 odd off-

diagonals (see Sec. 3.2), H must also only con-
tain nonzero matrix elements on these same off-
diagonals. Thus, H indeed only requires [1/2]+1
orders of squeezing to implement. O

We remark that, although the construction in
Eq. (B.7) is useful for this proof, once the exis-
tence of these error-transparent Hamiltonians is
established, there is a more straightforward way
to compute them. In particular, as is done in the
proof of Theorem 2 in the following section, we
can directly solve the linear system whose vari-
ables are the nonzero matrix elements of H (on
the first |I/2] 4+ 1 odd off-diagonals) and whose
constraining equations are given by the ET con-
ditions in Eq. (8) with error set & = &. There-
fore, the role of the above proof is to guaran-
tee that this overconstrained linear system will
always be consistent for any rotation-symmetric
code, which is a nontrivial result.

B.2  Error-transparency to A; (Theorem 2)

We now give the derivation of Theorem 2, which
we repeat here for convenience:

Theorem 2. For any rotation-symmetric code
with a finite number of nonzero coefficients ¢ =
[co,.-.,cK| which exactly corrects the error set
A = {f, a,...,a'}, consider the parity nested
Hamiltonian H formed from nearest-neighbor
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parity manifold Hamiltonians Hy, given by

(Hin)k g1 = (Hm )Z+1k
K
— ]+k 2
e e COY
(B.10)
where  the error  coefficients  (¢m)k =

Noo/(kN —m +1) -+ (kN)cg are defined below
Eq. (6). The resulting H then generates contin-
uous logical X (0) gates, is error-transparent to
the error set Ay, and only requires a single order
of squeezing to implement.

Proof. For a parity nested Hamiltonian H to
|

= ((B)"

only require a single order of squeezing, it must
only have a single nonzero off-diagonal, meaning
each sub-matrix H,, must only contain nearest-
neighbor couplings. We thus start in the log-
ical parity manifold by constructing — for any
order-N rotation-symmetric code with coeffi-
cients ¢ — the unique nearest-neighbor logical
subspace Hamiltonian Hgy which generates con-
tinuous X (6) gates. In particular, to ensure
Hj is Hermitian, nearest-neighbor, and generates
the X () gate, we must choose the (Ho)xxt1 =
(Ho)j 1, nearest-neighbor matrix elements (for
0 < k < K) which solve the eigenstate equation

Hy|+r) = +|£1)

H(Ho) v xoh1 + (BT (Hoppsrcnen ) [BN) = £(2)Fer[kN) V0<k <K (B11)

= (Ho)g—1xCk—1+ (Ho)ppt1cky1 =cx YO<k < K,

where (H())_l 0 = (HO)K,K+1 = 0, so that the
first and last of these equations only have one
term on the left hand side. Conveniently, we see
that all the £ factors cancel out, yielding the ex-
act same set of K +1 equations for both the |+1,)
and |—p) eigenstate equations. This is an over-
constrained system of K + 1 real-linear equations
in the K variables (Ho)grt1 (for 0 < k < K),
which is consistent (as it must be from the Theo-
rem 1) exactly when the coefficients ¢ are normal-
ized (Eq. (3)). The unique solution to Eq. (B.11)
is then given explicitly by

1 & ,
> (=1 ey)?

Ho)k g1 =
(Mo = oS

(B.12)

We can similarly construct the m-th error
parity manifold Hamiltonian H,, by enforcing
error-transparency to the corresponding error
am ¢ {a,...,a'}. In particular, since the er-
ror words |£4m) oc a™|£r) only live in the
m-~th error parity manifold, we see that H,,
must satisfy the eigenstate equation H,,|+am) =
+|+4m).  Further requiring H,, to be Her-
mitian and nearest-neighbor results in the ex-
act same equations as in Eq. (B.11), except
with |+7) replaced with |+4m) and thus cg
replaced with the error coefficients (¢p)r =
N/ (EN)(kN —1)--- (kN —m)c,.  This set
of equations is then consistent exactly when

S o (=D*|(em)k]? = 0, which is exactly the
statement that the order-N rotation-symmetric
code defined by ¢ exactly corrects the error a™
The unique m-th error subspace Hamiltonian H,,
is then given explicitly by

S 1P el

(Hm)k g1 = (Cm)k et 2

(B.13)
where k ranges from 1 to K (since (¢p,)o = 0 for
m > 0). O

C Minimum required squeezing orders

Our error-transparency constructions generally
require the use of high orders of squeezing which
are unlikely to be experimentally achievable in
the near future. Since these Hamiltonains are
not necessarily the unique ones ET to the full
pure-loss channel, we are left with the question of
whether these squeezing orders are actually fun-
damentally required for exactly error-transparent
amplitude-mixing gates for rotation-symmetric
codes, or if they are simply a byproduct of our
restricted parity nested structure and particular
construction. In this section, we make progress
on this question by addressing the special case of
gates which do not leave the codespace: we show
that any unitary which is error-transparent to
the full pure-loss channel, continuously maps the
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codespace to itself, and achieves an amplitude-
mixing gate for a rotation-symmetric code must
involve at least the squeezing orders used in the
Theorem 1 Hamiltonian. In particular, we have
the following theorem:

Theorem 3. Any Hamiltonian H which is error-
transparent (as according to Def. 1) to the er-
ror set & = {&mﬁk | % + k< é} and generates
a continuous amplitude-mizing gate for an & -
correcting order-N rotation-symmetric code must
have nonzero matrix elements on at least |1/2] +
1 odd off-diagonals in the parity blocks of the
Hamiltonian. In other words, it requires at least
|1/2] + 1 squeezing orders to implement, specifi-
cally with orders of the form Nk for k odd.

