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We ask what is the general framework for a quantum error correcting code
that is defined by a sequence of measurements. Recently, there has been much
interest in Floquet codes and space-time codes. In this work, we define and
study the distance of a dynamical code. This is a subtle concept and difficult
to determine: At any given time, the system will be in a subspace which forms
a quantum error-correcting code with a given distance, but the full error correc-
tion capability of that code may not be available due to the schedule of measure-
ments associated with the code. We address this challenge by developing an
algorithm that tracks information we have learned about the error syndromes
through the protocol and put that together to determine the distance of a dy-
namical code, in a non-fault-tolerant context. We use the tools developed for
the algorithm to analyze the initialization and masking properties of a generic
Floquet code. Further, we look at properties of dynamical codes under the
constraint of geometric locality with a view to understand whether the funda-
mental limitations on logical gates and code parameters imposed by geometric
locality for traditional codes can be surpassed in the dynamical paradigm. We
find that codes with a limited number of long range connectivity will not al-
low non-Clifford gates to be implemented with finite depth circuits in the 2D
setting.

1 Introduction

Quantum error correcting codes form the foundation of scalable quantum computing. The
performance and experimental feasibility of codes depend on their properties. Particularly
important among them are code distance, logical gates and tradeoffs between the number
of logical qubits and distance. In this paper, we study these code properties in the context
of the new Floquet code paradigm.

Floquet codes extend the framework of conventional “static” stabilizer codes—those de-
fined by fixed stabilizer or gauge groups—by introducing time-dependent measurements.
The honeycomb code introduced in [1, 2] is a first example of a new paradigm of quan-
tum codes that features periodic sequence of measurements that anti-commute with the
previous round of measurements, leading to a periodic change in both the stabilizer group
and the logical representatives. At each moment, the stabilizers form what’s known as the
instantaneous stabilizer group (ISG). Decoding involves combining measurement outcomes
from multiple rounds. One key advantage of Floquet code is the low weight measurements,
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which are combined to reveal the syndrome of high-weight stabilizers—unlocking the power
of error correction with minimal overhead.

Since the first paper on Floquet codes, numerous additional examples of Floquet codes
have been found. This includes planar Floquet codes [3, 2, 4, 5], 2D Floquet codes defined
on hyperbolic surfaces|6, 7], and 3D Floquet codes|[8, 9, 10]. There are also CSS version
of Floquet codes and codes with non-periodicity [10, 4]. The threshold and performance
of Floquet codes have been demonstrated in [11, 12]. Progress has also been made in
the theoretical understanding of Floquet codes, including results based on measurement
quantum cellular automata [13], adiabatic paths of gapped Hamiltonians [14], and unitary
loops [15]. Later, new Floquet codes that are not based on colorable graphs have also been
found, including the Floquet Bacon-Shor code [16] and Floquet Haah code [17].

Generalizing and broadening the idea of Floquet codes, we wish to understand the
framework of quantum codes that are defined by a sequence of measurements. Our study is
in part driven by insights on code deformation and code switching [18, 19] in implementing
a universal set of gates: For example, code switching between Reed Muller code and Steane
code enables the transversal implementation of universal logical gates [20]. As a dynamical
code consists of several rounds of ISGs, it can potentially circumvent the no-go theorem by
Eastin and Knill [21] which shows that transversal operators on any non-trivial quantum
code belong to a finite group, and thus cannot be universal. We use the term dynamical
code instead of Floquet code, as we do not exclude the possibility of a non-periodic sequence
of Pauli measurements. Most previous works of Floquet codes have concentrated on codes
defined on three-colorable graphs, here we look at more general codes: A dynamical code is
more generally defined as a code that involves rounds of Pauli measurements. Each round
of measurements consists of only commuting Pauli operators. In particular, a two round
dynamical code is a subsystem code, such as the Bacon-Shor code [22], which consists of
geometrically local gauges and non-local stabilizers.

In this work, we present a comprehensive study of the framework of dynamical code
using QEC language. We formalize the concept of masking with respect to a dynamical
code and introduce a notion of distance that generalizes known notions of distance of stabi-
lizer and subsystem codes. Building on this theoretical foundation, we will also introduce
an efficient algorithm to determine the syndromes and therefore the distance for a given
dynamical code. Making use of the structure of this algorithm, we derive new insights
into the initialization of arbitrary Floquet codes. Finally, we establish fundamental limi-
tations by extending the Bravyi-Konig no-go theorem to the setting of dynamical codes.
See Section 2 for an overview of the main results.

The paper is structured as follows. We start with an overview of our results in Section 2.
In Section 3, we give a brief introduction to quantum error correcting codes and define some
notations for the rest of the paper. In Section 4, we define distance for dynamical codes and
discuss the logical operators and syndrome information in the presence of measurements.
Section 5 discusses the distance algorithm: In Subsection 5.1, we give an intuition through
examples to demonstrate that it can be tricky to find the distance of a given round in the
dynamical code. In Subsection 5.3, we present the algorithm for finding the unmasked
distance of dynamical codes, and show that the algorithm can output all the unmasked
stabilizers and permanently masked stabilizers of an ISG. In Section 6, we apply the tools
developed for the distance algorithm to analyze the initialization and masking properties of
Floquet codes. In Section 7, we generalize previous works for geometrically local stabilizer
codes to dynamical codes and also present a no-go theorem for non-Clifford transversal
gates on 2D geometrically local dynamical codes.

Accepted in { Yuantum 2025-10-06, click title to verify. Published under CC-BY 4.0. 2



2  Overview

We now give an overview of our contributions in this work.

Framework of dynamical code In Section 4, we extend the framework of quantum
error correcting codes from stabilizer and subsystem codes to dynamical codes.

Subsection 4.1 present a tighter notion of distance for dynamical code. Our definition
captures the fact that, unlike static codes, the correctability of errors in a dynamical code
depends not only on the current stabilizer group but also on the syndrome information
recoverable from future measurements. The distance of a dynamical code is defined as the
minimum unmasked distance over all instantaneous stabilizer groups (ISGs), where the
unmasked distance quantifies the set of correctable errors under the given measurement
sequence.

What makes the previous notions of distance inadequate for dynamical codes is that
a measurement scheme can irreversibly remove some syndrome information from the code
while other parts of the syndromes are revealed. This is the concept of masking which has
been previously introduced by Gottesman [23|. For instance, a stabilizer generator can be
permanently masked if its eigenvalue cannot be obtained again in the future. These are el-
ements that have been irreversibly removed without revealing their syndrome information.

We classify each stabilizer generator in every instantaneous stabilizer group into three
categories:

e Permanently masked stabilizers: Stabilizers whose syndromes cannot be obtained
using given sequence of measurements.

e Temporarily masked stabilizers: Stabilizers whose syndromes have yet to be obtained
with the current sequence but can still be obtained if we choose further measurements
carefully.

e Unmasked stabilizers: Stabilizers whose syndromes can be obtained from outcomes
of the current sequence of measurements.

Using this classification, we define the unmasked distance of an ISG in Definition 22.
We prove that this notion yields a tighter upper bound on the set of correctable errors
than prior definitions, by generalizing the Knill-Laflamme condition to the setting where
only partial syndrome information is available. We conjecture that the unmasked distance
is tight in the absence of measurement errors.

In Subsection 4.3, we provide a general theoretical framework for analyzing how logical
operators and logical errors evolve over time in a dynamical code. Unlike static codes,
where logical representatives are fixed, in a dynamical code the logical representatives and
their values are inherently spacetime-dependent: the outcome of a logical operator can
depend both on the spacetime location of errors and on the measurement outcomes of
relevant stabilizers at different times.

Theorem 29 in Subsection 4.4 shows that, in addition to where the errors happen, their
temporal positions crucially affect the observed syndromes. This result highlights the need
for decoding algorithms that take into account not just which qubits are erroneous, but
also when those errors occur, relative to the measurement sequence.

Algorithm for finding distance of a dynamical code In Section 5, we present the
distance algorithm.

Accepted in { Yuantum 2025-10-06, click title to verify. Published under CC-BY 4.0. 3



The distance algorithm is an efficient classical algorithm that determines the set of
all the syndrome information that can be learnt from a fixed measurement window (see
Section 5). The objective is to classify the stabilizer generators of a fixed ISG into three
types: unmasked, temporarily masked, and permanently masked. This classification cap-
tures which syndromes can be reliably extracted in a finite time window and provides an
upper bound—the unmasked distance—on the distance of the code (Definition 22).

The algorithm proceeds by tracking the evolution of stabilizers and measurement out-
comes through a set of commutation-based update rules (Subsection 5.3). Two sets, C' and
V', are iteratively updated to record the transformed stabilizer generators and accumulated
measurements, respectively. The unmasked stabilizers are obtained by computing the in-
tersection (C) N (V), implemented via the Zassenhaus algorithm (Algorithm 1). From this,
the syndromes for unmasked stabilizers are reconstructed (Algorithm 2). The algorithm
also determines permanently masked stabilizers and their destabilizers (Algorithm 3), as
well as the temporarily masked ones (Algorithm 4).

Our framework provides a concrete and efficient tool to determine the partial decoding
power of a dynamical code under realistic measurement constraints. The algorithm runs
in O(n3) time, with the main cost coming from the subroutine to compute generator
intersections. Several illustrative examples are given in Subsection 5.4.

The distance algorithm has immediate application to code construction for dynamical
codes. For example, it can be used to check the unmasked distance of existing examples
of dynamical codes and design measurement sequences to optimize the distance. The
framework in the distance algorithm can be of independent interest, as it is a useful tool
to analyze other dynamical code properties. In particular, we utilize it to show several
results on Floquet codes with periodic measurement sequence.

Going beyond code construction, the distance algorithm can be extended with relative
ease to obtain the outcome code in [24] since the unmasked stabilizers are essentially
detector cells restricted to the time window being analyzed, and that Clifford operators
can be included between measurement rounds. But beyond this, we can use the distance
algorithm to obtain gauge elements of a subsystem spacetime code, since we also take into
account other elements including the permanently and temporarily masked stabilizers with
their destabilizers. We also track which round(s) of the ISGs the syndrome information
is for, and the time window one requires to obtain enough syndrome information for a
given round. Although we consider errors in round 0 and assume perfect measurements
(in the presence of measurement errors, it is possible for a smaller set of errors in space-
time to result in a logical error [3]), our results can contribute to a better understanding of
dynamical codes by establishing some code properties that are inherent to dynamical codes.
The results here can also be extended to analyze the fault-tolerance aspect of dynamical
codes and then to that of spacetime codes. A better understanding of the distance for
dynamical codes will be insightful for understanding the distance and fault tolerance for a
Clifford circuit, even eventually extending to include more general noise models.

One aspect of our algorithm is that it identifies which stabilizer generators are tem-
porarily masked and which are permanently masked. This is critical information for a
dynamical coding protocol that is described in a modular way: Temporarily masked gener-
ators from one module may usefully contribute syndrome information into a later module
whereas syndrome information from permanently masked generators will never be useful,
regardless of the choice of later modules.

Lastly, we remark that there have been several related works. The distance algorithm
helps complete the picture by adding anti-commuting measurements into the framework of
|25, 23], which translate circuits into quantum codes. The syndrome information from the
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distance algorithm contains the same information as the algorithm in [24]. The connection
between understanding the detector cell /spacetime code picture to designing fault tolerant
circuits has also been explored in [26], and the concept of fault distance (which is related
to spacetime code distance) is explored in |27].

Initialization of a Floquet Code In Section 6, we provide a detailed study of the
initialization behavior of Floquet codes. Each cycle of a Floquet code involves measuring
the same set of operators in a fixed order. Understanding this initialization process turns
out to be fruitful in understanding how many rounds it takes to do a full round of syndrome
measurements.

Our first key result (Theorem 47) shows that the set of instantaneous stabilizer gen-
erators grows monotonically over successive cycles: specifically, after measuring a given
operator m;, the set of stabilizers present at that point in cycle j is always a subset of
those in cycle j + 1. This result is established by applying the machinery of the distance
algorithm introduced earlier in the paper. The use of this algorithm provides clarity in
proving the results that would otherwise require much more elaborate tracking of stabiliz-
ers.

Building on this, Theorem 48 formalizes how the number of new stabilizer generators
can evolve from cycle to cycle. We show that if & new generators are added in a given
cycle, then at most k additional generators may appear in the subsequent cycle. Moreover,
for any specific measurement m;, a growth in the number of stabilizer generators in the
current cycle implies that the same growth must have been possible in the previous cycle.

To explore the limits of how many cycles it take to fully initialize, we construct an
explicit example showing that this bound is tight: that is, there exist Floquet codes that
require exactly n—1 cycles to initialize a code with n stabilizer generators. This is accom-
plished via a recursive construction of measurement sequences that add exactly one new
stabilizer per cycle. Figures 6 and 7 illustrate the mechanics of this recursive design, show-
ing how existing stabilizers are transformed and extended to generate the fully initialized
set after a very long number of iterations of a measurement sequence.

Crucially, this initialization behavior is tightly linked to the understanding masking
and syndrome extraction. The final theorem in this section connects the number of cycles
needed for full initialization with the time required to unmask all the stabilizer generators in
a given instantaneous stabilizer group (ISG). We prove that after at most k cycles—where
k is the number of cycles required to initialize the full Floquet code—all stabilizers in the
ISG will be either fully unmasked or permanently masked. This connection allows us to
bound the total number of required measurements to determine all unmasked stabilizers:
if each cycle involves m measurements and the code requires k cycles to initialize, then the
number of measurements needed to fully determine the unmasked part of any ISG is at most
m - k. In particular, for code families with constant initialization depth and measurements
(k=0(1), m = O(1)), the unmasking process remains efficient and scalable.

Generalized Bravyi-Koenig theorem to dynamical code (Section 7) For a quantum
code with a fixed set of stabilizer generators, the problem of finding the distance and fault-
tolerant gates has been previously studied from the angle of embedding them in Euclidean
space, as locality is very important in practical code design. Bravyi and Terhal [28] proved
an upper bound on local code distance: d = O(LP”~!). Further, Bravyi and Konig [29]
showed that a D-dimensional local code can only transversally implement encoded gates
from the set CP), with CV the Pauli group and CU) as the j* level of the Clifford
hierarchy. Thus, we are interested in answering this question: To what extent does these
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locality restrictions apply to geometrically local dynamical codes?

We answer the above question and also generalize Pastawski and Yoshida’s results [30]
to give a no-go theorem for 2D geometrically local dynamical code to support transversal
non-Clifford gates even with some amount of long-range connectivity and non-local stabi-
lizers. This result also extends to higher dimensions. Specifically, we prove that if a logical
qubit g7, can be supported on a region sufficiently far away from the qubits with long
range connectivity, then a transversal gate that implements a logical single qubit gate on
qr, must be from the D' level Clifford hierarchy. Furthermore, if there is limited amount of
long range connectivity, then the code cannot support a logical gate from a higher Clifford
hierarchy.

