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The primary objective of quantum cir-
cuit synthesis is to efficiently and accu-
rately realize specific quantum algorithms
or operations utilizing a predefined set
of quantum gates, while also optimizing
the circuit size. It holds a pivotal posi-
tion in Noisy Intermediate-Scale Quantum
(NISQ) computation. Historically, most
synthesis efforts have predominantly uti-
lized CNOT or CZ gates as the 2-qubit
gates. However, the SQiSW gate, also
known as the square root of iSWAP gate,
has garnered considerable attention due to
its outstanding experimental performance
with low error rates and high efficiency
in 2-qubit gate synthesis. In this paper,
we investigate the potential of the SQiSW
gate in various synthesis problems by uti-
lizing only the SQiSW gate along with ar-
bitrary single-qubit gates, while optimiz-
ing the overall circuit size. For exact syn-
thesis, the upper bound of SQiSW gates
to synthesize arbitrary 3-qubit and n-qubit
gates are 24 and 194" (1+0(1)) respectively,
which relies on the properties of SQiSW
gate in Lie theory and Quantum Shannon
Decomposition. We also introduce an ex-
act synthesis scheme for Toffoli gate using
only 8 SQiSW gates, which is grounded
in numerical observation. More generally,
with respect to numerical approximations,
we provide a theoretical analysis of a prun-
ing algorithm to reduce the size of the
searching space in numerical experiment
to 1—12+0(1) of previous size, helping us reach
the result that 11 SQiSW gates are enough
in arbitrary 3-qubit gates synthesis up to
an acceptable numerical error.
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1 Introduction

Quantum circuit synthesis is crucial to the imple-
ment of quantum algorithm on physical devices.
It involves constructing a quantum circuit to real-
ize the target unitary operator, while optimizing
the circuit size or depth with respect to a given
gate set [1-3].

A lot of research has been done on quantum
circuit synthesis, most of which are about exact
synthesis and focus on CNOT (Controlled-NOT)
gate at the early stage [1, 2, 4-12]. The first
synthesis algorithm using CNOT and arbitrary
single-qubit gates was designed by Barenco et al.
in 1995 [4], giving an upper bound of O(n34™)
to synthesize arbitrary n-qubit gates. The upper
bound was improved to O(n4") in the same year
[10]. During the next decade, circuit transform
techniques and Gray code were adopted in circuit
synthesis to reduce the upper bound [5, 13, 14].
Actually, the lower bound of arbitrary n-qubit
gate was proved to be | (4" —3n—1)] by parame-
ter counting [15]. And the state-of-the-art result
of upper bound is %4” — %2” + % by making use
of a brand new method called Quantum Shannon
Decomposition [1]. This upper bound is already
no more than 2 times of the lower bound. On
Toffoli gate, the CNOT cost is 6, which is a tight
result [16, 17]. There are also several works to
optimize CNOT-cost of multi-qubit Toffoli gate
[18]. Recently, Chen et al. [19] looked into the
universal synthesis using arbitrary 2-qubit gates.
They proposed a “rule-them-all” exact synthesis
scheme AshN, pointing out that the upper bound
of circuit size of 2-qubit gates to synthesize n-
qubit gate is 2—24”(1 +o0(1)).

There are also also several studies on how to
numerically approrimate the target unitary ma-
trix, that is, how to optimize the circuit size re-
quired to approximate the target circuits within
an acceptable numerical error [20-25]. A study
in 2019 [20] explored how to get a optimal syn-
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thesis of circuits numerically, which uses Mglmer
Sorensen (MS) gate. Since MS gate entangles all
the qubits in the circuit, the whole structure of
circuit is fixed and determining the continuous
parameters of different gates is the only thing.
In 2022, Ashhab et al. [24] designed a numeri-
cal optimization algorithm using CNOT gate and
arbitrary single-qubit gates, achieving good per-
formance in 2-qubit quantum state preparation,
3-qubit quantum state preparation and synthesis
of m-qubit Toffoli gate. The number of CNOT
gates to reach high fidelity is even close to the
theoretical lower bound.

In addition, some works have proposed more
general circuit synthesis and optimization frame-
works that can support arbitrary set of gates.
Anouk et al. raised Synthetiq [26], a fast and
versatile quantum circuit synthesis framework
based on Simulated Annealing. Addressing the
limitations of existing tools, Synthetiq synthe-
sizes circuits over arbitrary finite gate sets and
supports partial specifications. Also, researchers
from Berkeley developed a universal circuit com-
pilation framework called BQSKit [27, 28], which
is a comprehensive and powerful circuit compila-
tion tool. It is dedicated to providing efficient
and scalable quantum circuit optimization and
synthesis solutions. Its core goal is to reduce
the depth of quantum circuits through innova-
tive algorithms, improve operational reliability
and computational efficiency, and is suitable for
fields such as subroutine compilation, gate group
conversion, and algorithm exploration.

However, other quantum gates besides CNOT
gate are rarely studied in quantum circuit synthe-
sis. A problem has then emerged that whether
there exists a kind of quantum gate that has a
more powerful synthesis ability and also shows
off lower experimental error at the same time.