Here, we are implicitly dealing with time-
independent Hamiltonians and thus single-pulse
continuous amplitude-mixing gates. This is suf-
ficient since any general unitary which maps the
codespace to itself at each time step and is not a
phase gate must be built up from single-pulse con-
tinuous logical gates, at least one of which must
must rotate around a non-Z axis of the logical
Bloch sphere (i.e. be amplitude-mixing). Also,
in order for this theorem to hold in broader con-
texts, we use a more general definition of error-
transparency than the one presented in the main
text 23, 47

Definition 1. A Hamiltonian H 1is error-
transparent to an error set £ if [H,E] €
Ve for any error E € Vg, where Vg =
span ({E"Pc | E' € £}) is the vector subspace of
linear operators spanned by the errors restricted
to the codespace (Pc = |00)(0r| + |1L)(1L| is the
codespace projector).

Note that, by the linearity of the Knill-
Laflamme conditions and their restriction to the
codespace, if £ is correctable, then so is Vg.
More specifically, the errors whose action on the
codespace falls in Vg is precisely the set of er-
rors that is corrected by any recovery operation
which corrects £. The definition requires this set
of errors to be closed under commutation with H,
meaning the errors will commute ‘transparently’
through the gate precisely in the sense that any
idling recovery operation still corrects the errors
regardless of when they occur during the gate.
This definition of error-transparency has the ad-
vantage of being linear in the Hamiltonian H and

the error set &£, and it generalizes the one pre-
sented in the main text and the one from [16]. It
is similar to the full error-closure conditions [23],
which allow Vg to be replaced by any correctable
error set that contains Vg. While satisfying the
error-closure conditions still requires the Hamil-
tonian to map the errors to mutually correctable
errors, the resulting errors are not necessarily
correctable using the idling recovery operation,
so the errors are no longer ‘transparent’ in the
sense of the main text that they are effectively
the same as when idling. In particular, weaken-
ing the definition to full error-closure may require
large changes to recovery operations, and differ-
ent recovery operations may be required following
different gates.

Having noted the caveats and definitions of
Theorem. 3, we briefly remark on its implications
before proceeding to the proof. KEssentially, this
theorem reveals that all the squeezing orders in
our constructions, or higher ones, are required
if we want to achieve exactly error-transparent
amplitude-mixing gates for rotation-symmetric
codes. Note that, unlike in Theorems. 1-2, this
result holds for all exactly-correcting rotation-
symmetric codes, not just ones with a finite num-
ber of fock-grid coefficients. The only ways to
possibly circumvent this theorem are to weaken
to the error-closure conditions, which would re-
quire changes to the recovery operations, or al-
low the unitary to temporarily map the codespace
elsewhere, where the errors are no longer guaran-
teed to be correctable, resulting in a much less
straightforward concept of error-transparency.

C.1 Reducing to Naive ET Construction

The proof of Theorem. 3 hinges on a similar naive
ET construction as in Eq. (17). In particular,
any continuous amplitude-mixing gate has logical
state eigenvectors |11) = |01)+a|1L) and [¢7) =
a*|0r) — |11) for a # 0, so we can write an ET
Hamiltonian H as

H=8Y" (lvs) sl - [vE)WE) +-

EcE

(C.1)
where 3 # 0 is some overall scaling factor, |¢g)
and [i5) are the orthogonalized error words of
lv1) and |7 ), respectively, as in Eq. (5), and - - -
refers to further orthogonal terms of the eigen-
decomposition. In other words, defining Vy, =
span ({E|¢r) | E € &}) to be the error space of
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e}, and Vo = span ({E[¢f) | E € &}) to be

the error space of Wﬁ, we require H to have V,
in its 41 eigenspace and V1 in its —1 eigenspace,
where the Knill-Laflamme conditions guarantee
that Vi, and V1 are orthogonal. We say this
parity nested H is naively error-transparent be-
cause it satisfies every known definition of error-
transparency. Beyond this, since adding multi-
ples of Pc or EP¢ to H results in the same error-
transparent gate just with different logical or er-
ror global phases, this construction even stipu-
lates the precise global phase that is imparted on
the codespace and each error space. However, we
find that it is sufficient to consider Hamiltonians
of this naive form, meaning a restricted defini-
tion of error-transparency and our restricted par-
ity nested structure do not effectively inhibit the
ET Hamiltonians we can construct. In particular,
we split the proof of Theorem. 3 into two parts: in
this section, we begin by proving that any Hamil-
tonian which generates a continuous amplitude-
|

mixing gate and obeys the general ET conditions
of Def. 1 has the same matrix elements on the
odd off-diagonals of each parity block as the naive
Hamiltonian from Eq. (C.1); in the following sec-
tion, we then prove that any Hamiltonian having
the eigenstructure of Eq. (C.1) must have nonzero
matrix elements on at least |I/2] + 1 odd off-
diagonals in the parity blocks of the Hamiltonian.
We now prove the following lemma:

Lemma 2. Any Hamiltonian H which generates
a continuous amplitude-mixing gate and is error-
transparent (Def. 1) to the full pure-loss channel
& has the same matriz elements on the odd off-
diagonals of each parity block as some Hamilto-
nian of the form of Eq. (C.1).