3 Background and Notation

3.1 Stabilizer code

Definition 1. A stabilizer code Q = Q(S) with parameters [[n, k, d]] is a code defined on
the Hilbert space H of n qubits. It has n — k Pauli stabilizer generators S and k logical
qubits. The codeword space C is a subspace of H, and contains the +1 eigenvectors for
stabilizers in S. The non-trivial logical representatives are given by the set N(S5)\(S),
where N(S) is the normalizer of (S) defined as N(S) = {p € P, : (S)p = p(S)}, Py, is
the n qubit Pauli group, with P = {+1,4i, [, X, Y, Z}, P, = P®" and (S) is the group
generated by S. d is the distance, which for a stabilizer code is the smallest weight Pauli
operator L for which L commutes with all elements of S but is not itself in (S). The
distance is the lowest weight of elements in N(S5)\(S).

A code is a low-density parity-check (LDPC) code if each generator acts on a constant
number of qubits and each qubit is involved in a constant number of generators.

3.2 Clifford Hierarchy

The Clifford hierarchy given by {C*), k > 1} is defined recursively. P, forms the first level
of the Clifford hierarchy and is denoted by C(Y). The second level of the Clifford hierarchy
€ is the Clifford group and is given by the group of automorphisms of the Pauli group:
{U|UPU' € cH vpP e Pn}. Higher levels in the hierarchy are defined recursively in the
same way:

¢ .= (v |uprutec* bV vprep,} (1)

3.3 Outcome and Syndrome Information

The outcome of a measurement m is denoted by O(m) € {£1}. The outcome O(s) € {£1}
is the value of s € (S) and in general can be obtained through the product of outcomes of
measurements from different rounds of a measurement sequence.

The syndrome for an error E (which can consist of errors that occurred at different
times in a sequence of measurements) for a particular stabilizer s in an ISG is given by
the symplectic inner product F ® s which is defined below. For a set of stabilizers with
initial outcomes and a set of final outcomes at a later time, the difference in the two sets of
outcomes gives the syndrome information which one can use to decode and output the best
guess of the error in this time window whose syndrome matches the syndrome information
that one has obtained through the measurement sequence.
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To define the symplectic inner product between two Pauli operators A and B in P,
which we denote as A ® B, we first map the Pauli operators to their binary representation
in a 2n dimensional vector space V:

F:P,—V,p~ [ab], (2)

Here a and b are row vectors with n entries, with a = [a1, a2, -+ ,an], b = [b1,bo, -+, by],
such that p can be written as p = i%" I X;j Z]l-’j up to some phases.

Definition 2. If the vectors for A and B are mapped to [a, b] and [c, d] respectively, the
symplectic inner product A ® B is given by

AG B = [a,b] ( Ii %) e, d]” (mod 2) (3)

3.4 Update rules

For a dynamical code, its stabilizers and logical operators are updated using the following
update rules, which will be used in the distance algorithm in Subsection 5.3. These update
rules are also basis independent, a property that will be relied on in proofs in Subsection
5.5.

Lemma 3. (Stabilizer Update Rules)
Let S be the stabilizer generators with a stabilizer state |¢)) being either in +1 or —1
eigenstate of the generators.

Let m be a Pauli measurement performed on [¢), and denote the outcome of m by
O(m) € {£1}.

1. If £m € (S), then the outcome is fixed by the eigenvalues of stabilizers for |¢), and
the state remains unchanged.

2. If m anti-commutes with some elements in S: Let V' = {s1,s2,--- , 5;} be a subset of S
whose elements anti-commute with m. We replace s; with m and update the rest of V'
by s; — s;-51, for 2 < i <. SNV is now updated to {O(m)-m, s3-$1, 351, ,S;-S1}

3. If £m ¢ (S) and [m, s] = 0Vs € S, then we update the set of stabilizer generators:
S — SU{O(m) - m}. This assumes that m is not a logical operator.

Lemma 4. (Logical Update Rules)
Let L be a logical operator of a stabilizer group (S) and let [¢)) be an eigenstate of L.
Let m be a Pauli measurement performed on |¢)) and denote the outcome by O(m) €

{x1}.
1. If m = (—1)*- L, then O(m) - (—1)® gives the eigenvalue of L for the state |¢), and
the logical operator remains unchanged.

2. If m commutes with L, the logical operator remains unchanged.

3. If m anti-commutes with L and commutes with (S), then L is updated to O(m) - m.
The new state is a +1 eigenstate of O(m) - m instead of L.

4. If m anti-commutes with L and anti-commutes with some elements in S: In the
stabilizer update rules, we replace an element s; with m and update the rest of the
elements in S that anti-commute with m using the 2" rule in Lemma 3. For the
logical operator, we update L — L - s1, where s; is the element that is replaced with
m.
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3.5 Dynamical code and Subsystem code

Definition 5. A dynamical code is a code defined on a measurement sequence, that
consists of rounds of measurements, with each round given by a set of commuting pauli
measurements. After the i*" round of measurements, the code is defined by the stabilizer
group that has been updated by the measurements according to the stabilizer update
rules in Lemma 3 defined above. The stabilizer group at this timestep is called the it"
instantaneous stabilizer group (ISG), (S;). The codespace C; is given by the ISG (S;) after
the i*" round of measurements.

Ci=A{lY)==xs-|¢),Vs €S} (4)

where the signs depend on the measurement outcomes for s € ;.

Between any two rounds of a dynamical code, we can define a subsystem code. A
subsystem code can be thought of as a stabilizer code with quantum information encoded
into only a subset of the logical qubits. The logical qubits that are not used are called
gauge qubits. Generally, we also do not correct for errors on the gauge qubits, so any
logical operator should have a tensor product structure over Higgical ® Hgauge- However, it
is also possible to have logical unitaries that do not respect this tensor product structure,
then the logical operator will be dependent on the state of gauge qubits. One example is
converting from a Steane code to a Reed Muller code for implementing transversal T gate.
In this case, the non-Clifford logical operator depends on the state of the gauge qubits
before performing the T gate.

Definition 6. A subsystem code is defined by its gauge group G. The stabilizers are given
by (Z(G) NG)/C. G = (S) for stabilizer codes, with the centralizer of G, Z(G), defined as
Z(G) ={p € Pn:Vg €G,gp =pg}.

Definition 7. Given a set of independent stabilizer generators S, a destabilizer k € K of
a stabilizer generator s € S is a Pauli operator in P, /C that only anti-commutes with s,
but commutes with S\s and the bare logical operators of the gauge group G = (S U K).

When treating neighboring rounds as subsystem codes, we will need to discuss both
the bare and dressed logical operators, whose definitions we list below:

Definition 8. Bare logical operators are logical operators that commute with all elements
of the gauge group: Lpae = Z(G). They only act on the logical qubits but act trivially as
identity on the gauge qubits.

Definition 9. Dressed logical operators are logical operators that commute with the
stabilizers: Lressed = Z(S5). They act on the logical qubits but may also act non-trivially
on the gauge qubits. Thus, they may anti-commute with some of the elements in G. Bare
logical operators are a subset of dressed logical operators. When the code is a stabilizer
code, the bare and dressed logical operators are the same.

We can define the distance for both stabilizer and subsystem code as the minimum
weight of all non-trivial dressed logical operators.

Definition 10.
dsubsystem = min Wt{Ldressed\g} (5)

We can update the stabilizer group efficiently if we are performing only Clifford gates

and Pauli measurements according to the Gottesman—Knill Theorem. This forms the
foundation in the distance algorithm to update the stabilizer groups.
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4 Dynamical code

4.1 Definition of Distance for a Dynamical Code

S1
7 N
S, S,
NS

Figure 1: The figure illustrates an example of a Floquet code which is a special case of dynamical
codes consisting of periodic measurements (In this case, 4 rounds of measurements). Each round of
measurements consists of commuting Paulis. The i*" round of measurements brings the code from the
ISG defined by S;_1 to the next ISG defined by S;(moa 4)-

Unlike a static code with a fixed set of stabilizers or gauges, a dynamical code is defined
by a sequence of measurement rounds with each round consisting of commuting Paulis. The
stabilizer state evolves after each round of measurements with new representatives of logical
operators. The distance of a dynamical code is upper bounded by the ISGs S;, which define
the codes C; after i*" round of measurements (Refer to Fig 1 for illustration). Essentially,
for a dynamical code to exhibit a good distance as a whole, each S5; must minimally have
a good distance. Otherwise the encoded logical information will lose its protection from
physical errors in the ISG with a small distance.

We begin by outlining the problem under consideration. For a given dynamical code,
what is the set of errors that an ISG can correct given the syndrome information acquired
through subsequent rounds of measurements? Using this information, what is the distance
of the ISG? Without loss of generality, we examine the ISG at round 0 of the code and
assume that all syndromes for this ISG come from the measurement sequence.

When defining the distance, we assume that the errors only occur at round 0 of the
code and we also assume that if the errors are trivial, we know what the syndromes for
the stabilizers in round 0 will be. The assumption that all errors occur in round 0 means
that this notion of distance does not fully capture fault tolerance of the dynamical code.
Instead, it is the analogue to the distance of a static quantum error-correcting code, which
gives a necessary condition for fault tolerance, but not a sufficient one. However, note
that the distance algorithm has wider applicability: It works by classifying the generators
of the ISG as unmasked, temporarily masked, and permanently masked, which makes no
reference to the actual errors in the system. Only the definition of distance itself uses
the assumption that the errors are at round 0; the classification of stabilizer generators
produced by the algorithm is still correct when errors can occur at any point.

One crucial reason for defining the distance of a dynamical code is that even though an
ISG can be treated just like a stabilizer code with all the syndromes given by a complete set
of stabilizer generators for the ISG, not all the syndromes can be obtained in a dynamical
code. Thus, the dynamical code may not be able to realize the full error correcting capacity
that is captured by the distance of the ISGs, so we cannot use the same notion of distance
for stabilizer codes to define the distance of a dynamical code. Therefore, it is important
to reexamine the concept of distance for that of a dynamical code.
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Another possible notion of distance for dynamical codes that one can think of is by
treating them as generalized subsystem codes in the sense that every neighboring pair
of ISGs can be seen as a subsystem code. We can find a set of stabilizer generators for
S; and Sj;1, such that there are pairs of anti-commuting stabilizers s, € S;, sg € Siy1
satisfying {ss,sg} = 0 while all other pairs commute. Then these pairs give the gauge
qubits. The outcomes from measuring these gauges are random, so a better formulation
will be to treat the code as a subsystem code. Thus, a better upper bound for the distance
of a dynamical code is given by the minimum of dsupsystem formed by each subsystem code
from two neighboring rounds of ISG.

In this work, we found an even tighter notion of distance for dynamical code using
the fact that the code is defined to have error correction properties given by its sequence
of measurements. This upper bound for distance is tighter and is given for a particular
round by the syndrome information that can be obtained through measurements from
subsequent rounds. Taking the minimum across all rounds gives a tighter upper bound for
the dynamical code’s distance.

To this end, we introduce the notion of unmasked distance of the code, where we
allow for the possibility that some of the syndromes cannot be obtained. The stabilizers
corresponding to the unknown syndromes are called masked stabilizers.

We present an algorithm for finding the masked stabilizers and calculating the un-
masked distance for round 0. Since distance finding is naturally a NP hard problem, it
remains so for dynamical codes, unless a more tailored algorithm can be found for a more
specific family of codes. The part of the algorithm that determines the masked and un-
masked stabilizers is classically efficient.

To summarize, the various notions of distances for dynamical code are defined below.

e Distance digg is given by the minimum of the distances of all ISGs.

e Distance dgupbsystem 15 given by the minimum of the distances of all subsystem codes
formed by neighboring ISGs.

e Distance d, is given by the minimum of the unmasked distances of all ISGs.

Note that the actual distance of the code is upper bounded by d,, with dy < dsubsystem <
d1sG-

Example 11. In the Bacon Shor code [31], the bare logical operators are single column or
row of Pauli X or Z, but the dressed logical can be up to products with any gauges. The
minimum weight of both dressed and bare logical operators are the same, so dgubsystem =

disG-

Example 12. Another example is the subsystem surface codes with three-qubit check
operators in [32]. In this case, dsubsystem < disg. If the gauges are fixed in the x basis, then

the distance for a [[3L2,2, L]] code is given by L for X logical and 2L for Z logical, but for
dsubsystem, the minimum weight of dressed logical is L for both X and Z logical operators.

Example 13. In the Hastings and Haah’s honeycomb code [1], the weight 2 checks are
the masked stabilizers for each ISG. Both inner and outer logical operators have the same
weight as dressed logicals in a subsystem code for neighboring rounds of an ISG or as bare
logicals in an ISG. Thus, the code satisfies dgupsystem < disG-
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Figure 2: The figure illustrates an example of a code with 7 stabilizers, out of which 4 are unmasked
stabilizers (pink online) and 3 are masked stabilizers. The destabilizers are chosen to anti-commute with
their respective masked stabilizers. The entire set (blue online) forms the generators of a gauge group
G. The distance of this subsystem code is given by dsybsystem = min wt {N(U)\G}.

4.2 Masking and Unmasked Distance of a Dynamical Code

Given a sequence of measurements for a stabilizer group (S), we can classify the generators
in S as one of the following three types by how accessible their syndrome information is
using this sequence.

Definition 14. An unmasked stabilizer is a stabilizer whose outcome can be obtained
through measurements in the sequence.

Definition 15. A temporarily masked stabilizer is a stabilizer whose syndrome cannot be
obtained given the sequence of measurements. However, the syndrome information has not
been irreversibly lost and can potentially be extracted by creating new measurements.

Definition 16. A permanently masked stabilizer is a stabilizer whose outcome can never
be obtained through the sequence of measurements or even by adding new rounds of
measurements.

In this paper, we let U denote the set of unmasked stabilizers, T' denote the set of
temporarily masked stabilizers, P denote the set of permanently masked stabilizers and S
the set of all stabilizer generators for a particular ISG in the measurement sequence.

Remark 17. Note that u-p € P foranyu €e Uyjp € Pand u-t € T for any u € U,t € T.
p-te Pforanype PandteT.

Remark 18. One can extend the definition of T" to that of a group: Define T =(TU. Then,
T consists of tkle group of unmasked and temporarily masked stabilizers. We have U C T
and P = (S)\T.