The SQiSW gate, known as the square root of
iISWAP gate, is a 2-qubit quantum gate exper-
imentally realized in earlier works [29-31]. Re-
cently it has been proved to potentially realize
the dream [32]. On one hand, SQiSW gate has
a shorter gate time and lower error than CNOT
gate on superconducting quantum processor of
Alibaba. This new type of quantum gate set has
excellent performance in experiments [32]: The
gate fidelity measured on single SQiSW gate is up
to 99.72%, with an average of 99.31%. For any
2-qubit gate synthesis problem, it can achieve an

average fidelity of 96.38% on the random sam-
ples. Compared to using iSWAP gates on the
same processor, the former reduces the average
error by 41%, while the latter reduces it by 50%.
On the other hand, SQiSW gate has an im-
proved ability in synthesis of arbitrary 2-qubit
gates than CNOT gate. Specifically, the upper
bound of SQiSW gates and CNOT gates to syn-
thesize arbitrary 2-qubit gates are both 3, and
about 79% 2-qubit gates can be synthesized by
at most 2 SQISW gates while the gates generated
by 2 CNOT gates constitute a zero-measure set
(see supplemental material of [32]). These results
rely on KAK decomposition and Weyl chamber,
which are Lie algebra mathematical tools to de-
pict general properties of SU(4).

Due to the superior properties of SQiISW gate
over common CNOT gate, it’s significant to look
deeper into the potential of SQISW gate in cir-
cuit synthesis, which hopefully help implement
more efficient quantum circuits on superconduct-
ing quantum computers.

In this paper, we focus on the exact synthe-
sis and numerical optimization with SQiSW cir-
cuits. We utilize only the SQiSW gate along with
arbitrary single-qubit gates, aiming at the opti-
mization of number of SQISW gates. Our main
results are presented as follows.

Theorem 1. An arbitrary 3-qubit gate can be
synthesized using a mazimum of 24 SQiSW gates.

Theorem 2. An arbitrary n-qubit gate can be
synthesized using a mazximum of %g x 4™ — 3 X

2" + % SQiSW gates.

Our approach to deriving Theorem 1 is that
we firstly decompose arbitrary 3-qubit gates into
arbitrary 2-qubit gates, and subsequently utiliz-
ing the properties of SQISW gates in synthesis of
arbitrary 2-qubit gates. To prove Theorem 2, we
employ Quantum Shannon Decomposition recur-
sively in which the base case is Theorem 1, with
several circuit optimization techniques.

Algorithm 1 and algorithm 2 are numerical op-
timization algorithms for Toffoli gate and arbi-
trary 3-qubit gates respectively. Algorithm 3 is a
pruning algorithm using two pruning techniques,
which are qubit re-arrangement and circuit re-
version [24, 26], to speed up our numerical opti-
mization algorithms.
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The numerical results indicate that we only
need 8 and 11 SQiISW gates in circuit to syn-
thesize Toffoli gate and arbitrary 3-qubit gates
respectively under acceptable numerical error,
which is intuitively shown in Fig. 5(a) and
Fig. 5(b). Theorem 3 is about the efficiency anal-
ysis of algorithm 1 and algorithm 2 with applica-
tion of algorithm 3 on them.

Theorem 3. The pruning algorithm 3 reduces
the size of circuit structure space (with 3 qubits
and N quantum gates) in algorithm 1 and algo-

rithm 2 to & x 3N 43721 41 = L3N (140(1)).

Theorem 4. Toffoli gate can be exactly syn-
thesized by 8 SQiSW gates, a scheme shown in
Fig. 6.

Theorem 4 is proved in a numerical-aided way.
It is the numerical optimization on Toffoli gate
that provides the observation of pattern of pa-
rameters in circuit. By repeatedly guessing, fix-
ing and retraining, we get to have a circuit with
only few parameters, which approximates Toffoli
gate well. Then we prove it can be an exact syn-
thesis scheme by assigning appropriate values to
the parameters.

The rest of this paper is organized as follows.
Section 2 is about preliminaries. In section 3, we
prove Theorem 1 and recursively induce Theo-
rem 2, our road map contains some decomposi-
tion schemes and circuit optimization techniques.
In section 4, we show the numerical optimiza-
tion algorithm and pruning algorithm. Then we
prove Theorem 3 and show the numerical results.
In section 5, we prove Theorem 4, which is de-
rived by numerical observation. Section 6 makes
a summary.

2 Preliminaries

Given a matrix U, we denote its (i, j)-th entry as
Uij. We also denote the conjugate transpose of
U as UT. And we use ® to denote the Kronecker
tensor product over two matrices.

We denote the unitary group U,(C) as U(n)
and specialized unitary group SU,(C) as SU(n).
Here C is the field of complex numbers.

2.1  Quantum multiplexor

Definition 1 (Quantum multiplexor [1]). A
quantum multiplexor with s controlled qubits (po-

sitioned at the highest levels) and d target qubits
is a block-diagonal unitary matriz comprising 2°
unitary matrices U; € U(29), 1 <i < 28:

Uy
U =
Uss
Here is a typical example: the multiplexor-R,,
which is a multiplexor with 1 data qubit acted
by R, gate with different angles depending to

the state of the controlled qubits. In the circuit
diagram, we mark each controlled qubit of U in

[T

quantum circuits with a “7” symbol.

[
R,

Lemma 1 (Decomposition of multiplexor rota-
tion gates [1, 2, 33]). For multiplexor-Ry and
k=1y,z, it holds that

= i T
A e I 7 Ry,

';U —1—]
|

JA)
N
JA)
N

and any n-qubit multiplexor-Ry can be synthe-
sized by at most 2"t CNOT gates.