Proof. From Def. 1, we must have [H, EP¢c| €
Ve, = span ({E'Pc | E' € §}) for any E € Vg,.
Writing this out in terms of the logical eigen-
vectors 1) and |17 ) of the targeted continuous
amplitude-mixing gate, we have:

HE ([$) (el + WE)WE]) = E (Jon) (el + i) (i) H = ( > aE/E’) (o) (el + i) wtl)

E'e&g;
(C.2)

for some linear combination coefficients ap: for each E' € &. Abbreviating A = >~ p/ce, ap B and

letting Ay and A,1 be the real eigenvalues of [¢1) and 1), respectively, with respect to H, we can

write this as

(HE1) — ApBlin)) (ol + (HEWE) = M\ Blvp) ) (W] = (Alpw) (el + (Alwt)) (Wl (C.3)

meaning we must have HE|yr) — Ay Elr) =
Alpr) and HEWT) = AL ElYr) = Alpt). Since
MElpr), AlpL) € Vi and Ay Elr), Alvr) €
Vs, we see from vector subspace closure that
HE|r) € Vy and HE[¢1) € V,,.. Since this is
true for any E € Vg, we see that H must map
both Vi, and V;,1 to themselves.

Therefore, there must exist some orthogonal
basis of Vi, which are all eigenvectors of H. In
particular, there must exist dim(Vy) — 1 errors
E; € Vg, such that B = {|¢r)} U{E;|¥r) |1 €
{1,...,dim(V})—1}} are orthogonal eigenvectors
of H with eigenvalues \;. Re-deriving Eq. (C.3)
with £ = E; and using the fact that these F;|¢p)
are eigenvectors of H, we see that

(N = Ap) Biloor) (Yol + (H = A ) Bl ) (41
(C.4)

must be in Vg,. Consider the set of error opera-
tors corresponding to the basis B of Vy: Bops =
{I}U{E;|i € {1,...,dim(V}) — 1}}. Since the
elements of B are linearly independent and Vj,
and V. are orthogonal, the elements of Bops
are also linearly independent. In addition, the
number of elements in Bgps is equal to the di-
mension of Vg, as an operator subspace, allowing
us to conclude that Bgps is a basis for Vg,. Us-
ing this basis to construct the right-hand side
of Eq. (C.4), the first term of Eq. (C.4) dic-
tates that the right-hand side must be equal to
(Ai — Ay)EyPc. From this, we can conclude that

(H = Xpo) Bild) = (A — Ayp) Eilibt), implying
that E;|1)1) is also an eigenvector of H, with
eigenvalue \;1. = A; — Ay +Ay1. Since the Ei|lvi)
are also orthogonal (from the orthogonality of the
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E;|Yr) and the Knill-Leflamme conditions), we
have thus determined the eigenstructure of H on
the error spaces Vi, and V.. In particular, the
eigenstructure of H must have the form

d
H =3 (M) Wil + A o) (0 ) + -+

=0
(C.5)
where [¢i) = Eilgor), [¥;) = Eildr), Ao = Ay,
Aot = AyL, Ep = I, and d = dim (Vg,). The
eigenvalue relation A\;1 = Aj—Ay+A,1 now stipu-
lates that Ag—Agr = A1—Aj1 =+ = Ag—
23 for some constant 3 # 0.
Writing the eigenvalues in the form \; = v, + 3
and \;1 = 7; — O for constants v;, we can write
H as

)\dL -

d
H =33 (Jei ] — [0t) (0 ]) +
=0 (C.6)

d
>0 (o il + o) )+

=

where, as before, - - - refers to terms of the eigen-
decomposition orthogonal to Vi and V.. We
can recognize each of the terms in this second
summation as proportional to EZ-PCE;r . Since the
E; errors are correctable and arise from photon-
loss plus dephasing, they can be written as some
linear combination of the errors a™n*Py with
m < N. Since an error of this form only
has nonzero matrix elements on the m-th off-
diagonal, the E; can only have nonzero matrix
elements on the first N — 1 off-diagonals. Thus,
since the |0z) and |1z) codewords of rotation-
symmetric codes have alternating support within
the logical parity subspace, after projecting onto
the m-th error parity subspace, the error words
E;|0r) and E;|11,) will also have support on alter-
nating Fock states within the m-th error parity
subspace. Therefore, similar to the reasoning in
Sec. 3.2, each E;|0.)(0L|E! + Ei|11)(1L|E! pair
of terms will only contribute nonzero matrix ele-
ments to the even off-diagonals within each par-
ity subspace.