We now show that the distance of a masked stabilizer code is given by that of a sub-
system code with gauge group G that is in part determined by the measurement sequence.
Let W be the set of errors that are correctable. Errors E, F' € W have to satisfy either
E'F € S or that they give distinct unmasked syndromes, ETF ¢ N(U), in order for
W to be correctable, where U is the set of unmasked stabilizer generators defined earlier
and NV(U) is the normalizer of (U). Thus, any pair of errors FE and F in W satisfies the
following condition:

E'F € (P, —N(U))U(S)/C (6)
The distance given Eq. (6) is then defined as according to [23]:

d, = min wt IN(U)\(S)) (7)

Accepted in { Yuantum 2025-10-06, click title to verify. Published under CC-BY 4.0. 11



However, there are cases where even though two errors differ on the syndrome for
masked generators, they do not affect our measurements of logical states. Let’s assume
ETF € N(U)\N(S), so E and F have the same unmasked syndrome but different masked
syndromes. If L and L’ are two representatives for the same logical qubit, then measuring
either is normally a valid way of measuring the logical value. Now, if [ETF, L] = 0, then it
does not matter whether we have an error F or an error F'; in either case, we will get the
same eigenvalue for L when we measure it. On the other hand, if {ETF, L'} = 0, then the
error E followed by measuring L’ will give us a different result than the error F' followed
by measuring L’. In other words, we can pick a coset of logical representatives for which
[ETF , L] = 0 and this will allow us to correctly deduce the logical outcomes despite a larger
set of errors that now consists of indistinguishable errors like £ and F'.

If there are | masked stabilizer generators, then we have 2! different ways of choosing
cosets of logical representatives for a given logical operator. Each choice is equivalent to
picking a unique set of destabilizers for the masked stabilizers. The set of destabilizers, the
masked stabilizers and the unmasked stabilizers together form the generators of the gauge
group G (See Fig 2). The logical operators L are chosen to commute with all elements of

g.

Definition 19. The set of allowable errors V' for a stabilizer group with masking satisfies
the following condition:

E'F € [(Po— N(U)U(S)]-G (8)

with E, F € V, and the gauge group G defined by the unmasked stabilizers, the masked
stabilizers and their destabilizers.

This set includes errors that can give non-trivial syndromes on the masked stabilizers
too, but they are correctable as they do not give a logical error for our choice of logical
representatives.

Definition 20. The distance is defined as the minimum weight of ETF that does not
satisfy Eq. (8), which is the complement of the set [(P, — N(U)) U (S)]-G. This is exactly
given by

dy, = min wt {N(U)\G} (9)

This is also the distance of the minimum weight of the dressed logical operators, by
treating the masked stabilizers and their destabilizers as gauge qubits. dy, is the same as
the distance for subsystem code defined on G. Interpreted this way, L is by definition the
bare logical operators.

With the fixed choices of destabilizers, we have completely determined the set of bare
logical operators, up to U. We see that there are 3 equivalent notions here: Choosing a
gauge group G is the same as fixing the set of destabilizers which is also equivalent to choos-
ing the bare logical representatives. We can see that doing so allows us to correct for more
errors, since it also allows for errors that are destabilizers of the masked stabilizers, because
these errors satisfy the condition that [ETF , L] = 0, for all bare logical representatives Ls
of the new gauge group.

Lemma 21. If the stabilizer syndrome is that of a permanently masked stabilizer, then
the choice of destabilizer has been fixed by the measurement sequence.

Proof. Suppose we have 2 rounds of ISGs given by {S1,S2}. In the first round, the logical
operators are L, and L, and one of the stabilizers is labelled s;. In the second round,
so is measured and ss anti-commutes with only s;. This means that s; is a permanently
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masked stabilizer, and the code forms the usual subsystem code, with G = (S1) U {s2},
that we are familiar with. The bare logical operators are those that commute with both s
and s; and belong to N(G)\G. The gauge qubit formed here is the one represented by sq
and sz and the Hilbert space can be decomposed as Hgauge @ Hiogical-

For a code with more than two rounds, the above scenario is true in any neighboring
rounds of ISGs. The anti-commuting pairs of stabilizers from neighboring rounds of ISGs
define the gauge qubits. We can treat them as logical qubits that we did not use to
encode logical information and define bare logical operators that commute with the logical
operators for the gauge qubits. Since the stabilizer update rules uniquely determine how
the logical operators evolve with measurements, we can work backwards to retrieve the
bare logical operators for each round, till we reach the ISG in round 0 of the dynamical
code. An algorithm that does this is algorithm 3 given in Subsection 5.3.

O

On the other hand, if it is a temporarily masked stabilizer, we can optimize the un-
masked distance over all possible choices of the destabilizers for this stabilizer.

This protocol gives us the most optimal choice of destabilizers, which together with S,
defines a gauge group G. From here, we can obtain the unmasked distance of a dynamical
code. We summarize our discussion below as a key definition for the unmasked distance
of an ISG given a particular sequence of measurements.

Definition 22. For a masked stabilizer code with [ masked stabilizers, its distance is given
by:

dy = min wt{NV(U)\G} (10)

Here G depends partly on the freedom in the choice of destabilizers for the temporarily

masked stabilizers and partly on the measurement sequence which fixes the destabilizers
for the permanently masked stabilizers.

We conclude this subsection with an example to illustrate d, by considering a stabilizer
code with masking.

Example 23. As a simple illustration, the Shor code is a [[9,1,3]] code with logical
operators given below.

2L = T1X273

T, — RZR174%7
And the following 8 stabilizers:

2122, 2223, 2425, 2526, X728, 2829

T1X2XIXAL5L6, L4L5LELTLILY

If we mask the stabilizer generator z;zs, then the error x; and the trivial error are now
indistinguishable. We can define the unmasked distance as a subsystem code with an extra
gauge operator x1. This choice of gauge fixes the bare logical x and z of the code to be
r1xox3 and z9z4z7. Thus, the unmasked distance is 2, as the smallest non-trivial dressed
logical is xox3. Suppose we choose a different gauge xsx3; then the bare logical operators
change to z1xox3 and z12427. The unmasked distance becomes 1.
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Figure 3: The figure illustrates the first three rounds of a sequence of measurements. S; is the set of
stabilizer generators of the ISG in the i" round and L; is the updated logical operator from a given
logical representative Lg in the 0'" round.

4.3 Logical Operators of a Dynamical Code

To recover the encoded logical information in a dynamical code, we need to take into
account both the errors and the measurement outcomes.

In the absence of Pauli errors, the logical outcome can be obtained by the logical update
rules. Here, we generalize the computation of logical outcome to include Pauli errors in
all rounds of a dynamical code. It can be shown that the logical outcome depends on the
temporal order of measurements and errors. This suggests that in general protecting the
encoded state can be more challenging for a dynamical code than a stabilizer code. The
scenario that we are interested in where errors only occur in the first ISG of the dynamical
code for the setup described in Section 5 is included as a special case.

Theorem 24. Suppose we initialize a dynamical code that consists of I rounds of measure-
ments in an eigenstate of Ly, which is fixed as our choice of logical representative for the
0t ISG, with the notations illustrated in Figure 3. Each round of measurements consists
of commuting Pauli operators which form the set M; for the i*® round. Let Ej, be the net
error from the time after the k** round of measurements till the final round of the code.
Then, Ej is the net error since initialization till the ﬁnal round of the code. The Pauli
operators Ly and L; are related by L; = Lg - sg - H 1 m; up to £1 sign difference. m; is
an element of (M;) and O(m;) is the outcome of m; which can be obtained through the
outcomes of elements in M;. sq is an element of (Sp) which is the stabilizer group for round
0 of the dynamical code and O(sg) is the outcome of syp. A ® B is the binary symplectic
product of A with B as defined in Subsection 3.3.
The outcome of the logical L; is given by the following equation.

O(Li) = O(Ly) - (1)@ . (HO m; > s0) - (~1)Po0%0 . (~1) Xy e (11)

The case where errors only occurred in round 0 follows as a special case.

Corollary 25. The outcome of the logical if errors only occurred in round 0 of the code is
given by:

O(Li) = O(Lo) - (=1)"F - (HO m; ) s0) - (=1)Fe, (12)
where F is the Pauli error that occurred in round 0 of the dynamical code.

Proof of Theorem 2/. The outcome of a logical representative changes in two ways. First,
because of measurements, the Pauli operator for the logical representative is updated by
some stabilizers in the current ISG. Secondly, after the measurements, some errors can
happen on the physical qubits and this can change the logical outcome. We explicitly
explain how both steps can change the logical outcome.
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During the i round of measurements, the logical representative is updated according
to the logical update rules in Lemma 4. In the case where we make a measurement that
anti-commutes with both the logical representative and a stabilizer generator s in the
current ISG, the logical is updated from L — L - s then the outcome of the new logical is
now given by O(L) - O(s). s is a stabilizer in the current round, and it can be expressed as
a product of stabilizers from the 0" ISG and measurements prior to the i** round. The
outcome O(s) is the outcome of the stabilizer s if it is measured at the current time step,
which can be different from the initial measurement outcomes because of errors that could
have occurred in between.

After the round of measurements, some errors could have occurred on the code. If the
errors anti-commute with the updated logical representative, then the outcome for the
logical operator will acquire a sign flip from the errors.

By applying these updates for all [ rounds of the dynamical code, the outcome for the
logical operator in the last round can be summarized in a single equation as follows:

-1 l
O(Ly) = O(Lo) - (~=1)"*FL TT OCsi) lisr [T (=1)" "L, (13)
=0 =1

where s; € (S;) is a stabilizer element from *" ISG that is multiplied to the logical
operator through (i 4+ 1) round of measurements, and O(s;) ;11 is the outcome of s;
immediately prior to the (i 4+ 1) round of measurements. L; is the logical operator from
the i*h ISG and E |; is the error that occurred in the i*" ISG.

From here, we note that s; € (S;) and s; is a stabilizer element that has been updated
by the stabilizer update rules, that is s; is the product of some elements sy € (Sp) and
measurements from the previous rounds. Thus, we can reexpress each s; as s; = sg ~H§»:1 m;
for some sg € (Sp) and some m; € (M;). Note that m; need not be an actual measurement,
but it is in the group generated by the measurements from the j* round of measurements.
After replacing the stabilizers in Eq. (13) with this, we can rearrange the elements to
obtain Eq.(11).

]

We give an example to illustrate that we only need to keep track of the commutation
relation between a measurement made at time ¢ and the errors that happened after time
t.

Example 26. We can construct an example where an error e commutes with a logical
operator L; in an earlier round but only anti-commutes with the updated logical operator,
L1 - s9, in a later round. Because the measurement so enters the stabilizer group at a later
round than when the error occurred, in this case, the logical outcome is unaffected by
the error that has occurred on the code. This can be counter-intuitive since the error e
anti-commutes with the updated logical.

Suppose in round 1, we have a logical operator L1, stabilizer s; in S and error e that
occurred before round 1. Let e 1)) be the stabilizer state in round 1 after e occurs. In
round 2, the logical operator remains as L1, s2 is a new stabilizer that anti-commutes with
e but commutes with s; and in round 3, we measure s3 that anti-commutes with both Ly
and so so that the new logical in rounds 3 is now updated to L; - s and we have s3 in the
stabilizer group. This is illustrated in the table below:
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ISG Stabilizers Logical Events
1 1, Iy

Measurement: Measure sz, {e,s2} =0

2 ‘ 51,82, " ‘ Ll ‘
Measurement: Measure s3, {s3,s2} =0,{s3,L1} =0
3 B

Assuming [L1,e] = 0, even though L; - sy anti-commutes with e, the correct outcome
of the logical operator is just given by = O(L;) - O(s2), independent of the error e that
happened earlier in the measurement schedule.

(L1 s2) (L s3) (1 s2)ely)
(L£s3) (L1 - s2) (1£s2)eih)
=(1+s3)(£1) (1 £52) L1 -e|t))
=0(s2) - O(L1) (1 £s3) (1 £s2)ely) (assuming [L1,e] = 0)

—~

In the equation above, we omitted the normalization factor, and projected the encoded
state onto the eigenspace of so and sz, with the 4 signs dependent on the outcomes of so
and ss, i.e. if O(s2) = 1, then the projector is (1 + s2).

This shows that the logical outcome depends on the order of occurrence between the
measurements and the errors. The key point is that when an error anti-commutes with a
measurement but the error occurred first, the outcome of the measurement is unaffected
by the error. Thus the logical outcome in round 3 is only given by O(L) - O(s2), even
though so anti-commutes with e.

Example 27. On the other hand, if the error e occurred in round 2, after measuring so,
we see a change in the logical outcome. Here, we again assume that [L1,e] =0

ISG Stabilizers Logical Events

1 S1,- - Ly

Measurement: Measure sa, {e,s2} =0

2 ‘51,82,"' ‘Ll

Measurement: Measure s3, {s3,s2} =0,{s3, L1} =0
3 ‘51,83,"' ‘Ll‘SQ

(L1 . Sg) (1 + 83) e (1 + 82) |¢>
=(1+s3)e(=1)(L1-s2) (1 £ s2) [¢¥))

)e(—=1)(L
= (1 + 83) 6(—1)(i1) (1 + 82) L1 ‘Ip)
=—1-0(s2)-O(L1) (1 £s3)e(1£s2)|tY) (assuming [Lq,e] = 0)

We also use Floquet code as an example to show how a logical representative’s outcome
is obtained.

Example 28 (Hastings and Haah honeycomb code). For a logical representative of an
outer logical operator in the honeycomb code, the logical operator is updated by some
weight 2 checks in each measurement round. The logical outcome in the (i + 1) round
is given by the product of the outcome of the logical operator in the i round and the
outcomes of the weight 2 checks in the i*® round that are multiplied to the logical operator.
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Further, if the errors that occurred after the (i 4 1) round of measurements anti-commute
with the new logical representative, then the outcome of the logical representative will flip
sign.

In general, we must keep track of the space-time positions of errors to recover the logical
information.
Specifically, we need information of the following:

1. Whether errors that occurred in round ¢ commute with the logical operators in round
i.

2. The outcomes of stabilizers immediately prior to being multiplied to the logical op-
erators.

4.4  Syndromes through Measurements in a Dynamical Code

Subsection 4.3 shows the importance of deducing the time that errors occur, in order to
correctly compute the logical outcome. In this subsection, we show that the temporal
positions of errors also affect the syndromes of the errors.

In a static stabilizer code, the syndrome for an error only depends on the commutation
relations between the stabilizers and the errors. In a dynamical code, if we allow for errors
to occur in all rounds of the dynamical code, the syndromes for an error also depend on
the temporal position of the error.

Theorem 29. Let s € Sy be a stabilizer whose outcome is obtained through subsequent

rounds of measurements, s = H{Zl m; where m; € (M;) and (M;) is the group generated

by the measurements m; in the i*" round of measurements. Let F = H{:O e; be the error

that occurred on a dynamical code, where e; is the error that occurred in the i** ISG.
The syndrome of F for s is (—1)%, with a given by:

f f
60®Hmi—|—61@Hmi—k---—l—ef_l@mf mod 2 (14)
=1 1=2
f
= H ej © H m; mod 2 (15)
J i=j+1

Proof. Consider the error e; in round i of the ISG. The syndrome for e; is obtained by the
outcome of s. We assume that {e;, s} = 0. If e; occurs before s is measured, it has no
effect on the outcome of s. If e; occurs somewhere in the middle of these measurements m;,
then the outcome of s changes sign only if e; commutes with an even number of m;’s, for

1 < j <1, that are measured before e; occurs, that is if e; anti-commutes with Hj-c:i 1My
O

As the decoding problem is much harder for the situation where errors occur in all
rounds of the dynamical code and can depend on the details of the dynamical code, we
consider only the simpler scenario with errors happening only in round 0 of the dynamical
code, so that the outcomes for stabilizers in round 0 correspond only to syndromes of errors
in round 0. From here, we can obtain an upper bound in the distance of the code.
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5 The Distance Algorithm

We consider a dynamical code Q@ with [ rounds of measurements. The ISGs are denoted by
S0, 51, -+, .5 starting with the ISG Sy in round 0. The sets of commuting measurements
in each round are denoted by My, My, - - -, where M; is the set of measurements made after
the (i — 1) ISG.