2.2 Local equivalence and Weyl chamber

Since single-qubit gates contribute little to the
cost of a quantum circuit, it is essential to study
the equivalence between quantum gates that only
differ in single-qubit gates on sides. Fortunately,
KAK decomposition and Weyl chamber provide
mathematical tools to depict 2-qubit gates up to
single-qubit gates [32, 34-38].
Lemma 2 (KAK decomposition [34]). YU €
SU(4), there exists a unique k= (,9,2), T =
S

x >y > |z|, single-qubit gates Ay, A1, By, B
SU(2) and g € {1,i} s.t.

U=g- (A ® Ay)exp{ik - 7}(By ® By),
in whichd =[XeX,YQY,Z® Z].

The vector k is called interaction coefficients,
which characterize the equivalent class of an ar-
bitrary U € SU(4), denoted as k(U). The 3-
dimension area related to k is known as Weyl
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chamber [32, 34, 37]. The Weyl chamber W is
defined as W = {§ >z >y > z and z >
0if =751 (z,u,2) € R3},

shown in Fig. 1 with some common gates and
their interaction coeflicients marked.

Definition 2 (Local equivalence [32]). Two uni-
tary matrices U and V are said to be locally
equivalent, if and only if U and V' share the same
interaction coefficients in Weyl chamber.

The following properties are of utmost impor-
tance when addressing interaction coefficients.

Property 1 (Transformation of interaction co-
efficients [34]). The local equivalent class of a
unitary matric U remains the same under such
transformation on its interaction coefficients:

o Add or minus one element of (z,y, z) by w/2.
For ezample, add x by w/2 while keep y and
z:

(z,y,2) = (z +7/2,y, 2).
o Tuke the opposite number of two elements

of (z,y,z). For example, take the opposite
number of x and y, while keep z:

(l‘,y, Z) = (7337 -y, Z)'

e FEzchange two elements of (x,y,z). For ex-

ample, exchange © and y, while keep z:
(@,y,2) = (y,2,2).

In fact, if we take the equivalence under trans-
formation as =, then [34, 38]
W=R}~.
So we can easily round the interaction coeffi-

cients of any arbitrary U € SU(4) to one and
only one position in Weyl chamber.

2.3 SQIiSW gate and its properties

SQiSW gate is defined as the matrix square-root
of iISWAP gate, that is,

SQISW = ViSWAP

1 0 0 0
1 3

"% »

O%LO
2 V2

0 0 0 1

Besides, SQiSW has such mathematical proper-
ties which are useful in the rest part of this paper.
Here we skip the proof since it’s easy to verify
them.

Property 2 (Mathematical Properties of
SQISW). SQiSW gate has such properties:

o SQiSW gate is commutative with Z®Q Z, thus
commutative with R,(0) @ R,(6).

o SQiSW gate is qubit symmetrical. It satisfies
that SQiSW = SWAP - SQiSW - SWAP.

e SQiSW' is locally equivalent to SQiSW.

It’s been proved that any arbitrary U € SU(4)
can be synthesized by at most 3 SQISW gates
[32], and the region that can be spanned by 2
SQISW gates is stained red in Fig. 2. The rest
part needs at least 3 SQISW gates. We rewrite
it as the Lemma 3 below.

Lemma 3 (Synthesis of 2-qubit gates using
SQiISW [32]). Any arbitrary 2-qubit gate U €
SU(4) can be exactly synthesized by at most 3
SQiSW gates, up to single qubit gates. U can
be synthesized by 1 SQiSW gate, if and only if
k(U) is (§,%5,0). U can be synthesized by at
most 2 SQiSW gates, if and only if k(U) is in
W', where W = {} > 2 >y > |z| and z >
y+ [z | (2,9,2) € W}

This indicates that 3 SQiSW gates can span
the whole Weyl chamber, and 2 SQiSW gates
span the red area of Weyl chamber in Fig. 2.

3 Exact synthesis of arbitrary quantum
gates

In this section, we prove that the upper bound of
arbitrary 3-qubit synthesis is 24, then recursively
derive the upper bound of arbitrary n-qubit syn-
thesis, which is 1354™(1 4 o(1)).

3.1 Exact synthesis of arbitrary 3-qubit gates

We first introduce two lemmas, namely Lemma 4
and Lemma 5, as the foundation for the proof of
Theorem 1.

Lemma 4 (Decomposition of arbitrary 3-qubit
gates [19]). Any 3-qubit gate can be synthesized
by at most 11 2-qubit gates, a scheme shown as
below.
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1(0,0,0)

, CNOT(Z,0,0)

Figure 1: Weyl chamber in R3, with some common gates and their interaction coefficients. Note that there are many
ways to draw Weyl chamber, and here we adopt that in [32].

1(0,0,0)

CNOT(%,0,0)

SWAP(%, %, %)

Figure 2: Region in Weyl chamber that can be spanned by 2 SQiSW gates, filled in red [32].
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Lemma 5. Any arbitrary 2-qubit gate can be
synthesized using 2 SQiSW gates and 1 diago-
nal 2-qubit gate. The synthesis scheme is shown
below, where the SQiSW gate is denoted as S.

[ - el

Proof. Firstly, the arbitrary 2-qubit gates can be
synthesized by 2 CNOT gates and 1 diagonal 2-

qubit gate, by [1]. So we have

D: _ 7[} R, D@

_| 7[} d R, N D L
Inside such scheme, at least 2 elements of in-

teraction coefficients of the sub-circuit

1

>
a

D VY
N Ry N

are zeros (by the general calculation process for
interaction coefficients in section 3.2 of [35]). So
the sub-circuit above can be synthesized by 2
SQiISW gates. O

Now we have all the fragment contributing to
Theorem 1. We now give the complete Theorem
1.