Thus, the second summation in Eq. (C.6) does
not involve matrix elements on the odd off-
diagonals in each parity block, so subtracting off
this second summation from H and dividing all
the terms by the nonzero 3, we see that H has the
same matrix elements on the odd off-diagonals of
each parity block, up to the constant factor f,

as the Hamiltonian >0 ([th:) (6] — o) (v +

, where the - - - terms are the same terms as in
Eq. (C.6). We can see that this summation eigen-
structure has Vj, in its +1 eigenspace and Vlj- in
its —1 eigenspace, so is in fact exactly equivalent
to a Hamiltonian of the form of Eq. (C.1). This
concludes the proof of Lemma. 2. O

C.2 Naive ET required squeezing

To finish proving Theorem. 3, it remains to show
that any naive ET Hamiltonian of the form of
Eq. (C.1) must have nonzero matrix elements
on at least [I/2] + 1 odd off-diagonals in the
parity blocks. Since by Lemma. 2, any gen-
eral ET amplitude-mixing Hamiltonian is equal
to a Hamiltonian of this form plus a contribution
which does not change these odd off-diagonals,
this statement then also holds for any general ET
amplitude-mixing Hamiltonian. We now com-
plete the proof of Theorem. 3 in this way, which
we have repeated below for convenience.

Theorem 3. Any Hamiltonian H which is error-
transparent (as according to Def. 1) to the er-
= {dmﬁk |24+ k< é} and generates
a continuous amplitude-mixing gate for an &-
correcting order-N rotation-symmetric code must
have nonzero matriz elements on at least [1/2]| +
1 odd off-diagonals in the parity blocks of the
Hamiltonian. In other words, it requires at least
|1/2] + 1 squeezing orders to implement, specifi-
cally with orders of the form Nk for k odd.

ror set &

Proof. To show that at least [I/2| + 1 odd off-
diagonals in the parity blocks are required, we
consider a Hamiltonian H with arbitrary matrix
elements outside the parity blocks, on all the
even off-diagonals in the parity blocks, and on
|1/2] of the odd off-diagonals in the parity blocks,
with the remaining odd off-diagonals in the par-
ity blocks having matrix elements fixed at zero.
We then show that such a Hamiltonian cannot
have the eigenstructure of Eq. (C.1) no matter
what these arbitrary matrix elements are. This
implies that more than |l/2] odd off-diagonals
in the parity blocks are required to achieve the
eigenstructure of Eq. (C.1) and thus is sufficient
to conclude the proof. To show this, we focus on
the logical parity manifold (any parity subspace
would work) and the associated 7* errors. The
eigenstructure of Eq. (C.1) stipulates that #* i)
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must be in the +1 eigenspace of H and 7#¥|¢i)
must be in the —1 eigenspace of H for all k €
{0,...,11/2]}. In other words, using that these
states only have support on the logical parity
manifold, we must have Hon*|¢) = a¥|yr) and
Hon*|yi) = —aklyt) for all k € {0,...,[1/2]}.
We will proceed by expressing these conditions
as a linear system of equations in the matrix el-
ements of Hy, and showing that there is no so-

solution by just looking at the first row of Hy
(i.e. the |0)(NE'| matrix elements for k' € N).

Denote the [1/2] odd off-diagonals which are
allowed to be nonzero by the index set J =
{d1,32,-- -5 Jjiy2)} of [1/2] distinct odd numbers.
Recalling that [¢p) = |01) + a|lL) and |[¢7) =
a*|0r) — |11) for a # 0, we can then write this

lution. In fact, it suffices to show there is no system of linear equations as
|
(01 Hon*[¢r) = (01" |yr)
< Z(HO)O,j (Oé] Cj) + Z (Ho)(m' (] Cj) = 0"¢g
JjeJ j even
and kL ki, L
(O[Ho"[yr) = —(0[n%[yr)
(C.8)

oo
= Y (Hodo, (=i*e;) + 3 (Holoy (a"s¥e;) = —0F (a*co)
JjeJ j even
for k € {0,...,[l/2]}, where we have used the fact that |0z) only has support on even Fock states and
|17) only has support on odd Fock states in the logical parity manifold. This constitutes a system of
2|1/2] +2 equations in the infinite number of variables (Hy)o, ; for j € J or j even (i.e. the potentially
nonzero matrix elements in the first row of Hp). It suffices to show that this system of linear equations
has no solution.
We begin by rewriting the system of linear equations Eq. (C.7)-(C.8) in matrix form as MZ = b