The [ rounds of measurements can also be interpreted as the window of measurements
for obtaining the syndrome information to decode for errors in round 0. We assume that
some errors occurred in round 0 and no more errors happen in the later rounds of measure-
ments and we only use [ rounds of measurements as our measurement window for learning
the syndrome bits in round 0. To gain a better understanding of the distance of the ISG
in round 0, we need to know for each syndrome bit in round 0, which of the following 3
cases does it fall under given only the first [ rounds of measurements:

1. The syndrome bit can be learnt using the given measurement sequence. Stabilizers
for these syndrome bits are unmasked and we denote this set by U.

2. The syndrome bit will be erased and never learnt given the measurement sequence.
Stabilizers for these are permanently masked, and this set is denoted by P.

3. The syndrome bit will not be erased but we cannot learn it in the ! measurement
rounds. Stabilizers for these are temporarily masked and can potentially be unmasked
if we increase the measurement window with more measurement rounds and this set
is denoted by T'.

To understand why this classification may be difficult, we give some intuition in Sub-
section 5.1 through examples that illustrate that whether a syndrome is unmasked or not
can depend on both the scheduling and the choice of the Pauli measurements. This moti-
vates the need for an efficient classical algorithm that can exhaustively search for all the
unmasked, permanently masked and temporarily masked stabilizer generators, and the
outcomes for the unmasked stabilizers, so that one can determine the upper bound for the
distance of a dynamical code. We present this algorithm in Subsection 5.3. Some examples
are given in Subsection 5.4 and the proof is provided in Subsection 5.5.

5.1 The Intuition

Measurement order is crucial in deciding if a stabilizer is unmasked or not. Here we use
an ordered set so that the measurements are made in the order they appeared in the set.
For example, {x1x9, 324} means measuring z 2 first followed by z3z4.

Example 30. We consider a high weight stabilizer s = z1z2z324752¢, whose outcome is
obtained using the following measurements {x1x9, 324, T5x6} in the order they appear.
However, suppose we insert a non-commuting Pauli in between: {zix2, 29023, x324, T576}.
The second measurement anti-commutes with the first measurement but commutes with
the stabilizer. In this case, we cannot obtain the outcome for the stabilizer.

There are also scenarios where new measurements anti-commute with some of the
previous measurements, yet the outcome from the previous measurements can still be used
to obtain the outcome of the stabilizer.

Example 31. Suppose the order of measurements is given by {z1z2, x324, 2223, T5x6}. It
turns out that in this case the stabilizer outcome can be obtained.
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One can also construct examples where the stabilizer s = x1x2x3242526 is no longer in
the current ISG but its outcome can still be obtained at a later round.

Example 32. We consider {z5z¢, 2627, 122, 324} as a measurement sequence. In this
case even though zgz7 anti-commutes with both the stabilizer and x5xg, the outcome for
the stabilizer 12923242526 can be obtained.

Thus, we see interesting situations where even though the original stabilizers are no
longer present in the code, we can still perform some measurements to obtain the outcome
of the original stabilizers.

In addition, it is also possible to invent scenarios where two stabilizers end up looking
"the same", but we can still obtain the outcomes for each of them.

Example 33. Consider a 4 qubit example with S; = {sgl) = T1T923, 3%2) = 2314, s =
x4, 554) = z1x2}. Suppose we measure mg = x3z4 and my4 = z1x3. Then, we will obtain the
following: So = {sgl) = 8&1)853) = 1'1.%'223334,852) = 8&2)854) = x1x223$4,3§3) = X324, sgl) =
2‘1:1,‘3}.

What is interesting here is that even though we ended up with the two stabilizers
evolving to look exactly the same, it is still possible to use future measurements, such as
T1T223274 to obtain the outcomes for both stabilizers sgl) and ng).

In the above examples, it may seem somewhat obvious after some computation, but
when presented with a series of measurements, it can be hard to tell what are all the

generators that have known outcomes from a series of different measurements.

5.2 Qutline and Notation

C, M, c, M, C,
e e

Figure 4: An illustration of the first three rounds of a sequence of measurements that result in the
updated sets of stabilizer generators. The union of C; and V; gives an overcomplete set of generators for
(S;) which is the ISG at round i or after the i*" round of measurements. M; is the set of measurements
made in the i*" round of measurements.

The goal is to find the unmasked distance of an ISG in a dynamical code given a time
window of | measurement rounds to extract its syndrome information. Without loss of
generality, we set this to be the 0" ISG, denoted as S.

To find the unmasked and masked stabilizers from (Sp), we construct two sets C' and
V. C will keep track of the evolution of the stabilizer generators from Sy and V' will keep
track of the measurements from the measurement sequence. Both sets will be updated by
the measurements in the sequence. C; refers to the set after the i round of measurements.
We start with Cy = Sy, the initial set of stabilizer generators that are linearly independent
at round 0. V is initialized as the empty set at round 0. V; refers to the set V' at the time
after the i*® round of measurements. The union of C; and V; gives an overcomplete set of
generators for the ISG S; at round 4 or after the i*® round of measurements (See Figure 4).
We use C' and V' when we are referring to the sets at the current time-step if the subscript
is not specified. For example, at the time step right before the i round of measurements
C = Cj_1, V = V;_1. The details of how both sets are updated along with the outcomes
of their elements will be provided in the algorithm.
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Elements in C' and U have stabilizer generators from (Sp) associated with them. For
example, if s € C has sg associated with it, then s - sy is a product of measurements and
has a known outcome denoted by O(s - s¢).

Each element m in V' has a known outcome denoted by O(m). In general, elements
in V can be found in (Ul_; M;) and are not necessarily the product of measurements from
any particular round.

It is also important to note that for simplicity, the elements in C' and V' are unsigned
Pauli operators. The signs are taken care of in the outcomes of the measurements: If a
measurement has a negative sign, the measurement is tracked with a positive sign with the
sign of its outcome flipped.

U and P are initialized as empty sets to record down the relevant elements from the
algorithm. The key ingredient is that we can find all the unmasked stabilizers from (Sy)
through finding the generators of (C) N (V) which are added to U and then used to
compute the unmasked stabilizers which form the set U. During the updates from the
measurements in the sequence, a stabilizer can become permanently masked and is added
to the set P. This is then used to compute the set of permanently masked stabilizers P and
their destabilizers K. By the end of the sequence, U, P and K are the output sets which
give a complete set of unmasked stabilizers with their syndromes, permanently masked
stabilizers and their destabilizers respectively. We also obtained the set of temporarily
masked stabilizers T" from Cj. (UUT UP) = (Sp) and UUT U P is a complete and linearly
independent set of stabilizers for the 0" ISG.

With this notation in hand, we describe the distance algorithm, by which the classifi-
cation of stabilizers can be performed in O(n3) time. The Zassenhaus algorithm suggested
below requires O(n?) time, whereas the rest of the algorithm requires O(n?) time.

5.3 The Distance Algorithm

Input: A measurement sequence Mi, Mo, --- , M; on the n qubit code with initial ISG Sy
which defines the dynamical code Q.

Output: The set of permanently masked stabilizer generators P and the set of destabilizers
K, the set of unmasked stabilizer generators and their syndromes U, the set of temporarily
masked stabilizer generators 1" and the unmasked distance d,, of the 0th ISG of Q.

1. Initialize C = Sy and also initialize U, P and V as empty sets.

2. For all rounds of measurements : = 1,2,--- ,1, do the following:

(a) For all measurements m in round i, we update the sets C' and V according
to one of the 4 cases, depending on the commutation relations of m with the
elements in C' and V.

Case 1: [e,m] =[v,m] =0,YVe e C,Yv e V
Update rule: Add m to V' if m ¢ (V) and record down O(m).
Case 2: {¢,m} = [v,m] =0, for some ¢ € C and Yv € V

Update rule: Add m to V and record O(m). Remove an element ¢; in
C where c; anti-commutes with m. Then, for all 7 such that elements
¢; € C anti-commute with m, do the following update ¢; — ¢; - ¢;.

For each update of the form ¢; — ¢; - ¢j: If ¢; has the stabilizer
generator s; € (Sp) associated with it and ¢; has the generator s; €
(So) associated with it, then ¢; - ¢; has the generator s; - s; associated
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with it. Further, the outcome of ¢; - ¢; - s; - 5 is recorded down as a
product of O(¢; - s;) and O(c; - s).
For the element ¢; which is removed, denoting its associated stabilizer
by s;, add ¢; to P.

Case 3: [¢,m] = {v,m} =0,Vec € C and for some v € V
Update rule: Update V according to the stabilizer update rules and
record the outcomes for the updated elements in V. Explicitly, add
m to V and record O(m) for m. Remove an element m; in V' where
m; anti-commutes with m. Then, for all ¢ such that the elements
m; € V anti-commute with m, do the update: m; — m; - m;.
For each updated element of the form m; — m; - m;: m; - m; has the
outcome O(m;) - O(m;).

Case 4: {¢,m} = {v,m} = 0 for some ¢ € C' and for some v € V

Update rule: Add m to V and record down O(m) for m. Remove
an element m; in V' where m; anti-commutes with m. Then, for
all elements m; € V that anti-commute with m, do the following
update: m; — m; - m; with O(m;) - O(m;) as its outcome. For all
elements ¢; € C that anti-commute with m, do the following update:
¢i — ¢;-myj. If s; € (Sp) is the stabilizer associated with ¢;, then
the stabilizer associated with ¢; - m; is s;. If the operator and its
outcome for ¢; - s; is given by m, O(m) respectively, then for ¢; - m;,
the operator m - m; has an outcome given by O(m) - O(m;).

3. Calculate the generators for (C) N (V) = U (A suggested algorithm for this is the
Zassenhaus algorithm in Subsection 5.3.1.). If an element in C' is updated to an iden-
tity, it will be added to U too. If C has redundant generators, then each redundant
generator gives an identity that will be added to U: Suppose ¢; € C is redundant
and c¢; =[], ca. Then, ¢; - [], ca = I is recorded into U.

4. Compute the unmasked stabilizers with their syndromes for the elements of U and
add them to U, using algorithm 2.

5. Compute the permanently masked stabilizers and their destabilizers in the 0" ISG
using algorithm 3. The permanently masked stabilizers in the 0% ISG form the
ordered set P, and their corresponding destabilizers form the ordered set K, such
that the j* element in K is the destabilizer for the j* element in P.

6. Compute the set of temporarily masked stabilizers T" using algorithm 4.

7. Compute the unmasked distance d,, of the 0'" ISG of Q given by Definition 22.

Remark 34. Elements in C' can look the same but may not be identical, as they may
have different stabilizer generators associated with them. Thus, they cannot be treated as

the same elements, but must be separately updated. For example, given an initial set of

stabilizer generators consisting of s(()i) and s(()j ), where the subscripts indicate that they are

generators in the 0" round, we can perform some rounds of measurements. Following the
steps in the algorithm, we may end up with 3,(;) = s,(gj ) after the k% round of measurements,
with sg) updated to s,(;) and séj ) updated to s,gj ), s,(j) has an associated stabilizer sg) but s,(fj )
((Jj ), and the known measurement outcomes given by O(sg) 's,(:))
,(Cj) = s,(ci), then we

has an associated stabilizer s

for sg) and O(s((]j ). s,(cj )) for sl(fj ) are clearly different. If we measure p = s
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can separately obtain the syndromes for both sgi) and S(Oj ), given by O(p) - O( éi) . s,(j)) and

O(p) - O(sgj ). gl )) respectively. In this case, despite looking alike, the original stabilizers
associated with them are different, so they are tracked in C as different stabilizer generators

with separate labels. Only for Case 2 do we see the number of elements in C' decreases by
1.

Remark 35. In our update of the measurements and their outcomes for the elements of
V and C, we can choose to not compute the products, but keep a running list of the
measurements and their outcomes. This can be useful if we want to record information of
the constituent measurements that give the syndrome information of the stabilizers in (Sp).

Remark 36 (Temporarily masked stabilizers). A temporarily masked stabilizer in T' can
potentially be unmasked or permanently masked by increasing the measurement window.

Remark 37 (Comparison with outcome code [24]). The syndrome information obtained
through the distance algorithm corresponds to the outcome code but limited to one round of
ISG. Applying the distance algorithm to all ISGs gives the syndromes for all the unmasked
stabilizers and this is exactly the outcome code. Here, we have provided a concrete
algorithm to obtain the syndromes of the unmasked stabilizers for each ISG.

However, the main difference is that the distance algorithm distinguishes between the
temporarily masked and the permanently masked stabilizers in an ISG. This is not present
in the outcome code. Based on the type of masking, we can obtain the destabilizers for
the masked stabilizers of each ISG, which allow us to determine a tighter upper bound in
the distance of the dynamical code given by the unmasked distance.

5.3.1 Unmasked Stabilizers and their Syndromes
Algorithm 1. Zassenhaus algorithm.
Input: C,V.
Output: Generators of (C) N (V)
Let V be a basis set for (V).

V:{Ula”' 7Um}
C:{clu'” ,Ck}

Using the map F' defined in Eq. (2), the elements ¢;, v; are expressed as 2n dimensional
vectors F'(v;) = [as, bi], F(c;) = [ds, e;].
The following block matrix of size ((m + k) x 4n) is created:
al b1 al b1

am by am by

d1 €1 0 0

dk (&% 0 0

Using elementary row operations, this matrix is transformed to the row echelon form:
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ap B e e
0y /Bq o o
0 0 e fi
R (17)
0 0 ¢ f
0O 0 0 O
0O 0 0 O

Here, [ay, 5;] is a non-zero 2n-dimensional vector and e stands for an arbitrary n-
dimensional vector.

The generators of (C) N (V) are given by the set {F~([e;, fi])},1 < i < j and the
identities from the 0 vector rows of Eq. (17), as each 0 vector corresponds to a different
associated stabilizer generator.

Algom'thn} 2. Unmasked stabilizers.
Input: U.
Output: U

1. For all elements u;, j =1,2,---, in U, do the following:

(a) Let s; be the stabilizer generator in (Sp) associated with u;. Add s; to U if
sj & (U).