Theorem 1. An arbitrary 3-qubit gate can be
synthesized using a maximum of 24 SQiSW gates.

Proof. First, we aim to prove that all diagonal
gates in the scheme of Lemma 4 can be synthe-
sized by at most 2 SQISW gates.

Any diagonal matrix is locally equivalent to a
R, . gate, which is defined as

Rzz(a) = Rz(e) & Rz(_0)7

so we have

It’s easy to see
0
R..(0) = emp(—zﬁZ ® 7Z),

which tells us that the interaction coefficients of
R.. gate is (0,0, —g). By Lemma 3, R,, can be
synthesized by 2 SQiSW gates. Thus all arbitrary
diagonal gates can be synthesized by 2 SQiSW
gates.

Next, we prove V5 and Vi can be synthesized
by at most 2 SQiSW gates. In the original proof
of Lemma 4 (see Theorem 12 in [19]), we get to
know that V5 and Vg have the form like:

R,
AL

Rearrange qubits and reverse the circuit, we
only need to prove the circuit

—
_Ry_A_

can be synthesized by at most 2 SQiISW gates.
That’s due to the second and third points of
Property 2.

Since an arbitrary diagonal gate is locally
equivalent to R,, gate up to single qubit gates
on the leftmost side or rightmost side, we only
need to prove the interaction coefficients of uni-

() 1)
R.(=0) Ry(02)

locates in W', which is spanned by 2 SQiSW
gates.

tary

To simplify the calculation, we consider the
unitary locally equivalent to it. By applying R,
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and R, gates to two sides of it, we have

R-(0) Ry(61)
R.(—0) Ry (02)
~ I Ry(el)
R.(—20) Ry (02)
N I I
R.(—20) R, (65 — 61)

(I
N R.(—20)Ry(02 — 61) )’

where ~ means being locally equivalent to.
For simplicity’s sake, we assume

I
V= < sznRy(eQ)) |

The interaction coefficients of U has 2 elements
being zero. So U lies on the x-axis in Weyl cham-
ber, thus U can be synthesized by at most 2
SQiSW gates. So V5 and Vg can all be synthe-
sized by at most 2 SQiISW gates.

Then, we make use of Lemma 5 to optimize the
circuit. Synthesizing V7 and V3 by the scheme in
Lemma 5 allows us to move the diagonal gates
from V7 and V3 across other diagonal gates in
Lemma 4. Then they can be finally absorbed
into V4 and V.

Also, We can synthesize the middle CNOT
gate in circuit of Lemma 4 by 2 SQiSW gates,
which is shown in Fig. 2. To conclude, we can
synthesize any arbitrary 3-qubit gate by at most
24 SQiSW gates. O

Recall that the upper bound of synthesis of
arbitrary 3-qubit gates using CNOT gate is 20 [1].
Our result is 24 for SQiISW gate, 40% better than
trivially replacing each CNOT gate by 2 SQiSW
gates.

3.2 Exact synthesis of arbitrary n-qubit gates

We already have the upper bound of synthesis
of arbitrary 3-qubit gates, now we take Theo-
rem 1 as the base case and prove Theorem 2,
using Quantum Shannon Decomposition recur-
sively and some circuit optimization techniques.

Lemma 6 (Cosine-Sine Decomposition [1, 2,
39]). Any arbitrary n-qubit gate can be exactly
synthesized as below.

s

where n > 2.

Lemma 7 (Demultiplexing of multiplexor [1]).
Any arbitrary n-qubit multiplexor with 1 con-
trolled qubit can be exactly synthesized as below.

NoEpt e </

where n > 2.

We can get a synthesis scheme from the combi-
nation of Lemma 6 and 7, which is called Quan-
tum Shannon Decomposition.

Lemma 8 (Quantum Shannon Decomposition
[1]). Any arbitrary n-qubit gate can be exactly
synthesized as below.

where n > 2.

Quantum Shannon Decomposition gives a re-
cursive decomposition scheme for arbitrary n-
qubit gates, thus we have enough evidence to
prove Theorem 2.

Denote ¢; as the upper bound of number of
SQiISW gates to synthesize any arbitrary I-qubit
gate. Now we state the proof of Theorem 2 below.

Theorem 2. An arbitrary n-qubit gate can be
synthesized using a mazimum of %"g x 4™ — 3 X
2" + % SQiSW gates.

Proof. According to Lemma 8 and Lemma 1, we
have
Cj §4Cj_1+3><2j, j > 2,

by replacing each CNOT gate by 2 SQiSW gates.
Then

en <A e +3x 2D =3 x2m.

Now we introduce two circuit optimization
techniques to decrease the upper bound.
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First, notice that CZ gate is locally equiva-
lent to CNOT gate (see Fig. 3), and Lemma 1
still holds after replacing all CNOT gates by CZ
gates.

So the multiplexor- R, gates in Lemma 6 can be
synthesized by CZ gates with one CZ gate located
on the leftmost side or rightmost side. Since CZ
gate is diagonal, it can be absorbed into the adja-
cent multiplexor, saving (4"~ —1)/3 CNOT (or
CZ) gates in total, thereby saving 2(4"! —1)/3
SQiSW gates.