Oéle O‘Cju/zj Co (&) Cq4
. . (o))
ajic aj|1/2)Cijya 0 e 4cy 0
ajici, O‘le/2J i1 a) 0 4co 16¢4 (Ho)o.ju 0
112 11/2] ' ' , (Ho)o,j :
ozjlt/ Jle a]béj Cjiia 0 oll/2] ¢, 4li2l e, JLi/2] B 0
¢y Gl a‘cy  a'cy a*ey Egogo’o —aco
—jlcjl —]U/QJ chl/QJ 0 204*62 4a*C4 HO 0,2 0
2., 5 . 0 4o 16a* ( 0)0,4 0
Ji6n J1/2) vy & €2 &G4 :
112 112, . . . 0
_JlL/ chl . _JMQJ Gy | O ol grey  4ll/2l ey
(C.9)
\
where for visual clarity we have added lines to  (n+ 1) x (m + 1) matrices of the form
separate the odd off-diagonal terms from the even
ones and the |[¢)1) constraint equations from the
1b1) ones. This matrix equation has no solutions
if b is not in the span of the columns of M, or 1 1 1 ... 1
equivalently, if rank ((M | 5)) > rank (M). To To T Ty - T
m
show this is the case, we will make frequent ref- V= :1:(2) z2 $% a2 ' (C.10)

erence to Vandermonde matrices, which are any
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Such a matrix has determinant

0<i<j<m

det(V) = (C.11)

which is nonzero if and only if the z; are all dis-
tinct [48].

Looking first at the right submatrix of M, since
the bottom-right submatrix is equal to the top-
right submatrix multiplied by «*, any columns
which span the top-right submatrix alone when
restricted to the top rows must also span the en-
tire right submatrix when including the whole
column. Now, if we divide all the columns of
this right submatrix by the corresponding coeffi-
cient ¢;, we see that the top-right submatrix takes
the form of an infinite Vandermonde matrix with
distinct x; = 27 for all ¢+ € N, and powers up
to n = |[I/2]. This implies that any [I/2] + 1
columns of this submatrix will constitute a square
Vandermonde matrix with distinct z; and thus
will be non-singular. Thus, any |I/2]+1 columns
of the right submatrix are linearly independent

and span the right submatrix. This allows us
to effectively reduce M to a finite-dimensional
(211/2] +2) x (2[1/2] + 1) matrix M’ without
changing its column span by replacing the right
submatrix with any [//2]| + 1 of its columns.

In particular, we reduce to M’ by choos-
ing the first column of the right subma-
trix, along with the arbitrary but distinct
(k1/2)-th, (k2/2)-th, ..., (k|;/2)/2)-th  columns.
It then suffices to prove that the square matrix
A= (M I E) is full rank, since then it trivially
has higher rank than M’. To show this, since
both row and column operations preserve rank,
we first divide the columns of the left submatrix
of A by the corresponding coeflicients ajjc;,,
then multiply the rows of the bottom submatrix
by —a, then divide the columns of the right sub-
matrix (except the first) by the corresponding
k;, then subtract the top submatrix from the
bottom one, and finally rearrange the rows and
columns to arrive at the matrix

1 1 | 1/5n /312 1/ky L/k(1/9)
—la®* faf?| 1/ 1/411/2) —lal* /K1 —|a?/ k1 o)
0 0 J1 Il k1 K12
A= 11/2) 1172 112 112
it by klij2)
0 0 0o - 0 —la? -1 —laf* -1 (C.12)
0 0 0 - 0 (—lal? = 1) ky (—lal* = 1) ko
o o o0 0 | (—laf—1) k™ (—lof? = 1) kly)3]
x| -
=0y
002z

Rearranged in this convenient form, we can see
that det(A’) = det(X)det(Y)det(Z). Here, X is
a 2x2 Vandermonde matrix with distinct x; given
by the set {—|a|?,|al?}; Yisa [1/2] x [1/2] Van-
dermonde matrix with distinct z; given by the
set {Jj1,---,J[i/2)}; and Z is —|a|® — 1 # 0 times
a |l/2] x|l/2] Vandermonde matrix with distinct
z; given by the set {k1,...,k|;/2)}. Therefore, X,
Y, and Z, all have nonzero determinants, and
thus so does A’. This means A’, and thus also

A, is full rank, allowing us to conclude that the
system of linear equations given by Eq. (C.9) in-
deed has no solution. This concludes the proof
that at least [I/2] + 1 odd off-diagonals in the
parity blocks are required to achieve a naive ET
Hamiltonian of the form of Eq. (C.1), and thus
also concludes the proof of Theorem. 3. O

Accepted in (uantum 2025-09-21, click title to verify. Published under CC-BY 4.0. 26



D Numerical Simulations

To test the performance of a given error-
transparent gate generated by Hamiltonian H, we
compute the channel fidelity of the noisy X gate
generated by H (with recovery), relative to the
perfect unitary evolution U = exp (—i5H). In
particular, similar to [25], we follow the evolution
of the four codespace Pauli matrices

Pr, = [02)(0z] + [11)(1L]

Y

X =100){(1z] 4+ [12)(0L]

Yo =it (0 —donyy O
(

Zr =10L)(0r| — [1){1L]

through the combined quantum channel R 0L,
where R,: is the perfect recovery operation for
the binomial code (described in [12]) and L, rep-
resents the Lindbladian evolution with Hamilto-
nian H, collapse operator a, and error rate x:

1

1
. R PSP
p= h[H,p]Jrﬁ(apa 2{@ am}) , (D.2)

integrated over the total gate time ¢t = 5. We

can then calculate the process fidelity of the gate
as [49]

F(k) = A Z

Me{PX,)Y,Z}

T [ MRy (La(UTMLU)|

(D.3)
for each error rate k.

