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Measurements in many-body quantum systems can generate non-trivial phe-
nomena, such as preparation of long-range entangled states, dynamical phase
transitions, or measurement-altered criticality. Here, we introduce a new mea-
surement scheme that produces an ensemble of mixed states in a subsystem,
obtained by measuring a local Hermitian observable on part of its complement.
We refer to this as the observable-projected ensemble. Unlike standard projected
ensembles—where pure states are generated by projective measurements on the
complement—our approach involves projective partial measurements of specific
observables. This setup has two main advantages: theoretically, it is amenable
to analytical computations, especially within conformal field theories. Exper-
imentally, it requires only a linear number of measurements, rather than an
exponential one, to probe the properties of the ensemble. As a first step in
exploring the observable-projected ensemble, we investigate its entanglement
properties in conformal field theory and perform a detailed analysis of the free
compact boson.

1 Introduction

In recent years quantum dynamics involving measurements has drawn a lot of attention
in the literature, driven by multiple factors. First of all, any interaction of a quantum
computer with a classical observer will include a measurement. With the ever-growing
number of quantum-computing experiments, it is hard to overestimate the importance
of this. For instance, performing measurements on a subsystem of a resource state can
be used to prepare non-trivial quantum states with long-range correlations, and this is
the basis of measurement-based quantum computation [1-7]. On a more fundamental
level, the dynamics with measurement can exhibit a rich phase structure [8-18], which
in some cases can be explained by an emergent quantum error correction in an ensemble
of states [19]. Moreover, measurements can be used to alter the pristine entanglement
properties of critical states [20-26], as well as to uncover the intricate inner structure of
pure states, which is the subject of this paper.

Projected ensembles: Given a system AUA, if the state |¥) is the result of a unitary
evolution, at late times, the local stationary behavior is described by a statistical ensemble,
corresponding to a thermal or generalized Gibbs ensemble for chaotic or integrable systems,
respectively [27, 28]. This implies that the reduced density matrix p4 = Tr4|¥)(¥/| is the
main conceptual tool to understand how and in which sense an isolated quantum system
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can be described by a mixed state at large times. A natural definition that arises from the
reduced density matrix is a family of entanglement measures, the Rényi entropies, which
are given by
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The right part of the equation above is the definition of the von Neumann entanglement
entropy, one of the most successful entanglement measures, which can be derived by doing
an analytic continuation in n of SXL) and then taking the limit n — 1 [29].

The question of whether the thermalization is even approximately true or not, and how
to properly describe it, has been the focus of quantum statistical mechanics. The above
statement, however, raises questions about the coarse-grained nature of A: if we average
over the state of A, what is the most appropriate way to describe the state of A? Modern
quantum experiments have put forward a new perspective, in which one can consider a
projected ensemble of pure states corresponding to different microscopic states of A: given
a set of states |2;) in A, we define the projected ensemble € of states of A as

€ = {pi W) =p; V(2] W)}, 2)

where p; = [(2;|¥)|? are the corresponding probabilities of finding A in the state |z;) .
Then, for a complete set of states of A, the average state |¥;) reduces to p4, since
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However, a similar operation is far from trivial if we consider the higher moments of &,
i.e. averaging (|¥;)(¥;])®*. Indeed, one main feature of the projected ensemble is its
convergence to a uniform distribution over the set of pure states in A, the Haar ensem-
ble, for chaotic dynamics and infinite-temperature initial states. This phenomenon has
been dubbed deep thermalization and it represents a form of equilibration in quantum
many-body systems stronger than the regular thermalization we mentioned above, which
only constrains the expectation values of observables over the ensemble of the stationary
state |30, 31|. It has been also proven in different setups like free fermionic systems [32],
deep random circuits [30, 33|, dual-unitary models [34-38], under charge-conserving quan-
tum dynamics [39], and then also extended to finite temperature cases [40]. Nevertheless,
beyond dynamical settings, the ground state properties of the ensemble (2) have not been
further studied so far. To the best of our knowledge, the main features one can derive
about &£ after a complete set of measurements is that, if |¥) is an infinite temperature
state, then & is the Haar ensemble, while at finite temperature £ is the Scrooge ensem-
ble (a deformation of the Haar random ensemble [41]) corresponding to the appropriate
thermal reduced density matrix. The goal of this paper is to investigate more projected
ensembles originating from the ground states.

Entanglement after partial projective measurements: Despite studying the static
properties of £ is challenging, focusing on specific measurement outcomes is more accessible
for analytical computations. For instance, many interesting quantum many-body systems
in 141 dimensions possess quantum critical points whose ground state can be described by
conformal field theories (CFT) at long distances, and there has been a moderate progress
in describing post-measurement states |¥;) of CFT using the boundary CFT (BCFT)
description [42, 43]. Unfortunately, these are applicable only by choosing the basis and
the outcome |z;) in a way that the induced boundary condition on B is still conformally
invariant. For instance, we can measure the transverse magnetization in the XX spin chain




(aka free fermionic model) and post-select a measurement outcome. In the absence of a
magnetic field, the most likely outcome is an antiferromagnetic string. It is expected that
this case leads to the Dirichlet boundary condition in the bosonization language and so
it is related to the BCFT. More generally, the main result about specific measurement
outcomes is that, after partial projective measurements, if B is a subsystem of length s in
an infinite system, A is a region of length ¢ adjacent to B, and € is a UV cutoff, then the
Rényi entanglement entropies behave, at leading order, as [42]

n 1
Sg)—£n+ 10g€(€+s)

= log b 4
12 n S€ + 108 ()

where ¢ is the central charge of the CFT and log bg is the Affleck-Ludwig boundary term.
This result has been generalized to several different geometries, including cases where B is
not a simply connected region. We can recognize in Eq. (4) the leading order behavior of
the entanglement entropy in the presence of a boundary. However, not all the measurement
outcomes lead to conformal invariant boundary conditions. For instance, if we post-select
the ferromagnetic string, it does not lead to a BCFT, because it already breaks the U(1)
symmetry [44, 45]. The challenging part of this problem is not only the extension to the
non-conformal invariant setups, but also the computations of quantities like the localizable
entanglement [46] or the measurement induced entanglement (MIE) [47]. The latter is
defined for a tripartite geometry, A1, As and B, where we projectively measure B and the
MIE between A; and A is defined as

MIE(A; : Ag) = Y piS)(10:) S5 (1%:)) = ~Trpa, log pa,. (5)

Here i parameterize the measurement outcomes with probabilities p; and pa, = Tra, | V;) (¥,
Since both the MIE and the localizable entanglement involve a sum of all possible mea-
surement outcomes, it is hard to analytically predict their behavior, since we do not have a
closed formula for each SSI) in a field theory setup. However, the MIE can be used to gain
insights about the initial state |¥), for example, the sign structure of stabilizer states [47],
or whether measurements can generate entanglement between distant parties without the

need for direct interaction.