D
>

_Ry

Ryt

'Ry

[ah)
%

Ryt

Figure 3: CNOT gate is locally equivalent to CZ gate,
and a CZ gate is equal to a CNOT gate with R, gates
on both sides of its target qubit.

Second, stop recursion at [ = 3 and consider
Theorem 1. We can synthesize Vo or V, by
Lemma 5 and get to have a synthesis scheme for
3-qubit gates with a diagonal gate on the left-
most or rightmost side. All these diagonal gates
are commutative with multiplexor gates through
controlled qubits in Lemma 8. Then they can be
absorbed into the neighboring 3-qubit gate. We
get to save 4773 — 1 SQiSW gates in total.

Since we already have c3 = 24, such two opti-
mization techniques above help achieve an upper
bound that

en <4"3(c3 +3x2%) —3x 2" —5(4"3 —1)/3
139 5
TR

Here, we have finished the proof of Theorem
2. O

Recall that the upper bound of synthesis of
arbitrary n-qubit gates using CNOT gate is
(14 0(1)) [1]. Our result is 1534™(1 + o(1))
using SQISW gate, 24% better than trivially re-
placing each CNOT gate by 2 SQiSW gates when

n is large.

4 Numerical optimization and its anal-
ysis

Different from exact synthesis, numerical opti-
mization aims to find a circuit numerically ap-

proximating the target circuit in synthesis prob-
lems. In this section, we run numerical optimiza-
tion to synthesize arbitrary 3-qubit gates and
Toffoli gate, studying how many SQiSW gates
are sufficient to reach low enough error in the
two tasks. Additionally, we give a reliable prun-
ing algorithm and analyze its performance which
is shown as Theorem 3.

In this section we denote n as the number
of qubits, N as the number of SQISW gates
in the circuit. For the target function of opti-
mization, we employ the known standard: the
red “distance” or error between two circuits U
and V is defined as

tr(UTV
EUV)=1- 7‘ (2n )|

The stopping threshold of error in the opti-
mization algorithm is set to 1075, which is noth-
ing compared to the experimental error of realiz-
ing a quantum circuit.

To better describe the algorithm, we first in-
troduce the concept of circuit structure.

Definition 3 (Circuit structure [24]). The cir-
cuit structure of a quantum circuit is a sequence
of positions to show the configuration of multi-
qubit gates in the circuit.

In this paper, we use 0 ~ n—1 to show the po-
sition in a circuit with n qubits and in chronolog-
ical order. For example, structure of the circuit
in Fig. 4 is (0, 1), (1,2),(0,2).

4.1 Numerical optimization algorithm

We should look for the minimum number of
SQiSW gates used in the circuit to numerically
approximate target circuits. But we may have
lots of structures to consider, and there may be a
huge gap between performances of different struc-
tures.

We adopt the frame of two searching spaces,
which are mentioned in [24]. More specifically,
given the number of SQISW gates, for each cir-
cuit structure (circuit structure space), we op-
timize the parameters in the circuit (parameter
space) to approximate target circuit. When pro-
gramming, they are actually two nested “for”
loops. And we utilize gfactor package in python
[40] to help the parameter optimization, which
is a parameter learning tool. In the rest part of
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0 SQiSw R, -
SQiSW :
1 4R, — Ry
SQiSW 5
2 L [SQisw|——

Figure 4: A quantum circuit with structure (0, 1), (1,2), (0, 2).

this paper, we take it as a black box. The al- Algorithm 2: Numerical optimization for
gorithms for Toffoli gate and arbitrary 3-qubit arbitrary 3-qubit gates.

gates are shown in algorithm 1 and algorithm 2.
Note that SQiSW gate is a deterministic gate, we
only need to optimize parameters of single-qubit
gates. In algorithm 2, we sample unitary matri-
ces uniformly under Haar measure [41] and study
the average error.

Output: Circuit structure S numerically
approximating arbitrary 3-qubit
gates under acceptable average
€rTor.

1 for num of SQiSW gates N :

2 for circuit structure S :

3 Ist_U = sample(SU(8),100);
4 error = | [;
5
6
7

Algorithm 1: Numerical optimization for
Toffoli gate.
Output: Deterministic circuit C
numerically approximating
Toffoli gate.

for U in Ist_U :
min_d = 4o0;
for i in

range(repetition_time) :

W N =

for num of SQiSW gates N : 8 randomize(g);
for circuit structure S : 9 0 = Learn(S, 5,
for i in range(repetition_time) Toffoli, learning
. parameters);
4 randomize(6); 10 if dist(S(6),U)
5 6 = Learn(S, 6, Toffoli, <min_d :
learning parameters); 11 min_d =
E = dist(S(6), Toffoli); dist(S(6),U);
it £<e: . 12 error.append(min_d);
8 Return S(0); 13 average = avg(error);
14 if average < e :
15 Return S;

4.2 Pruning techniques for speed-up

In a n-qubit system, each SQiSW gate has n(n —
1)/2 possible positions, which are (0,1), (0,2)
and (1,2) when n = 3. Recall SQISW gate is
qubit symmetrical, the qubit order of SQiSW
gate doesn’t matter.

That means we would have a structure space
of 3V size, leading to huge difficulties when N is
large, which is intuitively shown in table 1.