(b) Let the outcome of u; be O(u;). Since u; € (V), O(u;) can be computed using
products of outcomes of measurements in V. The outcome for u; - s; is also
known since this is a product of measurements with known outcomes. The
syndrome information for s; is given by:

O(sj) = O(uj)-O(u; - 55) (18)
Associate this syndrome information with s; € U

2. Return the updated set U.

5.3.2 Permanently Masked Stabilizers and their Destabilizers

We show how to find the destabilizers corresponding to the elements in P in the 0" ISG.

Recall that to update a logical operator from the i*" ISG to the (i + 1) ISG, we
multiple a representative of the logical operator with elements in (S;) so that the new
representative commutes with both (S;) and (S;;1). This follows from the logical update
rules in Lemma 4. To reverse this process, i.e. obtain the logical operator of the i ISG
from a representative of the logical operator in the (i + 1)* ISG, we simply multiply to it
elements in (S;1) so that the new representative commutes with both ISGs.

Given an element p € P and its destabilizer x that we found through one of the rounds
of measurements, we can treat this pair as logical representatives for a gauge qubit. Then,
we can apply the reverse logical update rules to obtain the logical representatives for this
gauge qubit in Sy. The details for this are provided as an algorithm below.
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Algorithm 3. Permanently masked stabilizer and its destabilizer.

Input: The measurement sequence My, Ms,--- , M; on the n qubit code Q with initial
ISG Sy and the set P.

Output: P, K

1.

2.

6.

Define a new set Ry = S;, where S; is the set of stabilizer generators for the I*" ISG.
For all rounds of measurements j = 1,2,--- ,1, do the following:

(a) Initialize 7_j1; as an empty set.

(b) For all elements that are removed in step 2 of the distance algorithm using the
measurements in M;, add them to r;_; ;.

. Define the dynamical code Qs on the n qubit code initialized as Ry with the measure-

ment sequence given by ri, 79, -+ ,r;. R; denotes the i** ISG of Q,. Let R denote
the set of stabilizer generators at the current time step.

. Initialize L as an empty set to keep track of the gauge operators for Qs .

. For all rounds of measurements r; with j = 1,---,1, do the following:

(a) For all measurements m; in r; withi=1,---,¢:

i. If m; is an element in P, that is if m; is removed from (C) using the
measurements in M;_;;q, then update L and R using the logical update
rules in Lemma 4 and stabilizer update rules in Lemma 3 respectively.
Explicitly, remove an element s in R where s anti-commutes with m;. For
all elements p in L, R that anti-commute with m;, update p — p-s. (m;,s)
forms the logical operators for a gauge qubit and is added to L.

ii. If m; is not an element in P, then update the logical operators in L and
stabilizer generators in R according to the logical update rules in Lemma 4
and the stabilizer update rules in Lemma 3 respectively.

The permanently masked stabilizers and their destabilizers in the 0" ISG are given
by the pairs of operators in L, where the first element in each pair is added to P and
the second added to K.

5.3.3 Temporarily Masked Stabilizers

Algorithm 4. Temporarily masked stabilizers.
Input: C;,U.
Output: The set of temporarily masked stabilizer generators 7'.

1.

2.

3.

Initialize T as an empty set.
For all elements c¢;, in Cj, do the following:

(a) Let s; be the stabilizer generator in (Sp) associated with ¢;. If s; ¢ (U), add s;
to T

Return T'.

Accepted in { Yuantum 2025-10-06, click title to verify. Published under CC-BY 4.0. 24



5.4 Examples for the Distance Algorithm

Example 38 (Illustration using Example 32). Consider the stabilizer s = xjzox3r4T526
and the measurement sequence given by M = {56}, Mo = {2627} and M3 = {z1x9, x324}.
Then, applying the algorithm, we find the following:

Round C |4

0 T1T2T3T4T5X6

1 T1L2X3T4T5Lg T5Te

2 T1T2X3X4 2627

3 T1T2X3X4 Z6R7, X1L2, L34

(C)YN (VY = {x1x9w324}

Using algorithm 2, we can substitute into the equation O(s;) = O(u;) - O(u; - sj) with
O(uj) = O(z1222374) and O(u; - sj) = O(xs526). This gives the outcome for z1x2x3242576
which is an unmasked stabilizer for this measurement sequence.

R
1
2
G 6 B R

3

5

4
R G

Figure 5: An illustration of the three colorable honeycomb lattice. The plaquettes are labelled R for red,
B for blue and G for green. The vertices of the center blue plaquette are labelled from 1 to 6.

Example 39 (Illustration using a simplified honeycomb code). Consider a code built
on a honeycomb lattice illustrated in Figure 5. For the sole purpose of illustrating
how the distance algorithm works, we focus on the center blue plaquette. Suppose
the stabilizer A = 212923242526 € Sp, and the dynamical code consists of measurement
sequences M; = {z1x9, x3x4, 2526}, i.e. the lines connecting the red plaquettes, and
My = {y2y3,Yays5, Yey1}, i.e. the lines connecting the green plaquettes.

Then, using the algorithm, we obtain the following table.

Round C \%4

0 212223242526

1 212223242526 T1T9, T3T4, T5T6

2 2122%3%425%6 T1T2X3T4T5T6, Y23, Y45, Y6Y1

Calculating (C') N (V), we found the outcome for the blue plaquette in round 2 of the
code, with O(A) = O(z1x2x3242526) O (y2y3)O(yay5)O(ysy1). We conclude that the blue
plaquette is an unmasked stabilizer in the 0" ISG.

Example 40 (Hastings and Haah’s Honeycomb code [1]). Generalizing to this code from
the previous example, we can substitute Sy of the algorithm with that of any ISG post-
initialization. The algorithm shows that the plaquettes of this ISG are the unmasked
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stabilizers, whose outcomes are fully revealed within a window of four rounds. The weight
2 checks in this ISG are the permanently masked stabilizers, with destabilizers given by
the anti-commuting checks of the next round of measurements. To calculate the unmasked
distance, the gauge group is defined with these anti-commuting checks as destabilizers.

Example 41 (Dynamic automorphism codes [33]). Our algorithm can verify if a given
dynamic automorphism code defined by a sequence of automorphisms of color code has
good error correcting properties. This can be done by running the distance algorithm for
each ISG of the code. We can specify a time window for obtaining the syndrome information
and terminate the algorithm after a predefined number of rounds of measurements. The
unmasked distance is then determined based on the set of unmasked, temporarily and
permanently masked stabilizers.

In [33], the authors introduced padding sequences between two automorphisms. One
can observe that adding padding changes some of the temporarily masked stabilizers to un-
masked stabilizers. For example, in the padded ¢ g}, automorphism, padding converts some
temporarily masked stabilizers like Rgl), R§2) into unmasked stabilizers whose syndromes
can be obtained through measurements in the padded rounds.

5.5 Proof for the Distance Algorithm

In this subsection, we prove several components of the distance algorithm. We show that
it outputs a complete set of masked and unmasked stabilizer generators. We also show
several results that are important in the construction of the algorithm and its proof.

We first show that every stabilizer in U gives a syndrome for the stabilizers in (Sp).
Then, we show that for a given measurement protocol, the set of syndromes from Sy that
can be obtained using the distance algorithm is complete.

Theorem 42. Every element in U is an unmasked stabilizer in (Sp) with known syndrome.

Proof. Let u be an element in U and let its associated stabilizer be s,,. We prove that both
O(u) and O(u - s,,) are known. This shows that O(s,) has a known syndrome given by
O(u) - O(u - sy).

Since u € (V), O(u) is a known outcome obtained from the product of outcomes of
measurements in V. As u € (C), u has an associated stabilizer s, € (Sp). If u = sy, then
u - S, = I has known outcome +1.

To show that the outcome of u - s, is known, we first show that for any element ¢ € C'
with its associated stabilizer s., ¢ - s. always has a known outcome denoted by O(c - s.).
We prove this by induction.

Suppose the statement is true for all elements in C' before the k" measurements.

Then if we measure m as the (k + 1)*" measurement, an element ¢ € C' can be updated
using one of the four cases in Step 2 of the distance algorithm. In all 4 cases, the statement
remains true.

Case 1 and Case 3 do not update C, so the statement is trivially true in these 2 cases.

In Case 2, if ¢; has an associated stabilizer s., and O(cy - ¢, ) is known and co has an
associated stabilizer s., and O(cz - s¢,) is known by the induction hypothesis. Then, if
applying the update rule removes co and updates c¢; — c; - co, the associated stabilizer is
updated to s - s2, and the outcome O((c1 - ¢2) - (Se; - Sey)) 1s given by O(cq - s¢, ) - O(c2 - Sey)
which is known.

In Case 4, if an element ¢ in C', with an associated stabilizer s., is updated by the
measurement m € V such that ¢ — ¢ - m, then the associated stabilizer remains the same
as Sc. The outcome O((c-m) - s.) is given by O(c - s.) - O(m) which is known.
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Thus, we showed that for any element ¢ € C with an associated stabilizer s. € (Sp),
O(c- s.) is always known.

Since O(sy) = O(u - sy) - O(u), and O(u - s,) is a known outcome by the argument
above, any element in (C) N (V) gives an unmasked stabilizer generator s, € (Sy) along
with its syndrome O(sy,).

O

The following lemma is needed to show the next lemma.

Lemma 43. The group (C) N (V) is independent of the choice of stabilizer generators for
(C) and (V) up to some elements in (V).

Proof. We prove this by considering two choices of generators for C' and V', with the
elements in the two choices for C' differing by some elements in (V). This is necessary since
Case 4 of the distance algorithm will remove an arbitrary anti-commuting element from V/
and multiply it to some elements in C. We show that for both choices, we obtain the same
set of unmasked stabilizers. One property that we will make use of heavily here is that the
stabilizer update rules in Lemma 3 are basis independent.

Let Vi, V2 be two arbitrary bases for (V) such that (V1) = (Va) = (V). Let Cy,Co be
two sets for C. Elements in C can be expressed in terms of elements in (Cs) and some
generators {vy, -+ ,vx} C (V) and vice versa. Note that for C; and Cs, we must be careful
that there may be elements that have the same Pauli operator but different associated
stabilizers, thus we require that in our choices the groups formed by the associated stabilizers
of the elements in the two sets must be equal, that is for any element ¢; € (C4), Jea € (Ca)
with the same associated stabilizer generator as ¢; such that ¢; = co - v, with v € (V), and
vice versa.

Initially, both choices of generators are equivalent in finding the unmasked stabilizers.
Next, we show that this holds true after an arbitrary measurement m, by checking for
all 4 cases of the commutation relations on Cq, V7. We first check for Case 1 and Case 2.
Then, we check the update when it is Case 3 for both C4,V; and Cs, Va. Lastly, we check
the update when it is Case 3 for Cq, V4 and either Case 3 or 4 for Cy, Vo without loss of
generality.

If the update is according to Case 1 for Cq, Vi, it must also be updated by Case 1
for Cy, Va. m is added to Vj, so (V1) = (Va). It is clear that elements in (C) N (V) still
differ from (Co) N (Va) up to ({v1,---,vr}) and are equivalent in finding the unmasked
stabilizers.

If it is Case 2 for C1, V1, then it must be Case 2 for Co, V. We add {vy, -+ , v} to both
C1 and (s, so that they generate the same group, and update them using the stabilizer
update rules in Lemma 3, then the sets are updated to {vy,---,v;} U Cl U {m}, with
C; — CJ, i € {1,2}. The updated sets still generate the same group as the stabilizer
update rules are basis independent. Removing {v1, -, v} U {m} from both sets, it is
clear that elements in C/ are equivalent up to elements in ({vq,--- ,v;}). C/ are exactly
the updated C; where {v1,--- ,v;} has not been added to the sets. Since (V1) = (V2) and
{v1,--+ , v} € (V;) after the update, an element in (C4) still differs from (C3) by elements
in ({vy, -, v}).

Additionally, the associated stabilizer generators for the updated C; generate the same
group. If s is an associated stabilizer generator such that it is associated with ¢; € (C1)
and cg € (C2) and ¢; = ¢2 - v for some v € (V) before the update, then [v, m] = 0 implies
that either both ¢; and ¢y are in the updated groups (C]) and (C5) respectively or they
both anti-commute with m and are not in the respective updated groups, in which case s
is not in the group generated by the associated stabilizers for both C.
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Therefore, after the update, for an element ¢; in (C7) N (V1) that has an associated
stabilizer generator s, we can still find co € (Cy) with the same associated stabilizer s, and
since ¢; and cg differ by an element v € (V') before the update, we still have v € V' after
the update, so ca € (C2) N (V2) after the update.

If it is Case 3 for both C4,V; and Cy, Vo, the updates only change V. Since the update
for V is the same as the stabilizer update rules with V' as the set of stabilizers, this update is
independent of the choice of basis for V, so after the update, (V1) = (V2). For any element

c1 in (C1) with associated stabilizer generator s., ¢1 - v, € (C2) for some v, € (v, ,vg)
with the same associated stabilizer generator. Then this implies [m, v.,| = 0, otherwise, m
anti-commutes with some elements in either Cy or Cy. Therefore, {v1,- -+ , v} remains in

(Vi), so it follows that the statement remains true for Case 3.

If it is Case 4 for C, V7 and either Case 3 or 4 for C5, V5, by the same reasoning as in
Case 3, after the update by m, (V1) = (V). Suppose an element a € V] is removed and an
element b € V5 is removed. By the stabilizer update rules, some elements in C; are updated
with a and some in Cy are updated with b, so the group generated by the associated
stabilizer generators remains the same for both C;. The update works the same for
C1, Oy if we consider updating G1 = {a,b,v1, - , v} UCt and Go = {b,a,v1, - , v} UCy
as the stabilizer sets. Updating by the measurement m such that a is removed from
G and b is removed from Go, we have Gi — G| = {m,ab,v},v5, - v} U] and
Ga — G4 = {m,ab, 01,02, , U} U Cy, where v; € Gy is updated to v, and v; € Gy is
updated to ;.

First note that G1, G2 generate the same group, so after the update, (G}) = (G5).
Further, the updated C; is the same as CJ, as both are updated by the same elements

a or b. Since {b,a,v1,--- ,v5} C (V), after the update, both {m,ab,v},v5, -, v} and
{m,ab,v1,0a,- -, } are subsets of the updated (V).
If we remove {m,ab,v},v5, - ,v.} and {m,ab, 01,02, ,0;} from G| and G re-

spectively, then the elements in Cf differ from those in C% by some elements in {ab} U
{vi,v9, - v} U{01, 02, , 0} which is a subset of the updated (V). Therefore, every
element in the updated Cj can still be expressed as elements in the updated Cs and
elements in the updated (V'), and vice versa.

One can also show that if s is an associated stabilizer generator for ¢; € (C7) and
co € (C3) with ¢; = ¢o - v before the update then s is still in the associated stabilizer group
after the update and ¢} = ¢ - v/, with v’ in the updated (V'), where s is associated with
both ¢ € (C1), 5 € (C4). The proof is as follows:

Since the stabilizer update rules are basis independent, we have ¢; - a® € (C]) and
co - 0P € (CY), with «, 3 € {0,1} depending on the commutation relations. We consider 2
cases: [v,m] =0 and {v,m} = 0.