Main results: Even though a lot of effort has been done to understand the out-of-
equilibrium properties of projected ensembles, finding result in the ground state of critical
theories is far from being trivial due to the main challenges we summarized above. The

Figure 1. The geometry we consider in this manuscript is the following: we measure an observable
(such as the charge operator) in a region B and we study the properties of the reduced density matrix
pa after this operation.

focus of this paper is exactly to approach the structure of a projected ensemble using a
field-theoretic framework. Fortunately, oftentimes we are not interested in the state of the
system after a complete projection of its subsystem B. If we consider experiments involving




M measurements, having sets of outcomes m, we can characterize the post-measurement
density matrix p,, by computing an expectation value. To do that, we must prepare the
same state p,, multiple times. The problem is that the probability to observe m, pn,, is
in general, exponentially small in the system size of B. Thus, we need M > 1/p,, to
observe m more than once. This means that we need exponentially many (in the size of
B) outcomes, and sampling from this ensemble is hard. In contrast, measuring a certain
observable inside B will lead to a number of outcomes that scale at most linearly with the
size. This is why in this paper we will introduce a smaller ensemble which corresponds
to projecting on a particular value of an extensive observable, rather than a complete
projective measurement of B. As we will see, such an ensemble has an elegant field-
theoretic description. Specifically, we will consider a local Hermitian operator O and ask
about the ensemble of states having a definite value g after measuring ;. Oy, or its
continuum counterpart [z dz O (in taking the continuum limit of the observable O, we
omit explicit lattice regularization # )

go={p MEW) =5 (4~ [ a 0) W)}, (©)

being p, the probability of finding ¢ as an outcome of the measurement of our observable.
This setup is closely related to the projected ensembles introduced at the beginning but
differs from it in three key aspects. First, we are obtaining very limited information about
B (the value of [5dx O). Second, the state we get after the partial projection of [ dz O
and tracing over A is not pure anymore, contrarily to what happens after a standard
projective measurement in the limit in which B = A. Beyond Ref. [41], we are not aware
of settings where £ consists of a set of mixed, rather than pure, states at equilibrium. Such
a scenario is actually more realistic than the one with pure states, and, indeed, we can think
of £» as an ensemble of mixed states. Third, we ask questions not about the complement
of B, but rather about a smaller subsystem which we will keep calling A. Given these
differences, we dub £p an observable-projected ensemble (see Fig. 1 for a visualization of
the geometry we are considering).

In this paper, we discuss the general properties of £» and we evaluate the entanglement
entropy Sa of the region A, for both fixed post-measurement states Hf |¥) and averaged
over the measurement outcomes:

MIE(A: AUB) = 3 p,S{ (11| w)), (7)

where 51(4") are the Rényi entropies defined in Eq. (1). This quantity is again a MIE,
according to the definition in Eq. (5), where now A; = A, A3 = AU B is an infinite
subsystem and Siln) refers to the entanglement entropy of A in the post-measurement

state.

#One very important subtlety is whether this delta-function really represents a projection operator. In
order to see that it is indeed true, let us assume for simplicity that we have a discrete integer spectrum
and use an integral representation for the delta-function:
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If we act with this expression on a state |S) which is an eigenstate of Z]. cp O with eigenvalue S, we

get o fOQW da €979)|S)  §5,4]S). The last delta ds 4 is the standard discrete Kronecker delta. Hence
our construction indeed acts as a projection operator. Notice that this is a non-trivial check since all
this argument would not have worked if we had another operator V multiplying the expression in the
delta-function: §(V (g — Z]EB 0;)) We thank anonymous referee for raising this question.




If O is the density of a conserved charge, then the quantity we are studying is closely
related to the symmetry-resolved entanglement (see [48] for a review). Given a subsystem
A, the reduced density matrix of A often consists of blocks corresponding to different charge
sectors and the symmetry-resolved entanglement is the entanglement in each sector. Here,
the main difference is that we project into a charge sector of B and then we study the
entanglement entropy between A and its complement (including B).

One technical challenge in defining the observable-projected ensemble £» is whether
the related quantities we compute in the field-theoretic approximation are universal (UV-
insensitive) or not. Renormalizable quantum field theories (QFTs) are distinguished by
the fact that all UV divergences in all correlation functions can be removed after fixing a
small subset of data (e.g. lower-point correlation functions at a given kinematics). It is not
entirely obvious if the moments of £» have a similar property. Technically, the problem
comes from the fact that B is a finite interval. However, we will argue that if O has low
conformal dimension, it is possible to obtain universal answers about the moments of £».

After the introduction of the observable-projected ensembles £» as a new theoretical
tool suitable for modern quantum experiments, which can generate and investigate en-
sembles of states labeled by specific measurements, we summarize here the key theoretical
findings about £» that we present in this manuscript. The first setup in which we de-
velop our analysis is when the measured observable is the charge of the system, such as
the generator of a U(1) symmetry. This is the main content of section 2. We show how
a potential experimental setup involving randomized measurements can be used to study
the properties of this ensemble. This setting is also suitable for a field theory study, since
a prototypical system with a global U(1) symmetry can be described by a simple CFT, a
free compact boson with central charge ¢ = 1, as we show in section 3. In this case, we
perform partial measurements of the number operator in a subsystem and, if we focus on
a specific charge sector, it turns out that the dependence on the measurement outcome
simplifies and Eq. (7) reduces, at leading order, to the total entanglement entropy with a
subleading contribution depending on the geometry of the charge-projected region. As a
consequence of this result, one may conclude that measuring the charge operator does not
have drastic changes on the initial state |¥). For this specific theory, we can also infer the
upper bound to the amount of accessible information we can extract by varying the size of
the measured region.

This conclusion naturally raises the question about what happens measuring [ dz O
for an observable O different from the charge density. To address this problem in CFT,
we consider the projection of some other Hermitian local operator, which is a primary
field with Gaussian correlators. In this setup, we find that each S&n)(HqBPII)) becomes
a non-trivial function of both ¢ and the size of the projected region, as we show in sec-
tion 4. As a consequence, the dependence of the MIE (7) on the geometry we consider
becomes more intricate. Moreover, in our field theory setup, this expression is divergent
and non-universal, and we aim to find a finite expression for the MIE. By using differ-
ent weights for each measurement outcome, rather than simply p, as in Eq. (7), we can
also construct universal quantities for the observable-projected ensemble in section 5. We
extend our results to non-Gaussian CFTs, even though finding UV-finite expressions for
generic theories is more challenging and requires more constraints on the operator we can
measure. Finally, for Gaussian states, we develop a strategy to compute numerically the
entanglement properties of the observable-projected ensembles in section 6.




2 Charge-projected ensemble

As a first and more intuitive example of an observable-projected ensemble, we start from
a system with a global U(1) symmetry, i.e. the number of particles. If we denote by
Q) the total charge and |U) is its eigenstate, then the total density matrix p = |[U)(V]
satisfies [p, @] = 0. We consider a geometry in which A and B are not complementary
parts (see Fig. 1), so we denote by A and AU B all the region outside A and A U B,
respectively, and the total charge splits as Q@ = Q4 + @p + Qzgg- The Hilbert space
associated to the subsystem A (A) is Ha (Hz). If now we act with a unitary operator Up
only in the subregion B, we do not modify the entanglement between A and A, because
pA = TrZ[UBpU;] = Tr4p, due to the cyclicity of the trace. However, if we perform a
more drastic operation in B, like the projection into a given charge sector of z, then the
result is not trivial. In principle, we want to study

Eq = {pe, TL|W)}, (8)

where ¢ is an eigenvalue of Qg and HqB is the projection operator into the g-charge sector.
At this level, £ is an ensemble of pure states living in H 4 ® H—. However, if we consider
a full projection in the subsystem B, as in Eq. (2), then the resulting state is defined only
on H 4. Thus, since we are interested in a framework similar to the full projected ensemble
but after measuring a certain observable inside B, we focus our attention on the following
ensemble of mixed states