The idea is to find these circuit structures that
are “equivalent” under numerical optimization,
thus we only need to keep one element of each
class with little influence on the performance of
our numerical optimization algorithms.
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Table 1: The size of circuit structure space under differ-
ent number of qubits n and number of SQiISW gates N

N N 5 10 15 50
2 1 1 1 1
3 243 59049 | 14348907 | > 10%
4 7776 | 60466176 | ~ 1011 | > 1036
5 10° 1010 101 10°0

We adopt two pruning techniques which are
usually used in numerical optimization: qubit re-
arrangement and circuit reversion [24, 26], and
give an explicit theoretical analysis of pruning
efficiency when both of them are used in our
synthesis tasks. To make our pruning algorithm
theoretically reliable, we are supposed to make
sure that such techniques make little influence
on the numerical results. Here we define numer-
ical equivalence and equivalence closure to help
our proof of Theorem 3.

Definition 4 (Numerical equivalence). Given
circuit structures C1 and Co, if

VI €T, 36 st (C1,0) =T
s equivalent to
VT €T, 36 st. (Ca,0) — T,

where T is our target gate set, then we say Cq
and Cy are numerically equivalent (or Cy and Co
are in the same equivalent class under numerical
optimization).

Our target gate set in algorithm 1 and algo-
rithm 2 are {Toffoli} and SU(8) respectively. To
better depict the equivalent class under more
than one equivalence relation, we define equiv-
alent closure.

Definition 5 (Equivalent closure). An equiva-
lent closure C under operation set R is a maxi-
mal set s.t. ¥ e1,es € C, e1 can be generated by
applying operations in R on ey finite times. Here
R must guarantee that e; and ex are numerically
equivalent.

It can be verified that in algorithm 1 and al-
gorithm 2, the circuit structures before and after
being transformed by R are numerically equiva-
lent. Here R contains “qubit rearrangement” and
“circuit reversion”, in which qubit rearrangement

means rearranging the qubits order of the circuit
structure and circuit reversion means reversing
the gate order of the circuit.

So the whole circuit structure space in both
algorithm 1 and algorithm 2 can be divided into
different equivalent closures under R. Now we
state algorithm 3, which successfully keeps exact
one structure remained but kicks other structures
out in each equivalent closure under R when it is
applied to algorithm 1 and algorithm 2.

Algorithm 3: Pruning of circuit struc-
ture space [24, 26]
Input: Set of all possible circuit
structures S.
Output: Set S with circuit structures
remained after qubit
rearrangement and circuit

reversion.
1 for circuit structure C € S :
2 S1 < circuit structures equivalent to
C under qubit rearrangement;
3 Sy <+ circuit structures equivalent to
C under circuit reversion;
4 Remove circuits different from C in

S1 U Sy from S

Previously, there was no theoretical analysis
conducted. Below, we will conduct a asymptot-
ical analysis using both pruning methods simul-
taneously in numerical optimization.

To prove Theorem 3, we need to give explicit
analysis of these closures, stated as below. De-
note that f;,, is a function mapping a circuit
structure space to its reversed structure, and fq,,
is a function mapping a circuit structure to the
set, of circuit structures that only differ in qubit
arrangement.

Theorem 3. The pruning algorithm 3 reduces
the size of circuit structure space (with 8 qubits
and N quantum gates) in algorithm 1 and algo-

rithm 2 to &5 x 3V +31%2 41 = 13N (140(1)).

Proof. Firstly we prove that there are only equiv-
alent closures with 3 or 6 or 12 elements under
R.

For circuit structure with gates having only
one position, its closure only has 3 elements. For
circuit structure with at least 2 positions of gates,
it has 5 other different elements under qubit re-
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arrangement. If a structure C’ generated by re-
versing a circuit in rearrangement of original cir-
cuit C is equal to a structure in rearrangement
of original circuit C, then the rearrangement of
(' is exact the arrangement of C.

So either the reversion of arrangement of C' is
the same as arrangement of C' or it has no same
element with arrangement of C'. In the first case,
we have a equivalent closure with 6 elements, and
in the other case we have a equivalent closure
with 12 elements. They are the maximal set since
we cannot generate a new element by apply any
equivalent relation on any element of it.

The rest part of proof is on the calculation of
number of each kind of equivalent closure. We
only have one 3-element closure. The question
is, how many circuits C are there satisfying

flnv(c) € farr(c)a

where C' has at least two different positions (that
is, C' is not an all-(0,1) or all-(0,2) or all-(0, 3)
pattern).

The rearrangement function set is isomorphic
to the permutation group

Se = {f1, f2, f3, 71,72, T3},

in which

012 012 012
f1_<012>)f2_<201>7f3_<120>7
and

(012 (012 (012
T=1102) ™ 210/ " \o21)

Without causing confusion, we take Sg to rep-
resent the rearrangement function set, and each
element in Sg refers to the corresponding qubit
rearrangement operation.

Then we calculate number of circuit C' satisfy-
ing

fmv(c) = f(0)7 J € Se. (1)
We go into two situations:

Case 1. Here N is even. Assume N = 2n and
C = ajaz...as, (according to the reading order
of a quantum circuit), each a; means a position of
entangled gate and can be (0,1), (0,2) or (1,2).

If f = fi1, then inv(C) = C, there are 3" — 3
circuits, since each a; = as,+1-; has 3 options
and we exclude 3 circuits in the 3-element closure.

If f = fo, we have

Aoan+1—3 = f(ai)7

a; = f(a2n+17i)a

for 1 <4 < 2n. That is,

a; = f(f(a:)),

for 1 < ¢ < 2n. But it doesn’t hold for any a;.
So there’s no circuit satisfying (1).