In Fig. 2 we calculated this gate fidelity for a
range of k for each of our constructed Hamilto-
nians H for the N = K = 3 binomial code. We
repeat this performance plot for the N = K = 4
and N = K = 5 binomial codes in Fig. 3.
As can be seen, the error scaling of the vari-
ous gates indeed matches the specified orders of
error-transparency of each of the Hamiltonians,
as guaranteed by the Theorem 1 construction.
We also note that the single-squeezing improve-
ment of the Theorem 2 construction increases as
the binomial code becomes larger.

E Proof-of-Concept Implementation

These error-transparent (ET) gates can be easily
realized in different physical platforms for quan-
tum information processing. Here we show the
possibility of their implementation on the small-
est N = K = 2 binomial code using a bosonic

storage mode coupled to an ancilla qubit. Bino-
mial code encoding and error correction has been
performed in such an experimental setup [8, 9].
For controlling the harmonic bosonic storage
mode, some non-linearity is introduced by cou-
pling a qubit to the storage mode. The qubit is
used for state preparation, gate operations, error
detection, error correction and probing the state
in the storage mode. The Hamiltonian for such a
coupled system is given by:

Ho/h = wedla + wy le) (e| + xatale) (e| . (B.1)
Here w, is the oscillator frequency, wy is the qubit
frequency, x is the dispersive coupling, @ is the
annihilation operator for the storage mode and
le) is the excited state of the qubit.

To achieve error-transparent gates on the N =
K = 2 binomial code we can use squeezing op-
erations. However, squeezing alone is not suf-
ficient to accomplish unitary operations on the
binomial encoding. To accomplish a gate opera-
tion we need to modify the matrix elements of the
driven oscillator which can be practically accom-
plished using the MEM protocol described in [26].
In this protocol, we use a matrix element modifi-
cation (MEM) frequency comb on the qubit with
each frequency in the comb separated by x, the
dispersive coupling of the qubit and the oscillator.
The number of frequencies in the frequency comb
determines the Hilbert space size of the oscillator
in which the dynamics is restricted, when start-
ing from the ground state. A double-frequency
squeezing drive (of the form €a? + h.c.) on the os-
cillator (at the frequency 2w, 2(w. + X)) induces
dynamics in this limited Hilbert space of the oscil-
lator. Further, the phases (¢,) at each frequency
of the qubit frequency comb is used to modify
the matrix elements of the driven oscillator’s an-
nihilation operator. The expectation values of
the a2 operator will change as (n — 2|a%|n) =
vn(n —1)cos ((¢n, — pn—2)/2) where |n) denotes
the n-th Fock state of the oscillator.

For the N = K = 2 binomial code, a frequency
comb on the qubit with five frequencies (with
spacing x) and appropriate phases (¢,) on the
different frequency drives can be used to modify
the matrix elements of the driven storage mode.
Then the storage drive can be applied for the re-
quired duration to accomplish a gate. The drive
Hamiltonian can be written as
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Figure 3: Larger binomial code performance. Repeat of performance plot (Fig. 2) for the (a) N = K = 4
and (b) N = K = 5 binomial codes. The double squeezing (red) Hamiltonian comes from Theorem 1 with [ = 3
(instead of I = 2), since these codes can accommodate three photon losses. The triple squeezing (dark orange)
Hamiltonian comes from Theorem 1 with [ = 4, and is not shown for the X = N = 4 binomial code since it cannot
accommodate four photon losses. We note that the improvement (relative to the [ = 1 Theorem 1 construction)
of the improved single squeezing Theorem 2 construction increases as the binomial code becomes larger, yielding a
factor of 19 improvement for the N = K = 4 code and a factor of 35 improvement for the N = K =5 code. The
slopes for the N = K = 5 binomial code fidelity curves are computed only based on the 1 — e=** < 0.05 points.
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where €2 is the qubit Rabi drive rate, ¢ is the du-
ration of the drive, ¢, is the phase of the drive
at nx shifted frequency, &, is the Pauli Y opera-
tor, € is the drive rate of the storage mode, and
 is the common drive phase for storage mode
drive at both the frequencies. We set ¢ = 0 for
this work. For the codespace, we can apply qubit
drive at frequencies wy, wg 4+ 2x and wy + 4x and
set the phases to ¢g = ¢2 = 0 and ¢4 = 2.3.
For the error space evolution we have to apply
qubit drive at frequencies wy, + x and wy + 3x
and set the phases to ¢1 = 0 and ¢3 = 2.0.
Note that we need to change the phase on the
n = 3 qubit drive to match the codespace and er-
ror space evolution trajectory. Using these drives
we can error-transparently create any superpo-
sition of |[0z) and |17) in the XZ plane of the
logical Bloch sphere for the N = K = 2 bino-
mial code. In Fig. 4, we show the evolution of
the states in the storage mode under such a drive
when starting from |17). In this simulation, the
system is lossless and in the adiabatic limit with
€:Q:]x] =0.01:1:100. Fig. 4 (a) and (b)
shows the evolution in the code space and error
space, respectively. Driving the storage for the
marked duration of 0.79¢~!, an error-transparent
X gate can be accomplished. At the end of the
oscillator and qubit drives, we disentangle the os-
cillator and qubit by applying phases —¢,/2 on
Fock level |n) of the oscillator. An additional
drive duration dependent phase is added to Fock
state |4) to stay in the codespace. Both these
phase additions can be done in the same step us-
ing a standard SNAP gate [50]. At the end of the
gate, we can check for photon loss errors by check-
ing the parity of the state in the storage mode and
then can correct the error. This corrects for any
photon loss error during the gate operation and
hence achieves an error-transparent operation.