&5t = oy pay =107 | (9)

To compute the MIE in Eq. (7), which is our main goal, we can exploit the Fourier
representation of HqB

1 . .
Hf =5 /da glo@p—iag (10)

such that we rewrite Eq. (9) as

PAg = 5 NTr/dozldag e mzqemlqelazQBp —i01Qp _ /d’y e~ e Tr( WQBp) (11)

after the change of variables v = a1 — as. Here N is the normalization factor
N = / dov €19 Ty(P@B ) (12)

that ensures that Trps 4 = 1. Let us remark that Tr simply denotes the trace over the full
system. If we are interested in the replicated version of the problem, as in the computation
of the Rényi entropies in Eq. (1), the object we need to compute is

Trplh, = N /d’yld’yg .dyne =135, W Ty H Er pe’QBW] (13)
k=1

By using Eq. (13), we provide a prescription to analyze the properties of the observable-
projected ensemble when the operator is the generator of the U(1) symmetry. We remark
that this prescription is valid to investigate £g both on the lattice and at the field theory
level, even though the primary focus of this manuscript is the study of this quantity in
CFTs.




As an application of these result, we can study the following protocol. One party, Bob
performs the charge measurement on B. The other party, Alice, wants to determine Bob’s
measurement outcome. However, she only has access to the subregion A. In other words,
we want to understand how much accessible information |49, 50| does the ensemble py 4
have. For this purpose, we use the Holevo-x quantity [51], which provides an upper bound
for the accessible information and it is given by x(£p) = SS)(pA) -2 pqSS)(Hfl\If)).

Before showing how to compute Eq. (13) in a specific theory, we will outline how
the charge-projected ensembles can be experimentally probed using measurements and
additional classical computational steps.

2.1 Randomized measurements as an experimental probe

We can ask whether it is possible to design an experimental implementation to study the
properties of our charge-projected ensembles. We first observe that, if we can prepare
a non-trivial state on IV sites, then measuring the possible values of the charge is much
easier than considering all the possible projective measurements. Indeed, the first set of
measurements scales linearly with the system size (O(N)), while the second set grows
exponentially (O(e")). Therefore, studying the reduced density matrix in different charge
sectors ¢ is not prohibitive.

For this purpose, one can employ the randomized measurement toolbox, which is partic-
ularly efficient in estimating quantum state properties expressible as polynomial functions
of a density matrix (see [52] for a review). First, we need an unbiased estimator of the re-
duced density matrix after a projection of the charge, pa 4, called classical shadow. A way
to measure the charge in quantum circuits can be found in [53]. This requires a number
of ancillae and a circuit depth scaling logarithmically with the subsystem size. Morally, in
this approach, one prepares an auxiliary particle in a position eigenstate |x = 0), applies
the operator e’?BP where p is the momentum conjugate to z and then measures the new
particle position.

We can get the classical shadow by applying a random unitary transformation U to
the quantum state pa 4, where U is typically chosen from a unitary 2-design, such as
the Clifford group or the Haar measure over the unitary group. We then measure the
transformed state pf;, = U p 4,qU in the computational basis (e.g. the number operator in
this case) to obtain an outcome |s?), where s? is a bit string representing the measurement
outcome. For each measurement outcome, we can construct an estimator of the original

state p4,q, as
P = dUT|s7)(s9|U — (4~ 1)1/d, (14)

where d is the Hilbert space dimension. By repeating the above steps for multiple random
unitaries U; and measurement outcomes |s{), that we denote by M, the classical shadow
of the quantum state p4 4 is the average of the individual estimators

1 M
paq =170 (15)
=1

The above estimator is unbiased, in the sense that E[p4 4] = pa,4, and the expectation value
is taken over randomized measurements. There are different options that one might employ
to boost the convergence to a better estimator, for instance by combining independent
realizations of the classical shadow [)qUZ [54, 55]. Even though we will not perform a thorough
statistical analysis here, we believe that this approach can measure the properties of p4 4
and of 5511xed in various NISQ platforms up to moderate partition sizes, especially because




the ensemble we consider only requires a linear number of measurements of (Jp, rather
than exponential. However, even though postselection is not a problem in this case, since
PA,q is a mixed state, its moments (e.g. the purity) are exponentially small in system size,
and so measuring them is still a hard task.

Finally, we observe that, rather than doing a pre-selection on the measurement charge,
one might also construct an unbiased estimator for p4p, i.e. the reduced density matrix on
AU B, and then analytically project into the eigenspace of () g with eigenvalue gq. A similar
approach has already been used to measure the symmetry-resolved entanglement or related
quantities [54-57]. However, since we are interested in measuring the entanglement, the
construction for the estimator of psp is more expensive as the Hilbert space dimension
would be larger than only p4 4.

3 A case study: the free compact boson

To give a more concrete estimate of the charge-projective ensemble, let us focus on a
compact boson, which is the CFT of the Luttinger liquid, described by the action

S = ;/dzz(ﬁugo)Q. (16)

The target space of the real field ¢ is compactified on a circle of radius R, so the action
is invariant under the transformation ¢ — ¢ + « which, due to the compact nature of
@, realizes a U(1) global symmetry. The compactification radius R is proportional to the
Luttinger parameter K (R oc K~%/2). We can further fix the geometry to be A = [0, L],
B = [a,b], with a,b > L,b — a = {3 (see Fig. 1). The first object we want to compute
is Tr ]} Try[pe’@57%], a quantity similar to the charged moments discussed in [58] to
evaluate how much a symmetry is broken in a subsystem. Indeed, we stress that even
though [p, Q] = 0, once we restrict the charge to the subsystem B, [p,@p] # 0, and we
need to be careful in preserving the order of the non-commuting operators in Eq. (13).

The charged moments are defined on the n-sheeted Riemann surface R,, shown in the
left panel of Fig. 2 and parametrized by the coordinate z. In order to evaluate them, we
first map R, to the complex plane C in Fig. 2 via the uniformization map

v (sz)l/n' an

Each end-point of the subsystem B, a and b, maps into n points a; and by in the complex
plane, described by the coordinates

a 1/n ik b 1/n )
— wik/n Y 2mik/n
ay (a—L) e , by, <b—L) e . (18)
The charge restricted to B is
Qn= [ dzio()+ [ dzio(2), (19)
B B

where jo(z) = 9¢(2)/(27) and jo(2) = 94(2)/(27w) have conformal dimension (1,0) and
(0,1), respectively, and they correspond to the holomorphic (jp(z)) and anti-holomorphic
(jo(Z)) component of the bosonic current. We can focus on the holomorphic part of the
charge and notice that, under the conformal map (17), the Jacobian of the transformation
simplifies and we get

[, dzio() = [ dwio(w). (20)
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Figure 2: Mapping the replica geometry R, to a single complex plane using Eq. (17).

If we exploit the fact that the theory is Gaussian, by applying the Wick theorem, we get

by
exp< Zw dwjo )))c—exp (—22%714/ dw/ dw'(Go(w)jo(w))c )

kK’
(21)
Therefore, the evaluation of the charged moments reduces to the computation of the
two-point correlation function of the current field

K
A2 (w — w')2’

(jo(w)jo(w")) = — (22)
and similarly for anti-holomorphic part jo(w). Plugging this result in Eq. (21) and taking

into account both the holomorphic and anti-holomorphic parts, we get

Tr [17_; Tr[pe’@B]
: lTr 22 =exp(—c3 Z'Yk'}’lel (23)

where M is a n X n matrix whose elements are given by

(ar, — ap)(bk, — by) |2
(ar — bi)(ar — by)

Let us observe that in Eq. (23) we have introduced the normalization factor Tr p';, which
is what we expect to find if v, — 0 for any value of k.