If f = f3, similarly there’s no circuit satisfying
(1).
If f =7, then

(ai, aznt+1-:) = ((0,1), (0
or (a;, agn+1-:) = ((0,2),(1,2)),
or (ai, azn1-i) = ((1,2),(0,2)),
for 1 <4 < n. We have 3" — 1 circuits, excluding

the circuit with only (0, 1
If f = 19, then

~—

N
~—

(@i, agnt+1-i) = ((0,2),(0,2
or (a;,agnt+1-:) = ((0,1), (1

or (a;, azn+1-i) = ((1,2),(0,1)),

for 1 <i < n. We have 3" — 1 circuits, excluding
the circuit with only (0, 2).
If f =73, then

(ai’a2n+1—i) = ((1’2)7 (172))7
or (ai, azn+1-:) = ((0,1),(0,2)),
or (ai, azn+1—:) = ((0,2),(0,1)),

for 1 < i <n. We have 3" — 1 circuits, excluding
the circuit with only (1,2).

So we have 1 closure with 3 elements, ¢(4 X
3" —6) closures with 6 elements, and % [32" — (4 x
3" —6) — 3] closures with 12 elements. Algorithm
3 successfully reduces the size of space to

1 N N_; 1
17 x 3" +327 " + 1

Case 2. Here N is odd. Assume N = 2n + 1
and C' = aqas...a9n41-

If f = f1, then

(aia a2n+272') = ((07 1)7 (0
or (ai,agnJrQ,i) == ((O, 2), (0,2 ),
or (aiaa2n+27i) = ((172 7(172))7

for 1 < ¢ <n. And a,41 can be arbitrarily cho-
sen. Thus we have 3"*! — 3 circuits. f = f» and
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f = f3 are all similar to corresponding situations
that N is even.
If f =7, then

(aia a2n+1—i) - ((07 1)7 (07 1)))
or (aia a2n+1—i) == ((07 2)7 (]-7 2))7
or (aiy a2n+1—i) = ((17 2)7 (07 2))7
for 1 <i<n. And ap4+1 = (0,1). We have 3" —1

circuits, excluding the circuit with only (0, 1).
If f = 19, then

(ai, aznt1-i) = ((0,2), (0,2)),
or (ai7a2n+l—i) - ((Oa 1 ) ]-a 2 )

or (ai7a2n+1—i) == ((172 ) 07 1 )

for 1 <i<n. And a,4+1 = (0,2). We have 3" —1
circuits, excluding the circuit with only (0, 2).
If f = 73, then

(aiva2n+1*i) = ((172)7 (1a2))>
or (aiva2n+1*i) = ((Oa 1 ) 0a2 s

or (a;, aznt+1-i) = ((0,2),(0,1)),

for 1 <i<n. And ap4+1 = (1,2). We have 3" —1
circuits, excluding the circuit with only (1,2).

So we have 1 closure with 3 elements, %(2 X
3m+1 — 6) closures with 6 elements, and 13[3%" —
(2 x 37Tt — 6) — 3] closures with 12 elements.
Algorithm 3 successfully reduces the size of space
to

G x 3" + 5 x 3t2) + 1
Combining the two cases, we have finished the
proof of Theorem 3. O

Theorem 3 tells that the pruning algorithm 3
reduces the size of circuit structure space to % =+
o(1) of previous size, significantly increasing the
efficiency of algorithm 1 and algorithm 2.

4.3  Our results and analysis

We apply the pruning algorithm and set the rep-
etition time to 10 in both Algorithm 1 and Al-
gorithm 2. Then, we present the results of the
numerical optimization in a line chart, shown in
Figure 5(a) and Figure 5(b). It is worth noting
that the reason we start with NV = 5 in algorithm
1 and algorithm 2 is that a Toffoli gate needs
at least 5 2-qubit gates [42] and lower bound of
2-qubit gates synthesizing any arbitrary 3-qubit
gate is 6 [15, 43].

log(E)

—12| i

b
[=2}
-
oo
©
5

(a) best error to approximate Toffoli gate

ol
[N
-
©
©
—_
(=]
—
ja
—
¥

(b) best average error to approximate arbitrary 3-
qubit gates

Figure 5: The logarithm of best error E in numerical
optimization, using N SQiSW gates in the circuit.
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Fig. 5(a) and Fig. 5(b) indicate that 8 and
11 SQiSW gates are sufficient to numerically
approximate Toffoli gate and arbitrary 3-qubit
gates respectively.

As a comparison, we only need 11 SQiSW
gates to numerically approximate arbitrary 3-
qubit gates, and the number for CNOT gates is
14 [19]. Thus SQiSW gate works better with as-
pect to circuit size in numerical optimization of
arbitrary 3-qubit gates. For Toffoli gate, though
we need 2 more entangled gates compared to
CNOT gate [24], a single SQiSW gate only con-
tributes to half of the experimental error of a sin-
gle CNOT gate [32]. On the other hand, the nu-
merical result can even help us derive an exactly
synthesis scheme for Toffoli gate using 8 SQiSW
gates, which is introduced in detail in section 5.

5 Exact synthesis of Toffoli gate

In this section, we prove that 8 SQiSW gates are
sufficient to exactly synthesize Toffoli gate and
give a feasible synthesis scheme, which is based
on the observation of parameters in numerical op-
timization.