While the above procedure shows the possi-
bility of accomplishing such gates with super-
conducting circuits, experimental implementa-
tion will be challenging. The MEM protocol
and simulation in Fig. 4 assume adiabaticity (i.e.
€ € Q < x). To compete with decoherence in
real experimental devices, we can not be in the
strictly adiabatic regime. This will cause lower

(E.2)

gate fidelities and less error transparent opera-
tions as the matrix element modification by the
MEM protocol will not be perfect.

To produce the squeezing drives shown in
Eq. (E.2) we can use four wave mixing in a trans-
mon qubit coupled to the oscillator [29]. We can
also use a superconducting nonlinear asymmet-
ric inductive element (SNAIL) for creating faster
squeezing and trisqueezing operations [30]. How-
ever, these drives will also suffer from not be-
ing in the strictly adiabatic limit. For example,
when we try to generate a high amplitude squeez-
ing drive, a low amplitude linear displacement
drive may also be generated. We can leverage
numerical optimization techniques such as gradi-
ent descent or reinforcement learning to take into
account these nonidealities and generate high fi-
delity error transparent operations starting from
the MEM comb pulses as a seed. We also note
that the rate of squeezing achievable may also be
a limiting factor in realization of ET gates in a
short duration.

In the main text, we only considered being
error-transparent to photon loss in the oscillator.
We are still susceptible to ancilla errors during
the operation, in which case it will no longer be
error-transparent. Nevertheless, we can still ex-
pect to see improvements in gate performance by
being error-transparent to just oscillator photon
loss as oscillator losses contribute significantly to
errors during gate operation. In addition, in Ap-
pendix F we show how modifying the MEM pro-
tocol to use a four-level ancilla can ensure first-
order error-transparency to ancilla errors.

For higher distance binomial codes, the re-
quired generalized order of squeezing can be
achieved with higher order wave mixing pro-
cesses. A six-wave mixing process has recently
been demonstrated in [31]. It might also be possi-
ble to design pulses numerically so that the oper-
ation is more robust to ancilla errors, but we leave
this to be explored in future efforts. In summary,
while it is possible to achieve error-transparent
amplitude-mixing operations with superconduct-
ing circuits, it will require significant progress in
experimental and numerical techniques to outper-
form existing gate operations.
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Figure 4. Parity nested gate in superconducting cavity. Implementation of the error-transparent gates on
N = K = 2 binomial code in a storage oscillator mode coupled to a qubit. Using an appropriate MEM comb on
the qubit and driving the storage cavity for different duration we can accomplish error-transparent gates that can be
used to create arbitrary superposition of the logical states with real coefficients. (a) and (b) respectively show the
time evolution of the states in codespace and error space in the storage cavity. By driving the storage for the marked
duration of 0.79¢~!, for both the error space and codespace, an error-transparent X gate can be accomplished. At
the end of the gate we will need to detect errors by doing a parity check of the state in the storage cavity and then
correct for any errors to accomplish the error-transparent gate. For these simulations the system was considered to
be lossless and in the adiabatic limit with ¢ : 2 : |x| = 0.01 : 1 : 100.

F  Ancilla Error-Transparency the Hamiltonian to use a four-level ancilla. This

new Hamiltonian is given by
The MEM protocol [26] can be made first-order
error-transparent to ancilla errors by modifying

H /b = wnlh)(h] + wele)(el + ws| )(F] + weiv+ 7 (xnlh) (Bl + xele) el + x5 (f]) +
Qqp(8) (i1.£) (gl = ilg) (f1) + ne(t) (ile) (k| — ilR) e]) — ie(t)(@® — &™) |

N
Qyr(t) = Q Z cos (wft—l— nx st + ¢n + 7r> ;

Y ’ (F.1)
— N 7r '
elt) = 0 cos (= wn)t 41 (xe =)+ 6+ 3 )
n=0
e(t)=¢ Z oS <2wct + xt + ;T) ,
X:{O»Xh,Xf}
where 7 = a'a is the number operator of the oscillator with basis eigenkets {|n)|n € N} and

{lg),|h),le),|f)} are the basis kets of the four-level ancilla. Note that since the oscillator drive €(t)
does not include a x. term in the summation, we must enforce x. = x to properly achieve the MEM
action. This is to avoid requiring |xe — xf| > Q, which conflicts with the condition x. ~ Xy that is
needed for error-transparency.