In order to deal with the diagonal part of the matrix M, we need to be more careful
and properly regularize the divergence arising from ay — a;. For this reason, we introduce
a UV cutoff € and regularize the distance between two coincident points as

a’td — ( ate )1/71 627rik/n _ < a—c )1/n eQﬂ'ik/n s _26L62ﬂ—ik/n ( a )1/71
k a+e—L a—€—L a’n—aln \a—1L ’

(25)

Mkl — —/dwldu}2 —+ h.C. = _log‘ ) k 7& l (24)

(w1 —w2)




and similarly for b,“. Therefore, the diagonal components of the matrix M read

regbreg 9
My = —log | ———— 26
kk = g ‘ ar, — by)?2 ’ (26)
A useful sanity check is to consider the case in which A and B coincide, i.e. [0, L] = [a, b].
The expression for the charged moments simplifies and they read
n
Tr H Tr[pe’@a7%] = Tr[pe'@a 2k k] (27)

k=1 4

This object has played an important role in the computation of the symmetry resolution of
the entanglement [59], and their analytical expression is well known for a compact boson.
By taking a = €¢,b = L+¢, one can check that the L-dependent part reads My = 4/nlog %
for k,l=1,...,n and

exp ( 5z Z’szkz> = exp( log ka ) : (28)

We remark that here we are neglecting an L-independent contribution which makes our
result different with respect to the charged moments associated with the symmetry-resolved
entanglement. The reason comes from the regularization that we are taking in terms of the
UV cutoff €, such that the current operator implementing the charge does not lie exactly
at the entangling point but it is a bit deviated from it.

Once we plug the result (23) into Eq. (13), we find that

K , 2P Cn/K (g3 \ "2
/dwl'--d%exp —gE WM =iy e | e | = |, (29)
™k j

detM

where C,, = vM~1vT | v is a n-dimensional vector (1...1) and, to solve the integral, we
have used the saddle point approximation. This is justified by the structure of the matrix
M that we are going to study in great detail in the next paragraph.

Analytical details about the matrix M: We can write explicitly the matrix elements
of M in terms of the parameters a,b and L as

1 1
_ 4( -2 \n n g m(j—k) )
aj_kz—Qlog[ ; (af%) (=2 ]) v (7 - an . 2/,1] ) JFk
M]k - ( )1 ( ln ) afL) +(ﬁ)
~ L2 2( )" (2 )ﬁ -
=2l law(a DO-D)() () /P2 J=Fk
(30)

This equation shows that M is a symmetric circulant matrix [60], and we can use this
property in order to evaluate both the inverse matrix M ~! and the determinant. First of
all, the elements of the inverse matrix are given by

o 1 n—1 6271'1'(]'—1)14:/71

Mjl - ﬁ 7;) Zm amGZWikm/n ’ (31)
and it is also useful to compute
Z _ Z Z e27r'i(jfl)k/n _ 1 (32)
J Jj k=0 Zm 6m627rik’m/n Em am .
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Putting everything together, we get

-1
On=m (Z a]’) = Tlogl(h — @)/ )] (33)

Surprisingly, the dependence on the replica index considerably simplifies and C,, is L-
independent. We can also write down an analytical expression for the determinant in
terms of the matrix elements

n—1 n—1
detM = [T [ao+ _ ae*™ak/n| . (34)
k=0 j=1

A closer inspection of the matrix elements in Eq. (30) shows that ay > a;, and, as a
consequence, detM = ag. In order to completely compute Eq. (13), we also need to take
into account the normalization factor N'. From the results above, we find
67271'2(1201/[(
N=——— (35)
VMo

and, therefore,

Ty o™ —27T2q2Cn/K —27r2q201/K -n
Phg _ € (e ) (36)

Trp”  Vdet M v My

The denominator Trp’ is the usual partition function on the n—sheeted Riemann surface

which, for this geometry, reads Trp’j o L=s(=%). Given the simple dependence on n of
Eq. (33), the formula (36) gives

Do _ | Miy AUB) =Y p,84 (P (n) 1 M,y
= = MIE(A: AUB) = I |W)) = 1 .
Trp’ detM’ ( U B) . PoSa (g 1W)) =S4 + 2(1—mn) 8 JetM

(37)

Using the structure of the determinant of M, the subleading term in the result above is
negative and very close to 0, since det M ~ ai = M7}. The minus sign reflects that the
measurement reduces our system’s uncertainty, and therefore its entropy.

Let us now analyze the physical consequences of this result. The effect of projecting into
a given charge sector in part of a system almost disappears when we sum over all of them.
Therefore, at leading order, we simply retrieve the total entanglement entropy between
A and A, up to a small correction depending on the geometry of the measured region.
This is somehow expected because the operation that we are doing on our system is not
as drastic as performing projective measurements, and the total entanglement structure is
only mildly affected by this.

To have a more refined analysis about the bound on the accessible information we can
extract from our charge-projected ensemble, we can evaluate the Holevo y-quantity, which
reads from Eq. (37)

x(E5ed) = 50 () = 3 pSY (TP [W)) = lim 11 (38)
q

1
lo .
w1 2(1—n) ° detM
We remark that, since we are simply subtracting the entanglement entropy of the subsystem

A, SS)(pA)fwhich does not depend on the measurements—studying the change induced
in our ensemble from Eq. (37) or Eq. (38) is completely equivalent. However, studying

11



X(grQnixed)

3.5

Figure 3: Log-log plot of the Holevo x-quantity as a function of b — a = ¢ for different values of
subsystem size of A, L, and different a = d 4+ L, i.e. different distances between A and B. The x-
quantity corresponds to the green line n =1 and it has been obtained by using a numerical approach.
The black dashed line is the apprOX|mat|on in Eq. (40), valid for 5 > €. As a reference, we also plot

different values of n for 2(1 ) log 14

Eq. (38) would require performing an analytic continuation that we do not know how to
evaluate. We can bypass this problem by using a numerical approach [61]. We report the
result of this numerical analysis in Fig. 3 by fixing the size of A, L, the position a = d+ L
and varying f5, which denotes the size of the measured region. We observe that as far as A
and B are distant, the Holevo-quantity increases for small values of 2, and then it slowly
decreases. Let us fix the size of A and the distance between A and the left-most point of
B, d. If B is very small then performing the measurement on it does not alter the original
state much, so it is hard to guess anything just by studying the post-measurement state in
A. At the same time, if B is very large then the information about the measurement inside
B will be weakly correlated with A since there are parts of B which are very far away
from A. In other words, there exists an optimal size of B from which we can ‘maximally’
extract information and reconstruct the measurement outcome ¢, but after this threshold,
since the subsystem size of A is fixed, the more we measure B, the less information we
gain. Notice that in the opposite regime, if we keep B fixed but increase A, the amount of
information grows monotonically. This can be extracted from our analytical approximation
(40) below.