In the first case, ¢; and ¢y either both commute or anti-commute with m, so a = .

ci1 — ¢ =c-a”

o — Ch=rco-b"

-y =wv-(ab)* € (V), since v € (V) and ab € (V).

In the second case, we instead obtain a = 3+ 1(mod 2), but again ¢} -cj = v-a®-b*+! €
(V), since both v-b or v-a is in (V) and ab € (V).

In all 4 Cases, we show that (C1)(Vi) = (Ca)(Va) = (C)(V) and (Vi) = (Vo) = (V)
after the update and we show that (C1) N (V1) gives the same set of unmasked stabilizers as
(C2) N (Va2). By induction, the set of unmasked stabilizers that one can find using (C) N (V)
is basis independent and we have the freedom for a change in the generators of C' and V'
during any step of the distance algorithm. O
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Lemma 44. Suppose a stabilizer s, € (Sp) is unmasked after some measurements through
calculating the generators of (C) N (V), then s, can be unmasked through calculating
(C) N (V) after all future measurements. In particular, s, can be unmasked at the end of
the entire measurement sequence.

Proof. We want to show that finding (C') N (V) can be done at the end of updating the
sets C' and V' with all the measurements from that round. We show this by first assuming
that a stabilizer is unmasked in the midst of the measurements, then we show that it will
still be unmasked after the next measurement is made, regardless of what it is.

If the measurements consist of only those that fall under Case 1, then the statement
holds trivially.

Let {my,ma,--- ,mq} be a series of measurements. Suppose we were able to obtain the
outcome for the stabilizer associated with u € (C) N (V') after measuring m; with 1 <1i < q.
Let s, € (Sp) be the unmasked stabilizer associated with w. If the measurements end here,
calculating (C') N (V') gives the syndrome for s,.

Using Lemma 43, the stabilizers for C' and V' are changed so that u is in the new sets
of C"'and V.

If we continue with the rest of the measurements in this series, then for a new mea-
surement m;1, it either commutes or anti-commutes with u. In the first case, u remains
in C and in V, so u € (C) N (V), and s, is unmasked. In the second case, {m;41,u} =0,
and C and V are updated according to Case 4 in Step 2 of the distance algorithm. Then,
some element m € V that anti-commutes with m;41 is removed from V. If m # u, then u
is updated to u - m in both sets C and V', so u-m € (C) N (V), giving the syndrome for s,,.
If m = u, then the update gives m - u = I in the set C, so we can infer the outcome O(sy)
using the fact that O((m - u) - s, = s,,) is a known outcome by the proof in Theorem 42.

Therefore, we can calculate (C') N (V') and obtain the syndrome for s, after the (i +1)t®
measurement, if s,, can be unmasked using the first ¢ measurements. We can conclude
from here that we can simply calculate (C') N (V') at the end of updating C' and V' with
all the measurements to obtain the full set of unmasked stabilizers from the distance
algorithm. O

Theorem 45. The distance algorithm outputs the entire set of unmasked stabilizers for
(Sp) together with their syndromes.

Proof. By induction, suppose all the unmasked stabilizers that can be obtained in the first
k measurements can be found using the distance algorithm in Subsection 5.3. We want to
show that this also holds for the first £ 4+ 1 measurements.

Suppose sg € Sy is a stabilizer generator whose syndrome can be obtained using the first
k + 1 measurements, so O(sg) is given by the outcome of some of the first k¥ measurements
and O(myy1), where O(m;) € £1 is the outcome of the measurement m;.

Since my; must be measured last, the outcome of my41 must be deterministic. We
know that sg is in the stabilizer set in round 0, and that its outcome is pre-determined, if
no error occurs. This means that we know in the situation of no error on the code what the
outcome of sg will be if we measure it at round 0. But because errors may have occurred,
the rounds of measurements allow us to compare the two outcomes for s, to determine the
errors that have occurred at round 0. Thus, the outcome of my1 must be deterministic in
nature if we have fixed the outcomes for m; with ¢ < k and errors E on the code.

In other words, my; is in (C'U V), prior to the (k 4+ 1) measurements.
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Mg € 18) = (CUV) (19)
= M1 = Cktl " Vktl (20)
where cy1 € (C), v41 € (V) (2

[
~—

The outcome for cx11 can be obtained from measuring mg41. cx41 must not be identity
operator, otherwise O(sg) can be obtained from the first £ measurements. Let s;i1 be
the stabilizer associated with cgy1, then spi1 € (Sp) is an unmasked stabilizer generator.
Since ¢ky1 = Vgt1 - Mit1, cpr1 € (V) too.

If sg+1 = S0, then O(sg) is found. For the case where si11 # so, we first note that the
outcomes of sx11 and sp are independent of each other, so to find sy using siy1, the only
way is that sg - sg41 has a known outcome using the first £ measurements.

Since sg - sp41 is unmasked in the first £ measurements, by the induction hypothesis,
50 - Sk+1 can be found using the distance algorithm after some measurements. By Lemma
44, we know that if a stabilizer is unmasked by computing (C) N (V) at some point, then
it can be obtained by computing (C') N (V) after all future measurements. Therefore, there
exists some element ¢ in (C'), such that it has the associated stabilizer s - sx+1, and ¢ is in
(C)N (V) after k+ 1 measurements.

Then ¢ - ¢41 is an element in (C') N (V) with the stabilizer sg associated with it. Thus,
we showed by induction that sy can be unmasked using the distance algorithm, if it is an
unmasked stabilizer.

O]

The following proposition shows that a stabilizer cannot be measured if it is removed
from C because of the update rules in Case 2 of the distance algorithm.

Proposition 46. After a stabilizer c¢ is removed from C', we permanently masked the
syndrome of the stabilizer s. € (Sp) associated with c if it has not been unmasked from
previous measurements.

k'™ measurement and s, associated with ¢ has

Proof. Suppose ¢ € C is removed after the
not been unmasked by the distance algorithm.

Since Theorem 42 and Theorem 45 demonstrate that every unmasked stabilizer from the
first k& measurements can be obtained using the distance algorithm, s, is either temporarily
or permanently masked by the measurement sequence.

Applying Lemma 44, after the & measurement, the set of stabilizers that can be
unmasked by the distance algorithm are those associated with the generators of (C) N (V).
If the measurement sequence ends here, then any generator that has not been unmasked
but is associated with some stabilizer in (C) is temporarily masked. This is because we
can measure and unmask it in the future, for example, by directly measuring the generator
in the next round. Further, using the update rules in the distance algorithm, any stabilizer
generator that is not associated with an element in (C) at this point will still not be
associated with any element after any additional sequence of measurements. Thus, it will
not be unmasked by the distance algorithm. Applying Theorem 45 again, this implies that
the generator cannot be unmasked by all future measurements and therefore is permanently
masked.

Since s, is not associated with any generator in (C) after the k" measurement, it is
permanently masked.

From here, we can infer that the set of stabilizers from (Sp) that we can unmask from
the given sequence and further measurements can only be the set (T')(U). Therefore, the
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permanently masked stabilizers P is given by (So)\(T")(U). This precisely corresponds to
the stabilizers that are removed from C due to Case 2 in Step 2 of the distance algorithm

with associated stabilizers that have not been unmasked yet.
O

6 Initialization of a Floquet Code

A special case of dynamical code is a Floquet code where the sequence of measurements is
periodic. Each cycle in a Floquet code consists of measuring the same set of measurements.
To understand the behavior of Floquet codes, it is important to learn how the stabilizer
groups may evolve from cycle to cycle. Here, we show several interesting properties of
Floquet codes including its code initialization and masking properties.

In this section, we do not consider the effects of errors on initialization. We instead
assume that the error-correcting properties of the Floquet code to initialize and maintain
the code space. Instead, we focus on the question of how the code space evolves under the
sequence of measurements defining the code and how long it takes to reach a periodically
repeating state.

The proofs for some of the results shown here become exceedingly simple by making
use of the results and techniques developed for the distance algorithm.

Let M be a measurement sequence, consisting of [ measurements in the ordered set
{mi,ma,--- ,my}. We define one cycle as performing the entire measurement sequence
M once. Furthermore, we assume that it is an empty stabilizer group at the start of the
first measurement cycle. Let the set of stabilizer generators after measuring m; in the ;%
measurement cycle be denoted by S @

J
The following result holds for all cycles j:

Theorem 47. The instantaneous stabilizer generators after measuring m; in the previous
cycle is a subset of the instantaneous stabilizer generators after measuring m; in the current

cycle, that is S](-i) - S](Ql.

Proof. We prove this by induction.

We first show that this is true for the first two cycles of measurements. It holds that S §1)

. . 1 : : .
is a subset of 5’5 ), since Sf ) consists of a single measurement m;, and after measuring m;

in the second cycle, m; must be in Sél). To show that after each measurement, the updated

S%l) will still be a subset of the updated Sél), we apply step 2 of the Distance Algorithm
with C = Sél)\Sg) and V = S%l), with the measurement sequence given by M\{mj}.
After the i*" measurement, V' is updated to Sgi). Thus, Sy) cVv@Ouyol) = Séi), where
V(@ denotes the updated V and C® denotes the updated C, after the i*" measurement.
Suppose this is true for the first k cycles, we want to show that it is true for the first
k + 1 cycles. By the induction hypothesis, S](-?l is a subset of S](-i), Vi<l,Vj<k—1 We
want to show that S,(f) C S,(jll,w. Since S,(Clll is a subset of S,gl), we can run step 2 of the
distance algorithm to two sets of C,V, initializing the first set as Cyy = {}, Vo, = St_4,

and the second set as Cp, = S,(gl)\S,ng, Vo = S,ilzl. We have V,, = V;,, but Cy, C Cp,
and Cp, U V3, = S,(Cl). Running the distance algorithm with the set of measurements M,
it is easy to see that V,, = V}, after all i« measurements, and since Cg, remains empty,
Vao U Cqy € Viy U Cy,. Therefore, S,?) cs ,(:) Vi

+1 Ve
]
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Theorem 48. If there are k new generators from (S 5?31) /(S J(»O)), then there can be at most
k more new stabilizer generators added in the next cycle. Furthermore, the number of
generators can only increase due to a measurement m; in the (j + 1)* cycle if in the 5"

cycle, the number of generators in the stabilizer group increased by 1 after measuring m;.

Proof. The condition for the set of stabilizer generators to increase with a measurement m
is [m,s] =0,Vs € S and m ¢ (S). Since SJ(-Z) C Sj@l, if the condition holds for Sﬁl, then
(

it must also hold for Sji), thus an increase in the number of stabilizer generators can only
happen due to the set of measurements that causes the number of generators to increase
in the previous cycle. O

Theorem 48 implies that in the worst case scenario, it takes n — 1 cycles to initialize a
Floquet code with n stabilizer generators.

The following theorem shows that the worst case scenario exists for some measurement
sequence:

Theorem 49. There exists a measurement sequence for a Floquet code that takes n — 1
cycles to fully initialize for a code with n stabilizer generators.

Proof. We show this by giving a recursive construction of measurement sequence such that
it takes n — 1 cycles to fully initialize the code with n stabilizers.

Let {s; : 1 < i < n} denote a set of independent stabilizer generators for the fully
initialized code. Let dg, denote the destabilizer for s;. The construction works in a way
that s; is added to the set of stabilizer generators after ¢ — 1 cycles and each cycle increases
the number of generators by 1 even though the same set of measurements is made in each
cycle. The rest of the generators are updated in a way that s; is mapped to s; and s; is
mapped to s;4+1 after one cycle. The mapping is simply a way to keep track of how the
stabilizer generators change with measurements as shown in Figure 6 for illustration.

First Second Third Fourth
Cycle Cycle Cycle Cycle
51 S1 51 S1
Sz S3 Sq
S2 S3
Sz

Figure 6: The figure illustrates the pattern in updating the stabilizers with a set of measurements. Each
column gives the set of stabilizer generators at the beginning of the cycle.

First, we construct a measurement sequence to initialize a Floquet code with three
stabilizer generators. Consider the following sequence of measurements:

M = {517 dsld52d537 51d52d53a d3182837 32}

Repeating this sequence of measurements gives the following sets of stabilizer generators at
the end of each cycle, with Si(o) indicating that it is a set of stabilizer generators after the 7*®
cycle of measurements: S{O) = {81,82},550) = {81,82,83},53()0) = {51,52,53},5,(60) = S?(,O)
for k > 3. To construct the sequence for 4 stabilizers, the idea is to insert a measurement
sequence right before measuring sy in M. The set of stabilizer generators right before
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measuring se is given by {ds, s2s3,ds, S2,ds, 83} , which one can verify by the stabilizer
update rule. The goal is to insert a sequence to perform the changes as illustrated in Figure
7.

Before sequence is inserted After sequence is inserted
dg Sy S3— dg S 53 — 51 ds Sy S3 — dg Sy S3— dg, S S3— 51
d51$2 —_— dslsz — S3 dslsz —_— d5152 —_— dslsz — S3
dSIS3 —_— d5153 — S d5153 e S4 —_ Sy — Sy
New sequence
S2 — S inserted here Sy — S

Figure 7: The figure illustrates the effect of adding an additional sequence of measurements so that a
new stabilizer generator is added by the end of the 3" cycle. The new sequence is inserted into the
original sequence M, at the position before s5 is measured.

One can do this by making use of a sequence similar to M:
M3 = {d51d82d535 51d52d53, d5182837 81}

This maps s; — s1,52 — s3 when n = 3. To do this for the 4" cycle, we replace the
variables in M3 with the elements from the stabilizer group right before where the new
sequence will be inserted using this mapping: s1 — ds, S283, s2 — ds, 83, and sz — $4.
Using the updated variables, ds, will be mapped to dg,, s,s; Which anti-commutes with
ds, 5283 but commutes with all the other generators in the group including ds, s2. Thus,
the new sequence consists of measurements that commute with dg, s2, so it will not be
changed by the update from this set of new measurements, when it is inserted in the
location indicated in Figure 7.

This trick can be applied recursively for more stabilizers. To extend to n stabilizers
from n — 1 stabilizers. Right before measuring the last measurement so, we replace s; with
ds, 5253, S2 with the stabilizer generator that is evolved from s,_1, and replace s3 with s,.