The idea is repeatedly rounding and retrain-
ing the rest parameters. For the rounding, it’s
all human work to select the suitable value. We

1 1
U11—U22—(—Z+1 5
Uss =Usu =5
Uss = Uss = — 2

round the numerical parameters to a near con-
stant number. As an example, we round 3.14158
to 7, 1.57106 to 7/2 and fix them and retrain the
other parameters without obvious pattern at this
stage.

Sometimes it’s not enough to just round the
parameter to a constant number. We also try
to observe and utilize the inner relation between
different parameters. For instance, if parameters
x and y satisfy y = z + 3.14267 throughout the
training, then we believe y = z + w. This is
another rounding strategy.

After such process, we finally derive the circuit
with only one free parameter, shown in Fig. 6.
Such a scheme can reach an error of even 10716
in numerical optimization to approximate Toffoli
gate, which is a strong evidence for the exact
synthesis of Toffoli gate with 8 SQiISW gates.

Now we prove Theorem 4, by assigning appro-
priate value to the parameter remained and prove
the existence of solution of the circuit equations.

Theorem 4. Toffoli gate can be exactly syn-
thesized by 8 SQiSW gates, a scheme shown in
Fig. 6.

Proof. Replace 61 by z. Calculate the matrix
representation U of the circuit in Fig. 6, we have

i)(—1)5 (cos = +sin 2)(=2 + V2 + (2 + V2) sin ),

2

! (~1)% (cos 5 +sin ) (i V3 + (14 V2)sin),

(—1)5(cos £ +sin £)((5 — i) — (4 — i)V2+ (=1 — i + v/2) sin )

X

2(—1+ (—1)1)3

Y

Ugy = Uz = —1(—1)é(COS Iy sin =)(i — V2 + (1 +V2)sinz).

2 2 2

The rest elements of U are either 0 or a mul-
tiple of (cos 2 —sin 2)(1+ (1 + v2)sinz). So we

derive equations by making U equal to the matrix
representation of Toffoli gate:
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[sQisw]sQisw H Ry(m) H R.(-%) }

[5Qisw{sQisw || R, (% Ry Rr.(%)]
(sQiswifsqisw} «»H:ESQW m_}H 3]
R, (—3[R.(% Ro(—m R
ol 4>H (Z)HSQiSW { )SQiSW
| Ry(62)

(&, [r-3 | sQiswfsQisw R, 0]

Figure 6: A synthesis scheme for Toffoli gate, using 8 SQiISW gates and several single-qubit gates, where 03 =

92+7T/2:91+7T.

It can be verified that when the second equa-
tion of (2) holds, and the solution of it is in
(—5,7), we have

Un*Usr =1
UssxUsr =1
Us3 *Uss =1
Uss — 1.

So the circuit equations have an analyti-
cal solution, and a feasible solution is =z =
arcsin (1 - \/5), where —7/2 < x < 0.

Thus, the circuit in Fig. 6 is exactly equal to
Toffoli gate, when

93:02+g:01+ﬂ:arcsin(1—\@)4—77.

O]

6 Summary

In this paper we propose an exact synthesis
scheme for arbitrary m-qubit gates using only
SQiSW gates and single-qubit gates. We utilize
the algebraic properties of SQiISW gate to op-
timize the number of SQiISW gates required for
synthesizing of an arbitrary 3-qubit gate, achiev-
ing a result of 24. Recursively, we provide an
upper bound for the synthesis of an n-qubit gate,
which is 133 x 4"(1 + o(1)). Also, we state and

(—i—i—%i)(—l)%(cosg—i—sin%)(—Q—i—ix@—i—(?—i—\@)sinx) =1
%(—1)5((:08%—1—811&%)(—@'—\/§+(1+\/§)sinx) =1
(~1)F(cos % +sin$)((5— i) — (4= )V2+ (—1—i+V2)sinz) ,

2(—1+ (—1)1)3
—%(—1)%(cos§+smg)(i_ﬂ+(1+ﬂ)smx) —1
Cosgzsin% or sinz=1-+2. (2)

analyze a pruning algorithm in numerical opti-
mization of the synthesis problems using SQiSW
gates, reducing the searching size to % of previ-
ous size asymptotically. We conduct numerical
experiment and find 8 and 11 SQiSW gates are
enough for synthesis of Toffoli and arbitrary 3-
qubit gates under acceptable error. Finally, we
derive an exact synthesis scheme for Toffoli gate
using only 8 SQiSW gates from numerical opti-

mization, by observation of circuit parameters.

It remains open whether 8 is a tight result for
synthesis of Toffoli gate. That’s to say, whether
it requires at least 8 SQISW gates to synthesize
Toffoli gate. We've already provided numerical
evidence in this paper for the problem but the
rigorous proof is still absent. Another interesting
problem is, whether we can derive exact synthesis
schemes in similar numerical-aided way in more
complicate synthesis tasks. For example, can we
raise an exact synthesis scheme for arbitrary 3-
qubit gates using 11, or just less than 24 SQiISW
gates by numerical observation? The essential
difficulty is that Toffoli gate is a deterministic
gate but “arbitrary” synthesis task has lots of
free parameters in its target circuits. So it’s hard
to fix parameters explicitly and we must reserve
enough free parameters in the final scheme. Also,
how the optimization techniques used to achieve
the bounds can be generalized is a question worth
exploring. For example, one can try to use Weyl
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chamber to discover more decomposition schemes
with special structures (such as the circuit with
“diagonal edge” in Lemma 5) that are advanta-
geous for optimization.
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