We also remark here an important difference between our setup and the case of a
standard projected ensemble: after our measurement and partial trace over A, we get an
ensemble of mixed states and the bound on the accessible information depends on the size
of the subsystem B. On the other hand, for the projected ensembles described by Eq. (2),
the Holevo x-quantity reduces to the standard entanglement entropy of p4, so it does not
depend at all on the size of the projected region.

If we focus on the regime ag > a; in Eq. (30), we can obtain a close expression for the
analytical continuation above. Indeed, the second term in Eq. (37) can be rewritten as

log det M — nlongl omiki/n Gj (1) n ap(1)
_ 1 1 wikj/n %) 1
2(n—1) Z og[1 + Z ) T 2= 1) B ()
n—1n—1 ~
a0>a; 27rzkj/n a] n) n 1 ao(l)
~° _ og ——.
Q(n 1;)]231 ap(n) 2(n -1) & ap(n)

The only non-vanishing contribution of the expression above comes from the second term

12



because the sum over k imposes j = 0, which is absent, such that

, 1 det M 1 (2ab — L(a + b)) log [ =13
lim log o — .
) My log (%‘—f) 2L(b—a)log (%‘—f)

n—12(n—1
We report this approximation for the analytical continuation as black dashed lines in
Fig. 3. We observe that, as we increase the distance between A and B and ¢3 > ¢, the
approximation get closer and closer to the exact solution.

We can slightly generalize the result above by considering a dynamical setup, where
we measure the charge of the subsystem B at time t — i¢/. This means that we have to be
careful when we consider the anti-holomorphic part. Indeed, the chiral components can be
obtained from Eq. (18), by shifting a,b as a — a+i(7 — €) and b — b+ (7 — €’), while for
the anti-holomorphic components we should consider a — a+i(7+¢€") and b — b+i(7+¢€).
Therefore, the matrix M is 2n x 2n, it acquires a non-trivial time dependence but preserves
its symmetric circulant structure. In the large time limit, we can compute

(40)

1 det M (t) t—o0 (b—a)?L?

M S =) 8 )~ 2dlogl(b— )/ 2

(41)

which implies that the measurement-induced entanglement in Eq. (37) simply reduces to
the total von Neumann entropy between A and A, S}, and the accessible information goes
to 0. In other words, at large time, the effect of the partial measurement of the charge
vanishes, as one would have expected.

4 Projecting other operators

In this section, we will consider the situation where we project some other operator, not
necessarily the charge. However, we will still assume that it is extensive

Qp = /B dz O(x), (42)

and O is a Hermitian operator. It can be either a scalar primary O4(z,%z) of dimension
(hs/2,hs/2) or a non-conserving vector jo(z,z), which is a sum of two operators of weight
(14 hy/2,hy/2) and (hy/2,1 4 hy/2) to make it Hermitian. The real x variable we are
using parameterizes the ¢ = 0 slice, z = Z = z. Finally, we should keep in mind that hg,
cannot be too large, since irrelevant operators in QFT are very UV-sensitive. We will make
this statement more precise below.

The steps we need to perform to study the observable-projected ensemble are the same
as in the previous section. The reduced density matrix p4 4 after the projection is defined
in exactly the same way (c.f. Eq. (11))

1 4 .
PAg = —/d’y e~ Tr (M98 ). (43)
N A
In evaluating the Renyi entropies Tr p’} , we can again perform a conformal transformation
w(z), as in Fig. 2, to map it to a correlation function on a sphere. However, now we have to

take into account the Jacobian factors. For example, for a primary operator of dimension
(hs/2,hs/2), we need to evaluate

< b Owy, 0wy, hs /2 . >
exp |1 dr | ——— Og(wy(x), wg(x , 44
o (13 [ (G ) st mro e (a1
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where for convenience we kept the original integration variable x and wy are different
branches of the conformal mapping w(z)

2mik/n z 1n
wy, = 2™/ (Z’—L) . (45)

Without additional assumptions, it would be very hard to evaluate these expectation
values. The only general statement we can make is that if a — b or L — 0 we get
the operator product expansion (OPE) limit in which the correlations of the measured
observables among different replicas decouple and we simply obtain the standard Rényi
entropies.

We can derive significant results if we assume that O has Gaussian correlators. This
assumption is not very restrictive since several models satisfy this criterion, such as free
theories, holographic theories, and the so-called symmetric orbifold CFTs. The latter are
defined as follows [62, 63]: we can take N copies of any “seed" CFT T, which we denote
as T®" and consider the following quotient:

TN
Sym orbifold(T") = . (46)
Symy
An example of an operator in this theory (sometimes called untwisted sector) is
1N
Os=—)Y 0, (47)
N

where O; belong to different copies. Thanks to the central limit theorem the correlations
of Oy are Gaussian for large V.
If O are Gaussian operators, then we can again use the Wick contractions to arrive at

1
= exp (—2 Z%"YjMij) ; (48)
ij

where M depends on the type of operator we are studying.

Beyond the Gaussian fields, we can look at Eq. (48) as a leading perturbative expansion
in 7. In section 6, we will check our predictions against the numerical computations in
the Majorana CFT where the charge field is indeed non-Gaussian. Also, we will see in
section 5 that such quantities with fixed v (charge distribution generating functions) have
better UV properties.

For O = O4(z,%z), the matrix elements are given by

T [Ti—y Trylpe’@P7%]
Trpl4

dw; 8wi)hs/2 <awj Wj)hsﬂ

My = [ dordaaO.wi(o), wilen) Oufu (o) wie) (G 50 e

8%2 6952
(49)
while for the vector jo:

My = [ dadaa o), i) ol (w2), T (a2) x

Ow: 1+hy /2 FoaTin ho /2 Ow: 1+hy /2 ows ho /2
Gm) Ga) G G) e
8331 8.%'1 81'2 8332

In the w plane, the correlation function of O can be easily evaluated in the ground

state
1

(O (wi, 7) Os (wj, W5)) = ETE

(50)
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1

(wi — w;)?|wi — wj[*M

{Jo(wi, i) jo(w;, wj)) = — (51)
For simplicity, we have normalized them to 1, since a global prefactor would only affect the
overall “charge" distribution variance. The signs are fixed by requiring reflection-positivity
in the Euclidean spacetime. Once we plug these expressions in the matrix elements M;;,
the resulting integrals can only be evaluated numerically. However, we can still discuss a
few general features of these expressions.

The integrals (49), (50) are finite for ¢ # j because w; # wj, while for i = j, the
correlators diverge and the resulting singularity might not be integrable. However, this
divergence is universal in the following sense: since it comes from two points colliding, the
divergence structure does not depend on the number of replicas or the interval lengths. For
example, for the (hs/2, hs/2) case the integrand for M;; has the following form at z1 ~ x3:

. o ow; 0w hs/2 ow; Ow; hS/QN
(Ouwy(an) w0 o) wa) (52 52 ) (5252 ) ~

~ 1 (1 N hsL(n? —1)(z1 — 22)? i ) '

- (z1 — x9)2hs 12n2(L — x9)2x3

Hence, if the operator is not too irrelevant, that is hs < 3/2, we can remove the divergence
by subtracting 1/(z1 — x2)?"s, which is simply the two-point function of O4(z) on a plane.
Correspondingly, the integral of 1/(x1 — x2)?" controls the distribution of Qp for a single
interval. The same conclusion holds for the vector case if we impose h, < 1/2. We will
return to this observation later when we discuss how to define UV-finite quantities, while
now we evaluate the entanglement entropy. We also notice that, if hy < 1/2, then UV
divergences completely disappear.