One can verify that inserting the new measurement sequence does not affect the previous
cycles. Since <SJ(-1)> C <S](-21), the stabilizer generators before making the measurements in
the new sequence are a subset of the current cycle, so the new sequence will act as identity
to those generators. One can also verify that in the future cycles, s; will still be mapped
to s; and s; — s;4+1 because the new sequence maps s,—1 — S, while preserving the other
mappings. ]

Example 50. We provide an alternative construction below that looks deceivingly simple,
using constant cycle size and also purely local measurements (in 1D), yet takes O(n) time
to initialize/learn the syndrome:

Round 1) Measure X
Round 2) Measure X2 X3, X¢X7, and so on (X4;40X4i+3)
Round 3) Measure Z1Z,, Z5Zg, and so on (Z4i+124i+2)
Round 4) Measure X4 X5, XgXg, and so on (X4;X4i41)
Round 5) Measure Z3Zy, Z7Zg, and so on (Z4i+324i+4)

Round &k > 5) Repeat Round ((k —2) mod 4) + 2.

We explicitly show the ISGs for n = 10, in which case we have round 1, followed by
cycles of 4 rounds of measurements given by: Round 1 : Measure X5 X3, X¢X7. Round 2 :
Measure 212y, Z5Zg, Z9Z1y. Round 3 : Measure X4 X5, XgX9. Round 4 : Measure Z3Z4, Z7 73
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Round 1) X3

Round 2) X, X9 X3, X6X7,

Round 3) 212, Z5 Ze, ZoZ10, X1X2X3

Round 4) X1 XoX3, Z1Zo, XaX5, Xs Xo

Round 5) 212, Z324, Z=Zs, X1 X2 X3 X4 X5

Round 6) X1 XoX3X4 X5, Xo X3, X6 Xv, 21222574

Round 7) X1 XoX3XyX5X6X7, 21227324, Z1 22, Z5Zs, ZoZ1

Round 8) Xy Xo X3 Xy X5X6X7, 212973747576, X4 X5, X3 X9, Z1 729

Round 9) X1 Xo X3 X4 X5 X6X7XsXo, 21 ZoZ3 7425 26, Z3Zn, Z Zs, Z1 Zo

Round 10) X1 Xo X3 X4 X5 X X7 Xs Xo, Z1 ZoZ3 2475 Z6 %1 Zs, X6 X1, Z3 24, Z1 Zo

Round 11) X1 Xo X3 X4 X5 X X Xs Xo, Z1 222572475 Z6 %+ Zs, X6 X1, Xo X3, Z1 222574
Round 12) X1 Xo X3 X4 X5 X6 X7 Xs Xo, Z1 22232475 26 21 Zs, Z1 ZoZ3 24, Z1 Za, Zs Ze, Zo Z1o
Round 13) X1 Xo X3 X4 X5 X X Xs Xo, Z1 Zo 23 2475 Z6 27 Zs Zo Zro, Zy Zo Zs Za Zs Z, X4 X5, Xs Xo, Z1 2o

Notice that for the chain of X7 X9 X3X, -+ X,, to form, it takes n rounds. Thus, the
initialization requires at least (n — 1)/4 = O(n) cycles.

Theorem 51. It takes at most k cycles to unmask all the stabilizers from an ISG, with k
given by the number of cycles required to initialize a Floquet code.

Proof. We show that for an ISG S j@, it takes at most k cycles to unmask, by applying the

distance algorithm with C' = S]@ and V as the empty set.

Updating C' and V using step 2 of the distance algorithm, we see that it takes at most
k cycles for V to be fully initialized. After initialization, C' C V. Further, we know that
(C) N (V) gives a complete set of unmasked stabilizers. Thus, after at most k cycles, all
the stabilizer generators in S j(;) are either permanently masked stabilizers or unmasked

stabilizers. O

Corollary 52. For a Floquet code with k& = O(1) cycles to initialize and m = O(1)
measurements per cycle, then to fully determine the unmasked stabilizers for an ISG, it
takes at most m - k = O(1) measurements.

7 Geometrically local dynamical code

The honeycomb code and other generalizations of Floquet codes are geometrically local
codes. In this section, we consider some properties of dynamical codes (not necessarily
Floquet codes with repeating cycles) for which the measurements are all geometrically
local.

Based on our definition and discussion of distance from Section 4, any ISG with ge-
ometrical locality will subject the dynamical code as a whole to its bound on distance
and trade-offs in code parameters. Further, any neighboring pair of ISGs that form a
geometrically local subsystem code will satisfy similar code parameter bounds.

We summarize previous results on transversal gates, distance and trade-offs in codes
with geometric locality:

Bounds on distance:

Accepted in { Yuantum 2025-10-06, click title to verify. Published under CC-BY 4.0. 34



Theorem 53 (Bravyi and Terhal). [28]

If the generators of the gauge group G are geometrically local, then the distance satisfies
d < 3rLP~!, where r is the width of the local gauges. In particular, local stabilizer codes
have distance given by O(LP~1).

Bounds on trade-offs in code parameters

Theorem 54 (Bravyi, Poulin, Terhal). [34]
Local stabilizer codes satisfy the following constrain:

Theorem 55 (Bravyi). [22]
For subsystem codes with gauge group that has local gauges, the following is satisfied
in 2D:
kd = O(n)

Example 56. The Hastings and Haah honeycomb code [1] has 2D ISGs that allow for
fault tolerant Clifford gates, and have distance O(y/n). It also satisfies the BPT bound for
all ISGs.

Outside of geometric locality, the connectivity of a code can constrain its code param-
eters:

Theorem 57 (Baspin, Guruswami, Krishna, Li). [35]
For a code whose connectivity graph G has separation profile sg(r) < O(r¢) for some
€ (0, 1], it holds that

l—c2
kd~ =0(n)
d = 0(n
Bounds on transversal gates:

Theorem 58 (Bravyi and Konig). [29]
Suppose a unitary operator U implementable by a constant-depth quantum circuit
preserves the codespace C of a topological stabilizer code on a D-dimensional lattice, D > 2.

Then the restriction of U onto C implements an encoded gate from the set in the D level
of Clifford hierarchy.

Theorem 59 (Pastawski and Yoshida). [30]

The above result applies to subsystem codes with generators of the gauge group G
being geometrically local: Assuming that the code has a loss threshold p; > 0 and a code
distance d = Q(logl_l/ b (n)), any locality-preserving logical unitary, fully supported on a
D-dimensional region, has a logical action included in C(P).

7.1 Non-Clifford gates on 2D dynamical code?

One important question in this paper is whether a dynamical code can offer new ways
of implementing fault tolerant non-Clifford gate on a 2D lattice, which has previously
been shown to be not possible for static geometrically local stabilizer or subsystem codes.
Several open questions have been raised in this regard: One, dynamical code can allow for
qubits to participate as ancilla in some rounds and physical qubits in others. It is unclear
if this allows for more efficient implementations of non-Clifford gates. Two, we raise the
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question of whether it is possible to implement a logical gate by first performing unitaries
to bring the code to a non-stabilizer state before making measurements to project it back
to a (possibly different) codespace.

In this section, we consider the property of long range connectivity: Unlike geometri-
cally local stabilizer codes or subsystem codes, a dynamical code can allow for long range
stabilizers that cannot be expressed as local gauges in certain rounds, as the long range
stabilizers can be measured using gauges spread across multiple rounds. The Bacon Shor
code, for instance, has non-local stabilizers measured in either choice of gauges, forming
a subsystem code with local gauges. Unlike these codes, a dynamical code has multiple
rounds of ISGs where neighboring ISGs may not form a geometrically local subsystem
code. Long range stabilizers may not be measured across multiple rounds so a dynamical
code can allow for some amount of non-local stabilizers, not present in the usual stabi-
lizer framework. Further, one can also shuffle ancillas to connect some physical qubits on
certain rounds of the code to obtain limited long-range connectivity or measure non-local
stabilizers.

We restrict the problem to the case where a non-Clifford gate can be directly imple-
mented by a constant depth circuit on a particular round of ISG where some stabilizers are
non-local, and this can take the code to either the same codespace or a different codespace,
stabilized by another round of ISG. These two ISGs can be connected by a sequence of mea-
surements. While we cannot rule out the existence of other ways for gate implementation
on dynamical codes, it is natural to focus on gates that directly map between stabilizer
codes. To keep error propagation under control, only constant depth circuits are consid-
ered for logical gates. As an example of 2D implementation with a non-Clifford gate, the
doubled color code [36] can implement a non-Clifford T gate by introducing additional
ancillas for long range stabilizers and performing gauge fixing.

We show two separate results regarding the connection of long-range connectivity and
logical gates from higher Clifford hierarchy. These can be seen as a generalization of
the results by Pastawski and Yoshida (PY) to geometrically local stabilizer codes and
subsystem codes with limited non-local stabilizers without local gauges supported on some
physical qubits. First, we show that for both geometrically local stabilizer codes and
geometrically local subsystem codes with some amount of long-range connectivity, if there
exist logical X and Z representatives for a logical qubit that are fully supported on a
region far enough from the set of qubits with long range connectivity, then one cannot
find a transversal gate that implements a logical single qubit gate beyond C(P) on that
logical qubit. Secondly, we also show that if there are not too many qubits with long range
connectivity, the code does not support any gates from higher Clifford hierarchy.

These new results provide a lower bound on the number of qubits that must support
long range stabilizers before one can ask the question of whether a code has a gate from a
higher Clifford hierarchy. An intuition that can be gained from here is that in general hav-
ing a small amount of connectivity will not improve the code’s performance at supporting
gates from higher Clifford hierarchy. One can show that if there is such an improvement,
then it is limited to the logical operators that can be fully supported by the region given
roughly by @, the set of qubits with long range connectivity. This implies that the distance
of the code for this logical qubit is upper bounded by roughly the size of @, i.e. either a
mostly geometrically local code has a good distance but no non-Clifford gate, or the code
has a bad distance but supports a non-Clifford gate in 2D. This result also holds for all
spatial dimensions.

We build on PY’s results and assume similar mild assumptions for the family of quan-
tum codes, with the additional assumption that the codes also have some long-range stabi-
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lizers supported on @ physical qubits. The proof borrows several ideas from [30], although
it is technically different and shows a different result.
The following theorems and definitions will be important for the subsequent proofs.

Theorem 60. (Cleaning Lemma) [28][30] If a subset R supports no logical operator (except
the one with trivial action), then any logical operator P can be cleaned from R.

Theorem 61. (Union Lemma for stabilizer codes)[28][30] For a stabilizer code, let R;
and Ry be two disjoint sets of qubits. Suppose there exists a complete set of stabilizer
generators S such that the support of each generator overlaps with at most one of { R, Ra}.
If R; and Ry are bare cleanable, then the union R; U Rs is also bare cleanable.

Theorem 62. (Union Lemma for subsystem codes)[30] For a subsystem code, let Ry and
Rs be two disjoint sets of qubits. Suppose there exists a complete set of gauge group
generators such that the support of each generator overlaps with at most one of {R;, Ra}.
If R; and Ry are dressed cleanable, then the union R; U Ry is also dressed cleanable.

Definition 63. [30] A region R is bare-cleanable (dressed cleanable) if it supports no
non-trivial dressed (bare) logical operators.

Definition 64. The complement of a region M on a set of physical qubits is denoted by
M.

Definition 65. B(R, ) is an r-neighbourhood of a region R which includes region R and
all particles within distance r to it. The spread sy is defined as the smallest distance such
that VA : supp(UAUT) C B(supp(A), svr).

Definition 66. The boundary of a region M, denoted by dM, is defined as the smallest
support of the set of stabilizer generators that have non-trivial overlap with both M and

M over all possible choices of basis set for (S). Denote the boundary of M that lies outside
of M as 0; M and the boundary of M that lies inside M as 0_M.

7.2 Geometrically local stabilizer codes with long range stabilizers

Theorem 67. Consider a family of stabilizer codes with geometrically local stabilizer
generators embedded in D spatial dimension, but support long range connectivity on some
of the qubits. For any code C in the family, let () denote the set of qubits that supports
long range connectivity and non-local stabilizers. Suppose the distance of the family of
codes grows at least logarithmically with system size: d = Q(log(n)). Then, given any
constant depth circuit that is local with respect to the connectivity of the code C' and
implements a logical single qubit gate U, there exists H = B(Q, (2P*! 4 1)sy + ¢), where
c is a constant that depends on sy, D and the radius of the local stabilizer generators
of C, such that if a pair of logical representatives {zr, 21} for a logical qubit ¢, is fully
supported on H, then U must belong to CD) with respect to its logical action on q..

Proof. Let C be a code in the family with n physical qubits, and let ) be the set of qubits
that supports long range stabilizers. We want to construct D + 1 bare cleanable regions,
and use it to show that a constant depth circuit that respects the locality of the code C
and implements the gate U must belong to CP) for a logical qubit ¢z, if it has a pair
of logical representatives from the logical set {xr,yr, 21} that can be fully supported on
a region far enough from ). We denote 7ca1 as the maximum radius of local stabilizer
generators in C.
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Construction of D41 regions First we split the D dimensional lattice into unit cells
with volume v, = ad, where d is the distance and « is a constant. For a fixed constant
r = O(1), we can pick a ball of radius r from each cell, such that each ball is spatially
disjoint from the other balls and from the boundaries of the lattice by a constant physical
distance that is at least rjocq1 (See Figure 8).

Let R} denote the union of the balls. Rj may have overlap with H' := B(Q, (2P +1)sy +
), where ¢ > 2r|5ca1. We deform H’ locally so that the balls that overlap with H’ are now
contained in H'. Let ¢y denote the maximum physical distance of the deformation from
the boundary of H’. Then, we set ¢ = ¢y + ¢ and define Hy as Hy := B(Q, (2P +1)sy +¢),
with H' C Hj.

Let Ry := R(\H'. This is the set of balls that are far away from H’. We want to show
that Ry forms a bare cleanable region. Since each ball is o(d), they are each bare cleanable.
Further, we have picked the balls to be supported away from the boundaries of the unit
cells, such that the balls are at least 2ri0ca1 apart, so any local stabilizer generator overlaps
with at most 1 ball and since Ry does not overlap with H’, any long range stabilizers that
are only supported on @) are spatially disjoint from Ry. Thus, the Union Lemma can be
applied to Ry, and we conclude that Ry forms a bare cleanable region.

Using Ry as the set of mutually disjoint balls on the code, one can draw lines connecting
these balls, then fatten the lines to form a covering for all the physical qubits, following
the same construction in PY’s result. This gives a covering of the full lattice with R},
for m € [0, D]. R}, consists of m dimensional connected components. R/, consists of D
dimensional skewed cells. See Figure 8 for illustration.

As the new regions can overlap with H', we define the regions as follow: R,, := R} \H’,
for 1 < m < D. We show that each region R,, is bare cleanable. The volume of each
connected component 7/, of R/, is at most O(adB) = O(d). Since any region with volume
less than the distance d = Q(log(n)) is bare cleanable, r/ \H' = O(d) is also a bare
cleanable object. Since each r/, is spatially disjoint, and each r] \H' is also spatially
disjoint. Supported away from the qubits with long range stabilizers, v, \ H' can also be
cleaned using local stabilizers that have no overlap with other m-dimensional objects. Thus,
we can apply the Union Lemma to conclude that R,, is bare cleanable.