To view the MEM action of this Hamiltonian, we successively switch into different interaction frames
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according to the following four unitaries:

. N
Us = exp ;Z¢nln><n!®(\f><f|—|9><9!+|€><6|—|h><h!)> :

. N
Us = exp (;Qt > Im)nl @ (1) gl + g} (f] + le)(h] + !h><6\)> :

n=0

Applying rotating-wave approximations between the frame switches according to the parameter hier-

archy

We — Why We,We > X1 — Xal, xal, Ixels X7 > Q> €,

(F.3)

the Hamiltonian ultimately becomes (see Appendix B of [26] for a similar derivation)

_ N [e o]
H'/h= % (Z:z\/n(n— 1) cos (W) In—2)(n[+ ) \/ﬁ|n—2)(n|> +he.,

so that the matrix-element modification is suc-
cessfully accomplished for all states of the ancilla.

We now elaborate on the error-transparency of
the Hamiltonian to first-order ancilla relaxation,
using ideas from [17] and [47]. Since this relax-
ation event induces ancilla dephasing, the situ-
ation for pure dephasing is similar.
Hermitian effects of the errors similarly induce
ancilla dephasing, so it suffices to only consider
the error-transparency of the Hermitian evolu-
tion to the jump errors. We Aconsider an iriitiial
state of [osc,i) ® |g), in the Uiotal = UsUsUxUsp
frame, where [1)osc ;) is some state of the oscilla-
tor that only has support up to the N-th Fock
state. Working in the Utotal frame, we then fol-
low the initial Hamiltonian evolution for time ¢,

The non-

Uiotalle) (F10] oy f: XXM ) (o) @ | (0, 7 /2)eh> <(Qt, 7r/2)fg
n=0

[e.9]

(F.4)
N+3

followed by a relaxation event at time tg, followed
by the remaining Hamiltonian evolution for time
T —tp, until the end of the gate is reached at time
T. For simplicity, we also choose the total gate
time to be such that x,T = 27ky, x.I = 27ke,
XTI = 2rky, and QT = 2xl for kn, ke, kgl € Z,
so that at the beginning and end of the gate
Utotal = Ug. This choice does not affect the error-
transparency properties of the gate.

Since the ancilla stays in the {|g),|f)} sub-
space if there are no errors, the ancilla errors
that matter to first order are the relaxation event
le)(f| and dephasing in the {|g),|f)} subspace
(e.g. |f){(f]). In the frame associated with the
total unitary ﬁtotal = 04(73(7201, the relaxation
event becomes

_l’_

(F.5)

Y. eI )| @ le)(f]

n=N+1

where |(6,6),;) = cos(0/2)|k) + ¢ sin(8/2)|j).
This error can be broken down into three
parts: a time-dependent rotation of the oscilla-
tor e(xe=Xs)  the ancilla falling from the orig-
inal qubit subspace {|g),|f)} to the error qubit
subspace {|h),|e)}, and dephasing of the ancilla

via a collapse onto the state ‘(Qt,w/2)6h> =

cos(Qt/2)|e)+isin(Qt/2)|h). The pure dephasing
event is similar, just without the random rotation
and the fall into the {|h),|e)} subspace. Similar
to [17], the random rotation error can be elimi-
nated by fixing x. = Xy, as already required by
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our Hamiltonian derivation. Even if there is some
small x mismatch, if the Hamiltonian is error-
transparent to random rotation errors — or ET
up to some order, like the parity nested Hamil-
tonians — then we expect these dephasing errors

|¢ﬁna1> X eiH/(T_tO) (Utotal|e> <f|UtTota1>

can remain tolerable for small enough (x.—x¢)to,
similar to [47].

Following the evolution of the initial state
through the channel and neglecting this random
rotation error, we have:

G (Yoo ) ® |9))
to (FG)

o (€M [ghose)) @ (cos (Qto/2) [e) +isin (to/2) 1) -

Defining [¢osc,f) = etfl T |those.s) and applying Ug to return to the lab frame, we have:

04 [sn) o cos (Qt0/2) (S(=6/2)[ose.s) @ le)) +isin (Qo/2) (S(6/2)|oscs) @ 1))

where S(0) = YN ¢ |n)(n| is a SNAP opera-
tion. Thus, if we measure the ancilla state in the
lab frame to be |e), applying the SNAP opera-
tion S(¢) — which can be made ET [17] — to the
oscillator yields the correct final oscillator state

$(8/2)tose.) = Tra [Uf ([ose,s) @ [9))], where
Tr[] is the partial trace over the ancilla. If we
instead measure the state as |h), the oscillator is
already in the correct final state S(¢/ 2) [Yosc, f)-
In the case of pure dephasing, if the measured
ancilla state is |f), applying S ((5) yields the cor-
rect final oscillator state 5(¢/2) |Yosc, ), and if the
measured ancilla is |g), the oscillator is already in
the correct final state. This is consistent with the
fact that the ancilla ends in |¢g) when there are no
errors. In this way, performing a measurement-
conditioned SNAP operation at the end of the
protocol ensures the Hamiltonian is first-order
error-transparent to ancilla errors. However, in
an experiment, these operations will suffer from
non-idealities (such as not being in the strictly
adiabatic limit) similar to the MEM comb and
will not be perfectly error transparent.

(F.7)
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