Similar to the charge case, we can integrate over 7, with the weight exp(—ig > . V&)
and we get

(52)

Ty, e On2 (o
Trp'y Vdet M \ /My ’

where C,, = (1,...)TM~1(1,...). Subtracting the UV-divergent terms at this stage would
be very difficult because C), is highly non-linear in M.

Unlike the case in which the observable is simply the charge operator of a compact
boson, (see Eq. (33)), we could not find an explicit formula for C),. However, it is relatively
easy to find it numerically. Two important features, which are not present in the charge
case (33), are:

e (), is not linear in n - Fig. 4 (left panel).

e (), depends on the length L of the interval A (the one for which we evaluate the
entanglement entropy) - Fig. 4 (right panel).

The non-linearity of C), implies that the g-dependence of Eq. (52) does not trivially simplify,
as it happened for the compact boson. Moreover, we have numerically checked that C,, is
not even a function of the conformal cross-ratio of the two intervals A and B.

If we sum over all the possible measurement outcomes g, we get

_ 1 M —nCy
MIE(A : AU B) ~ §™ 11
( ) A - (1 —TL) gdetM 21/27TCSM11 1 —n

(53)

15



L=1b=a+1=2 (hy/2 hs/2) = (1/8,1/8) b=a+1=2 (hy/2 hs/2) = (1/8,1/8)
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Figure 4: Plot of the C,, coefficient defined in Eq. (52). In the left panel, we prove that its dependence
on n is nonlinear, as the disagreement between the exact numerical values of C,, (symbols) and the
best linear fit (dashed black line) shows. The inset also reveals a discrepancy O(1072) between the
numerical data and the linear fit. In the right panel, we plot the non-trivial L dependence of C5 for the
2-replica computation. In both cases, we have used the operator with conformal weight (1/8,1/8).

where we have used that 37, Peq® =~ (2rC3M;1)~1/2. Contrarily to the result (37), the
equation above displays a non-trivial dependence on the size of A and on the measured
region through the last term.

It is important to discuss the relevant point-splitting procedure for the evaluation of the
integrals (49), (50). The main point is that it has to preserve the current conservation (e.g.
0zjo(z) = 0), which means that the regularization must not mix holomorphic and anti-
holomorphic parts. For example, the integrand for the two-point function of a conserved
current appearing in Eq. (24) must be regularized as

1 1
/ledZQ m — /ledZQ m (54)

Alternatively, one can understand it as adding an extra ie Euclidean time evolution before
the operators are inserted.

Now, for the scalar operator of dimension (hs/2, hs/2) the integral after regularization
becomes

b dzidzy b dz1dzo 1 Ib— af2-2hs
= b_ 1_2hs I O )

/a o1 — 2o / (L i T L L G e T ey ((6))
55

Some special cases are hg = 1/2

/abdzldz2—2(b—a)(log|b_a|—1>, (56)

|21 — 2o +ie| €
and hy =1
b dzidz )b — a |b—al
= —2(1+log—— O(e). 57
/a |21 — 22 + i€[? € < e >+ (€) (57)

For the vector case, we have the following regularized integral:

b -1
dz1dz - )
/a ! 2(7:1 — 20 +1i€)2(|z1 — 2|2 + €2)hv
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which is much harder to evaluate. For small €, it yields a series of terms starting with
¢ 172" with non-universal coefficients plus a regular term |b — a|~2"» with a universal
coefficient. One can adopt a slightly different regularization where this universal term can
be easily evaluated for h, > 0:

b -1 const b — a|*
dz1d = — i —————— + Oe). 59
/a A L — 2+ ie)2]z1 — 2o 2 T g any T (59

5 Extracting universal quantities

In the previous sections, we showed that computing the entropy after the projections
produces UV divergences if we measure an operator of large conformal dimensions. These
divergences, however, are tied to colliding operators and are replica-diagonal. Thus it
seems possible to subtract them in a physical way. In this section, we discuss how to do it
by studying quantities related to an observable-projected ensemble.

The probabilities p, of observing different charges, or more generally extensive quanti-
ties [z dx O inside the region B, are determined by the Born rule

pq = Tr(Mgp). (60)

Summing over ¢ with e7¢ weight produces the generating function (e"795),

3 pge™ = Tr(pe90). (61)
q

By preparing two copies of the system and measuring q1, ¢o inside the two copies of B,
we can access the overlap (for example, by performing a swap test)

Rgygo = Tr(pa,gpag); (62)

where the post-measurement state of A is
= ! ( ) = *1 (63)
PA, — Ij IT ,OH PA,q>
q Pq qPtiq Pq q

with p4 4 the unnormalized density matrix

1

o i Qs 40
Pra= g I / dyrdyy 1072008 peti02Q5, (64)

We remark that Eq. (62) represents the overlap between two operators, pa 4, and p4 g,, sO
measuring 74,4, can be relevant to understand how much two operators are distinguishable
if g1 # g2. Since B € A, we can move e%%5 inside the trace in Eq. (64) to obtain

N 1 i 4 1 o
PAg = 27Ti{[:llr/d’y e et 8 = ﬂ/dfy e P4 . (65)

Therefore, if we prepare the system samples and compute the average Ry, 4, over the
charges with weights e?191+9292 it will yield

Z 61‘71q1+i72q2pq1p¢h Ryiq, = Z etz ’Er (PAqPAG) = (66)
9142 q1q2
1 o o L
= (27)2 Z et11a1t+iv2q2 /d’ﬂd’me 1q17Y1—1q27Y2 EI"(PAm PA,WZ)- (67)
q192
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By explicitly summing over q1, g2, Eq. (66) gives

Z ez'y1Q1+z“/2Q2pq1pq2Rq1q2 = Tr(ﬁA,mﬁsz% (68)
4192

which is a two-replica calculation with the appropriate fluxes. As we discussed before, the
UV divergences arise only within each replica copy and they are the same as in computing
(eM@B), Even though, strictly speaking, our arguments are based on an explicit Gaussian
computation, in Sec. 5.1, we will argue that they hold more generally. Hence, if we divide
Eq. (68) by (e@8)(e2@8) the UV-divergence will cancel and

Tr(payPAy)
(ei% QB ) <ei"/2QB )

is UV-finite. (69)

The above observable is unusual because it includes the overlap of two different states
and it might be difficult to access it theoretically or experimentally.
A more standard object to study is the averaged purity:

S e Tul ) = 3 [ dndne R T (). (70)
q q

Let us repeat the analysis above to see if it can be made finite by dividing by a correlation
function involving e’@2. Now the sum over g projects 1 + 2 = 7, so we need to compute
the integral

/d")/ld’yQ 5(")/ -y - 72)e*Mu’Y%/Qf’u’YlegfMgg'yg/z' (71)

After simple manipulations, it leads to

3 pee™ (2 o VT o (- 0y — ) (72)
- q pA,q \/m 4 11 12 .

Hence we can still find a UV-finite quantity if we divide Eq. (72) by (e"@e/vV2).

5.1 Introducing interactions

In the previous part, we explained that the ratio

Tr(pay, ﬁA,’yz)
<ei“/1QB ) <ei’YzQB )

(73)

is UV-finite and our arguments were based on the explicit expression for Gaussian theories
found in Sec. 4. Now, we would like to argue that it is true more generally. The idea is
that interactions introduce extra smearing, so the diagrams are less divergent. In other
words, diagrams that involve interactions are finite. We can illustrate this by evaluating
the expectation value (e798) by expanding it in the powers of 7. Let us imagine that
we are drawing all possible Feynman diagrams associated with this quantity. As usual,
disconnected diagrams combine into an exponent of connected ones [64], so we only need
to focus on connected diagrams. A generic connected diagram is illustrated in Fig. 5.
Importantly, we will assume that the interaction vertex V(z,z) can be connected to k
copies of @ and that it has no extra derivatives, so the external propagators are simply the
Os Green functions. The analysis below can be easily modified to include these possibilities.
As in the rest of the paper we can consider two cases: measuring a scalar operator of the
conformal weight (hs/2, hs/2) or a vector with weights (1+h, /2, h,/2) and (h, /2, 14+h,/2).
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Sr = [dzdz V(z,2)

Figure 5: A generic Feynman diagram contributing to (Q%) . Black dots indicate the insertion of Qp
and single black lines are O propagators. The red dot is the insertion of the interaction S;. Multi-line
emanating from it represent all possible fields leaving that vertex. The striped disk contain the rest of
the diagram.

We can start from the scalar case, where the external propagator is

1
foon ™ o )

and z,Z are the coordinates of the interaction vertex represented by the red blob. If we
assume that z is outside the interval B, the integral over y can be computed exactly and
it gives

1 1\ —Z\ y=b
=5 (y—=)'" ( z) 2F1 (1—h5,h5,2—hs,y Z) ‘y . (75)
—h. P

—(—1)hs
( ) z2—2) ly=a

Since there might be several @p insertions leading to the same vertex, Eq. (75) must
be taken to some power k. The second step is to perform the integral over z,Z, which is
more complicated. Indeed, it might have additional UV divergences coming from points
colliding inside the blob (which can be canceled by adding counter-terms), and also when
z,%Z are inside the interval B or near its endpoints. For small z — Z the hypergeometric
function in Eq. (75) has the following expansion

2F1 <1h’87hsa2h57y_z> =

z—Z
_ imh, ['(2 = hy)T'(=1 + 2hy)
I'(hs)

(y - Z)hs_l +O((z—2)h). (76)

z—z

After plugging it in Eq. (75), we notice that the factor (y — Z)!™"s cancels up to a
possible phase. This phase is determined by the prefactor e**™ which comes from the
hypergeometric function branch cut. If z is real and outside the interval [a,b] then the
points ¥ = a and y = b come with the same phase and the divergence (z — z)'~"s cancels
out. However, if z is between a and b then the phase et is different and the integrand

blows up as
1 k
(G=ap) o

if hy > 1/2, otherwise it is finite. Does this behavior lead to a divergent integral? Let
us assume that V(z,Z) represents a relevant perturbation of the theory, influencing its
behavior at long distances, but insensitive to its UV details. Then conformal dimension
must be less than 2, but it should contain at least k insertions of Oy, /2, /2, hence

khs < 2. (78)
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At the same time k > 1. Therefore, we can conclude that the negative power of (z — Z) in
the integrand is
k(2hs — 1) = 2khs — k<4 —1=3. (79)

So, in principle, the integral in z,Z can still be divergent and to ensure its convergence we
need to impose
Qkhs—k§1—>h5§;+21k. (80)

If this condition is satisfied, the divergent contributions only arise from the free-field be-
havior, hence the ratio (73) will be finite. We should emphasize that k here is not a fixed
number, but it represents how many operators Oy could couple to the interaction vertex.
For example, for a scalar field ¢, if Oy = ¢ and V = ¢?, then k can be 1,2,3 or 4. The
inequality is the strictest for the maximal possible k.

The case of a vector operator with weights (hy/2+1, hy/2) + (hy/2, hy /24 1) is similar.
Instead of Eq. (74), the integrand is 1/((y — 2)%|y — 2z|>"). After integrating over y, the
resulting expression has the following behavior for small z — Z:

1

G (81)

Again, assuming that the interaction vertex has degree k, we need to impose the following
inequality to ensure that the 2,7 integral is convergent

1
hy < —.
YT 2k
To summarize, we have shown that by using observable-projected ensembles, it is possible
to extract UV-finite quantities also in the presence of interactions generated by operators

with low scaling dimension.

(82)

6 Numerical Checks

In the sections above we have shown it is possible to compute the entanglement properties
of the observable-projected ensembles in field theory. Now, we show how it is possible to
address this question also numerically, when the observable we measure is the charge. We
focus on the ground state of the Hamiltonian

o0
H= —3 Z (c}cj“ + KC}C}_H +h.c. + 2hc}cj') , (83)
j=-—00
for two sets of parameters: when x = h = 1, it reduces to a critical Majorana chain,
while for Kk = h = 0 is corresponds to a tight-binding model with U(1) symmetry (whose
continuum limit is described in section 3 for K = 1). Here ¢; = (c}, c;) are the fermionic
operators. We consider an infinite system AU B U C and we define pap = Tr(papc) (ie.
A = BUC). The reduced density matrix pap of the ground state of the Hamiltonian (83)
is a Gaussian operator in terms of ¢; [65]. Therefore, we can express our quantities of

interest in terms of the two-point correlation matrix

F]]/ = 2Tr |:pAC‘J;-Cj/:| — 6jj/, (84)
with j,j’ € AB. Since pap is a Gaussian operator, we can write it as
. T ; T
Trp(pape’??) = Trp (Zl e~ 2yt Sihiireit it 2y ca‘”f}/%’) , (85)
AB
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where n]%, =0if j,j' € A and nP?, = 0%0;5 otherwise, and Z4p is a normalization factor.

The operator above involves the product of Gaussian operators, so it is still a Gaussian
operator and by using the Baker-Campbell-Haussdorf formula, we can find [58, 66]
ezj ! C;Ajjlcj,ezj,j/ CIBjj/Cj/ — ezj,j’ C;Hjjlcj/ (86)

B

where H = log(ee?). Therefore, Eq. (85) can be written as

1 - cT. (Y] —h 1
Trp < e 2t My > , h7 =log(e he”"B). (87)
ZAB

Moreover, the single-particle entanglement Hamiltonian h of Eq. (85) can be expressed in
terms of the correlation matrix (84) as

1-T
—h
= . 88
© TI4T (88)
We can now define a normalized operator with trace 1
1 =3 cthY e ~ > cthY e
Trp ~—e 33" 7 ZAB:Tr e 33" 378 (89)
ZAB

and rewrite it as

1 - Y e 1 _ T A B e
TI'B (Za e ij’ C; jj/cj/ — 776 ij/ c; i C]/7 ZX —Tr (e ij, c! g ey 7 (90)
AB

with
117

14T

For a general non-Hermitian matrix H, we can use that [66]

t .
Tr(ezj,j' CJ‘HJ'J"CJ) = 4/det(1 + ef), (92)

(91)

and hence

Z%p = det (1 + l_reW”B) 7% = det (1 41z FZ‘) . (93)
L+T 1417

We remark that I} can be obtained by restricting I'? to the subsystem A. If we put
everything together, we find that

t i Tn,B v
TrB( Lo Ky Shares 1 Ly Cj"jj’cj/) _ Zap 1

_ T1p7,A
7 —e 250 e ' (94)

Zap Z)

and for a generic Rényi index n

n n j n j
Tra H (Zl e 25 C;hjj/cj’e”j 2 cj"fj"”’) = }L H [Z%JB] det | 1+ L= F%]'
4 \Zas Zip i | 2y [=EERY
(95)
If we denote by ‘
Zn(1,-ym)  Tralllj—; Trp(pape9B))] (96)

Zn, a Tr(p%)
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we can cross-check the result in Eq. (23) by choosing k = h = 0 in Eq. (83). We report the
comparison between the exact numerical results and our analytical predictions in Fig. 6
for fixed subsystem size L, a = L + d, and by varying b — a = /5.

We repeat the same analysis for the ground state of the Majorana chain at its crit-
ical point by setting k = h = 1 in Eq. (83). Despite the lattice operator is quadratic,
Q=2 c}cj, as well as its continuum counterpart (one of the primary fields of the Ising
CFT with scaling dimension 1), it does not satisfy Wick’s theorem, in the sense that a
simplification like the one in Eq. (21) does not hold ”. Therefore, we can use our result (57)
only as a perturbative expansion in v. From Eq. (57) we expect the presence of a linear
term in f2, whose prefactor 1/e is non-universal, and a subleading logarithmic growth. To
find the exact result in all orders in 7y, we should map Eq. (96) to a cylinder with n defects,
rather than to the complex plane, as we did in Eq. (45). After the mapping, Ref. [67]
proved that this quantity can be related to the ground state energy of the massless Majo-
rana fermion theory on a circle with marginal point defects, at least in the limit in which
a— 0,b— L,ie. A and B coincide. Our case is slightly different because the boundary
conditions that the fields obey along B on the Riemann surface appearing in Fig. 2 are sim-
pler, so each i-th sheet can be related to the massless Majorana fermion theory with only
one single defect, that in our original problem would be €95, We can borrow the results
from Ref. [67] and we find that our results match up to rescaling v; — arctanh(tan(y;/2))
in Eq. (48). This rescaling was derived by mapping the system to a cylinder but it is
also possible to obtain it from the direct perturbative expansion in ~; using the known
correlation functions of e. We have examined perturbatively the subleading (quartic) term
in v; and found © that it matches the expansion of arctanh(tan(y;/2)). We cross-check
this with the exact numerical results in Fig. 7 focusing on the universal logarithmic term,
and we remark that for small values of ~;, arctanh(tan(+;/2)) ~ ~;/2 and our quadratic
approximation is valid, as we would expect (dashed black lines). In the large f5-limit, we
stress that this approximation is enough to get the result in Eq. (52).

7 Conclusions

In this manuscript, we have investigated the projected ensembles from a novel perspec-
tive, considering set of states generated not by partial projective measurements on the
system but by measurements of a given observable, like the number of particles or the
magnetization. After this operation, we have considered an ensemble of mixed-states and
we have investigated the entanglement properties, both for any individual outcome and
the measurement-induced entanglement (cf. Eq. (7)). The advantages of considering an
observable-projected ensemble are two-fold: as we have shown in the main text, it is
amenable to an analytical solution, but at the same time these properties can also be ex-
perimentally probed, by using classical shadows and randomized measurements. For a free
compact boson, we could compute explicit analytical expressions that have also provided an

PWe remark that the fermionic representation of this operator, ¢ = ¥, permits to easily compute all
its correlators using Wick’s theorem. However, the operator ¢ itself does not satisfy the Wick theorem
unless the correlators are evaluated along the real line. However, in general, the regularization scheme
used in Egs. (54), (55) shows that we need to evaluate correlators defined on the full complex plane to
avoid divergences, and only after the integration we can send ¢ — 0. Thus, Wick’s theorem for ¢ itself
does not hold.

°This computation involves computing a four-fold integral which is hard to evaluate. However, we are
only interested in the term log(¢2/€). The coefficient in front of this term can be found by numerically
computing the integral for complex values of € and extracting the branch-cut of the logarithm.
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Figure 6: Normalized (logarithm of the) charged moments defined in Eq. (96) as a function of ¢ for
different values of 1,72, d, ¢1. Here we are considering the ground state of the Hamiltonian (83) with
k = h = 0. The curves correspond to our result (23) with an additive constant obtained from a fit,
while the symbols are the exact numerical values from Eq. (95). We report only the real part, the
imaginary part is due to how the charge is discretized on the lattice.
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Figure 7: Real part of the normalized (logarithm of the) charged moments defined in Eq. (96) as
a function of ¢y for different values of v, ¢; = d = 10 for the ground state of the Hamiltonian
(83) with Kk = h = 1. Once we subtract the non-universal contribution (which is linear in ¢5 and
we denote it by A(7;)¢2), the solid curves have been obtained by plugging Eq. (57) in (48) with
v; — Llarctanh(tan(v;/2)) and an additive fitted constant. The symbols are the exact numerical
values from Eq. (95). The black dashed lines correspond to the quadratic approximation in ~;.

upper bound on the amount of the information that one can extract about the subsystem
A after the measurement of the charge in a non-complementary region, in particular how
this is related to the size of the measured system. For generic Gaussian theories, similar
computations can be performed, even though the dependence on the geometry becomes
more involved. Finally, we suggest how our observable-projected ensemble can be used to
extract universal quantities, by properly regularizing UV divergences.

There are several future directions that our manuscript might open. For usual projected
ensembles, after averaging the k-moments, i.c. constructing & = Ee (|¥;)(¥;|)®* | one can
show that, in the absence of symmetries and conservation laws, ergodic systems produce
subsystems in the maximally mixed states [30, 31]. We have already mentioned in the
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introduction that these moments are close to an ensemble of Haar-random states. We can
ask a similar question for observable-projected ensembles: after preparing a given state, p,
and letting it evolve with Haar random dynamics, we can construct the ensemble (6) and
ask whether the corresponding k-moments are close to some universal distribution and they
also satisfy a maximum entropy principle [40]. To address this question we can also start
from an easier setup in which A and B are complementary systems, we fix the subsystem
size of A and we scale the subsystem size of B. In general, it would be interesting to study
the observable-projected ensemble in a dynamical setup and investigate if phenomena like
deep thermalization also occur in this case.

In section 2 we have outlined an experimental proposal to probe the properties of the
charge-projected ensembles. This can be doable, for instance, by exploiting the preparation
of the ground state of the XXZ spin chain (recently discussed in [68]), which is a microscopic
realization of the compact boson studied in section 3.

Our work provides a strategy to study projected ensembles in a field theory setup, by
implementing them through local operators depending on the measured observable. On
the way to study also the projected ensembles (2) in field theory, Ref. [69] points out that
performing a Bell measurement amounts to inserting a boundary changing operator be-
tween the measured and the unmeasured part. This implies that if the boundary condition
is conformal invariant, the measurement-induced entanglement might reduce to a correla-
tion function of boundary changing operators. A thorough analysis in this direction might
allow for studying the projected ensembles in conformal field theories.

Finally, it would be interesting to use observable-projected ensembles to extract in-
formation about the initial wavefunction. For instance, in [47], the authors found that
measuring stabilizer sign-free states in the sign-free basis cannot generate more correla-
tions than those that already exist, by providing some bounds on the MIE for different
systems. On the other hand, these bounds are violated for generic (non-stabilizer) states,
for example, critical states with sign structure.
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