Given a constant depth circuit, we have to check that each region R}, := B(R,,2™ ‘sy)
is still bare cleanable for m > 0, which is a condition required for the next part of this
proof. For each connected component r], in R, , any Pauli operator supported on r}, \ H’
is spread locally since it is at least (2P + 1)sy away from Q, the region that does support
long range connectivity. Further, B(r/ \H',2™ !s;) has no overlap with Q, so cleaning
B(r!, \H',2™ 1s;;) does not spread Pauli operators supported on one of the r/,\H’ to
other objects in R by any long range stabilizers. Since 7/,\ H' increases by a constant
radius of 2™ 1sy; = O(1), B(r!,\H',2™ 1s;;) remains bare cleanable. By choosing r to be
greater than 2™s;, each object of the form B(r!,\H’, 2™ 1s;) is disconnected from the
other objects in R;,. Therefore, the union of R}, is still bare cleanable.

Proof that U lies in CP)  Next we prove that U must be in CP), with respect to
the logical qubit ¢q7,. Suppose the logical representatives {x, z} are fully supported on
H := B(H1,2Psy). The proof holds if we replace Hy with H’ but for simplicity and better
clarity we will use H; instead.

Without assuming that H is bare cleanable, we pick two arbitrary logical representatives
Ly and Ly for the logical qubit gz, such that they are fully supported on B(Hi,2Psy). We
show that U € C® with respect to the logical qubit for D = 2 before generalizing the proof
to arbitrary dimension. For D = 2, Hy = B(Q, 5sy +c¢), R{ = B(R1, sy), R = B(R2,2sy)
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Figure 8: An illustration of the construction of 3 regions Ry, R, Ry for a 2D lattice. The unit cells are
represented by the dotted lines in the background. The pink (light shade) and blue (dark shade) balls
are picked from each cell such that they are spatially disjoint. The blue (dark shade) hexagons represent
H'. Rj is the set of all the balls. Ry is given by the set of pink balls that have no overlap with H'.
After merging in the blue balls with H’, the entire blue region gives the new H'.

L1 can be cleaned from R;, since R{ is dressed cleanable. After cleaning, L; is

supported on:
Dy = B(Hy,4sp)\Rf U0, RY

Ly can be cleaned from Rj, and is supported on:
D2 = B(H1,4SU)\R§'_ U 8+R§r

Let L) := UL UL} and L} = Ly L, LYL}. We show that L} is an identity operator up
to 1 phase. This will imply that L} is a Pauli operator so U is at most a Clifford gate on
qr.

L is supported fully on B(Dq, sy7) which is given by:

B(D1, su)
= B(B(Hl, 4SU)\R1|—, sy) U B(8+Rf, SU)
= B(Hl, 3SU)\R1 @] B(G_FRT, SU)

The first term is in Ry U Ro. The second term can be expanded as follows:

B(a"rRi’_a SU)
= B(RoN 8+Ri~_, sy)UB(Ra2 N 8+Ri~_, sy)UB(Hy N 8+Ri~_, su)
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First two terms are in Ry and Rs respectively. The last term is B(0B(Q, 4sy + ¢) N
8+RT, sy ), with a local spread of constant sy, since the support is at least sy away from
Q.

We find that L is fully supported on Rg, Ry and B(OB(Q, 4sy +¢) N O+ R, su).

LY is fully supported on the region that supports L}, by treating Lo as a unitary
operator acting on L. Treating L as a unitary operator acting on Lo, we also obtain that

5 is fully supported on B(Ds, 2sy), which is given by:
B(Ds,2sy)
= B(B(Hi,4sy)\R$,2sy) UB(O4 Ry, 2s1)
= B(Hy,2sy)\Ra U B(8+R3—, 2sy7)

The first term is contained within Ry U R;. The second term can be expanded as:

B0, RS s0)
= B(Ro N 8+R5'_, 2sy) UB(R1 N 8+R§, QSU) U B(Hl N 6+R§, 28(])

First two terms are in Ry and R; respectively. The last term can be rewritten as 0B(Q, 3sy+
¢) N Oy Ry, with a spread of constant 2s;; which is local since the support is at least sy
away from Q.

Thus, L, must be supported on Ry and the intersection between the two different
boundaries each with some constant spread. However this is upper bounded by the support
on the union of Ry and the overlap of Rf and R with a constant local spread of 3sy.

These boundary objects have volume at most O(d%) by construction, since they have
a constant width in one of the dimensions. Thus, each object is bare cleanable, and by
construction, they are spatially disjoint objects. Further, they are supported only on the
boundary of Hi, so they can be cleaned by local stabilizers. Thus, by the Union Lemma,
they form a bare cleanable set. As the boundary objects have no overlap with Ry since
they must be fully supported on the boundary of B(Q,4sy + ¢) and B(Q, 3sy + ¢) with a
constant spread of 2s;; at most, which is disjoint from Ry by construction, the union of Ry
and the boundaries is also bare cleanable. Hence, L is an identity operator. This implies
that L] is a Pauli operator so U is at most a Clifford gate on ¢r..

Next, we generalize this to D dimension with D + 1 regions. Pick D arbitrary logical
representatives that are fully supported on B(Hy,2Psyr), where Hy = B(Q, (2P + 1)sy + ¢)
as defined earlier.

Fach L; is cleaned from Rj . The support of L; is given by:

D; = B(Hy,2Psy)\R U0+ RS

Define Ly = UL UTLY and Lj = L;L;_ LIL | for i > 1 recursively.
Using similar arguments as in the D = 2 case, one can show that L/ is supported on:

U R; U B(a_:,_Rj_, 2i_1SU)
J#

B(0+ R}, 27 1) can be written as:

B(JR; N04+Rf, 27 sy) + 0B(Q, (2P +1 -2 Ysy +¢) N 04 RS
J

The second term in the above equation is a boundary term. One can show that L,

must be supported on the union of Ry and the intersection between the different boundary
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terms. The latter is upper bounded by (o R;“, with a spread of at most 2°~1s;;, which

consists of 1 dimensional objects with constant width in other dimensions. These objects
are bare cleanable since they are of volume O(d). It is also easy to verify that each bare
cleanable object is spatially disjoint and is supported outside of @ and Ry. Thus, L,
is bare cleanable and must be a trivial operator. We can then recursively deduce that
L, € ¢P=), Then, U € CP).

O

Corollary 68. (H is bare cleanable) In the case where H = O(d) is bare cleanable, we can
show that Ry U H forms a bare cleanable region since each connected component is bare
cleanable and the stabilizer generators only overlap with at most one connected component.
For any logical qubit, it is bare cleanable from H, so it can be fully supported on H, and
it follows that any logical gate U must lie in C(P).

Corollary 69. (Multiple logical qubits with representatives supported on H) Suppose Q4
is the set of qubits with logical representatives that can be fully supported on H and Qg is
the set of qubits with logical representatives on H. Then for any unitary operator that can
be implemented by a constant depth circuit and can be decomposed into a tensor product
structure of the form Hg, ® Hg,, the logical gate acting on Hg, must be in ),

7.3 Subsystem codes with long range stabilizers

For a subsystem code, we cannot employ the same proof from Subsection 7.2 as the bound-
ary terms between R;F and H are only dressed cleanable. However, we are able to prove a
slightly weaker statement with the requirement that the pair of logical representatives are
O(dl/ D) physical distance away from @, unlike in the local stabilizer code case where this
only needs to be a constant O(1).

Theorem 70. Consider a family of subsystem codes with geometrically local gauge
generators embedded in D spatial dimension, but support long range connectivity on some
of the qubits. For any code C in the family, let @) denote the set of qubits that supports
long range connectivity and non-local gauges. Suppose the code satisfies the following
assumptions.

1. Finite loss threshold: p; > 0
2. Distance grows at least logarithmically with the system size: d = Q(log(n))

Then, given any constant depth circuit that is local with respect to the connectivity of the
code C and implements a logical single qubit gate U, there exists H = B(Q, ¢), where ¢

is O(Ozd%) and « a constant, such that if a pair of logical representatives {x, 21} for a
logical qubit ¢y, is fully supported on H, then U must belong to C(P) with respect to its
logical action on qr..

Proof. Let C be the code of interest satisfying the assumptions in the theorem, and let d
be the distance of the code. Let U be a unitary gate that is implemented by a constant
depth circuit. Let rioca1 be the smallest radius of ball that is needed to cover a local gauge
generator.

If C' can be embedded in a D dimensional lattice, we will construct D + 1 regions, with
Ry as the bare cleanable region, and R;,i € [1, D], as dressed cleanable regions and use
them to show that a unitary U implemented by a constant depth circuit that respects the
connectivity on C' must belong to CP), for the logical qubit that can be supported outside
of H = B(Q, c), where c is given by O(ad%)
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Construction of D+1 regions First we split the D dimensional lattice into unit cells
with volume v. = ad, where d is the distance and « is a constant.

By definition of the loss error threshold, each unit cell contains a ball of constant radius
that is correctable with probability approaching unity as the system size n grows, using
the following lemma.

Lemma 71. The probability of finding a correctable ball of constant radius r in a unit
cell approaches unity as n, the number of qubits in a D dimensional lattice, increases, for
a cell of volume of at least log(n).

Proof. Let the probability of a ball of radius r not being correctable be ¢, which is a
constant since each qubit has a fixed probability of being correctable. The number of
balls that can be packed in the subcell is roughly given by k = log(n)/(3r") where prP is
the volume of a ball. The probability of finding no ball being correctable is less than the
probability of finding none of the log(n)/(8r") balls being correctable, and this is given by

prob(k balls each not correctable )

o~ Qlog(n))

O]

This tends to 0 at a rate that is polynomial in n. Hence, with probability approaching
unity, each unit cell includes at least a ball of radius 7 in each cell, such that each ball is
spatially disjoint from the other balls.

Let R{, denote the union of these balls. Using Ry, as the set of mutually disjoint balls
on the lattice, one can draw lines connecting these balls, then fatten the lines to form a
covering for all the physical qubits, following the same construction in PY’s result. This
gives a covering of the full lattice with R/ for m < D.

However, if any connected component intersects with Hy = B(Q, (2° +1)sy 4 ¢'), where
c > 2rpcal, then we continuously deform Hp so that these objects are contained within
H;. This will fatten H; by at most cg = (ad)%. We consider the union of any connected
component in any region R, that overlaps non-trivially with d; H; but does not overlap
with H;7. Let these components be denoted by Ho. Then, we define H = Hy U Hs, as
the union of these connected components that surround H; and H; itself. Next, define
R, := R, \Hi. Ry is bare cleanable and each R, remains dressed cleanable. The volume
of H is upper bounded by O(|Q| + |Q!d%).

Given a constant depth circuit, we have to ensure that for each region R} :=
B(R,,,2™ 'sy) is still dressed cleanable, for m > 0: For each connected component rrin
R! B(r! \Hy,2™ 1sy + ¢/) has no overlap with B(Q, sy7), so cleaning B(r!,\Hy, 2™ 1sy)
by only local gauges does not spread Pauli operators to other connected components of
R} by any long range stabilizers since they are only supported on @, so it will remain
geometrically local. Further, since 7/, \ H; increases by a constant size as 2™ sy = O(1),
B(r! \H1,2™ !sy) remains dressed cleanable. By choosing r to be greater than 2™sy,
B(r! \Hi,2™ !sy) remains disconnected from the other connected components in R/,.
Therefore, R, remains dressed cleanable.

Proof that U lies in C(P)  Suppose a pair of dressed logical representatives { L, L.}
for a logical qubit are supported on H, then one can show that if U is a unitary operator
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that implements a logical single qubit gate by a constant depth circuit, then U must be in
CD) with respect to its logical action on the logical qubit.

First, we show the result for m = 3. Let L; and Ly be two arbitrary logical operators
that are fully supported on H. R} = B(Ry,s.), Ry = B(R1,2s,).

L is supported on the regions that are separated from H; by connected components
given by H\H; = Hs. Thus, L; can be cleaned from Rf so that it is sy away from H;.
This can be done by picking the width of the connected components /. to be large enough
but still O(1). After cleaning, L; is supported on the region Ro\R; U Ro\R{ . Similarly,
Ly can be cleaned from Ry, and is fully supported on Ry\R3 U R1\Rj .

= ULlUTLX is supported on Ry U Ry. L} = LgL'ngLllT is supported on Ry U Rj.
From the commutation relation, L5 is also supported on Ry U Ry. Thus, L, must be
supported on only Ry which is a bare cleanable region. L), must be an Identity operator,
up to some phases. This implies that L} is a Pauli operator and U is at most a logical
Clifford operator.

We generalize to D dimension: First, pick D logical representatives that are fully
supported on H, and label them L;,i € [1, D]. Vi, L; is cleaned from Rj, and is supported
on the union of Rk\R;F, k # i,k € [0, D]. Here, we again make use of the fact that H; is
fully surrounded by connected components, so we can make the components wide enough
such that after cleaning, L; is supported on other dressed cleanable regions at least 2¢1sy;
away from Hj. Define Lj = UL,U'L] and define L] recursively: L) = LiLg_leLil for
2<1<D.

Lastly, one can show that L', must be supported only on Ry. We prove this by induction
on 1.

Suppose Lj is supported on RoUU,,,>441 Rm- Since L;;; is supported at least 2isy away
from Hy, B(supp(Lit1),2sy) is supported on Hy, L;_ is supported on Ry U Untit1 Bm-
Since L, | = L;LiHL;TLZ 41> Lj, is supported only on supp(L;), so it is not supported on
Uk<isr1 B Thus, L;_; is supported on Ry U U, i1 Bm.

Thus, L, is a trivial logical operator since it is only supported on Ry. We can then
recursively deduce that L] € CP=)_ Then U € CP), and this concludes the proof.

O

Corollary 72. (H is O(d)) In the case if we can show that H = O(d) for any code C, then
H cannot support a dressed logical operator, so it is a bare cleanable region. Then, we can
always find logical representatives for any logical qubit so that they are fully supported on
H. Therefore, any logical gate U for a code with H = O(d) is an element in C(P),

For a 2D geometrically local stabilizer code with some qubits to support long range
stabilizers to implement a non-Clifford gate, our results show a lower bound of |Q| = O(d)
number of qubits that must have long range connectivity. Further, if any pair of logical
representatives can be supported a constant physical distance away from @), then the logical
qubit for these pair of representatives does not have a transversal non-Clifford logical single
qubit gate.

This means that in order for a logical qubit to have a transversal non-Clifford single
qubit gate, all representatives of a logical operator must have a non-trivial overlap with
B(Q,c), where ¢ is some constant of O(1). By the cleaning lemma, a logical operator
representative of the logical qubit can be fully supported on B(Q, ¢). One can then conclude
that the distance for the logical qubit is small as it is restricted to O(|B(Q, ¢)|) qubits.

Interestingly, our result is related to a result in [37]. One observation in [37] is that to
create a code with distance d+ € that breaks the BPT bound, it will require £2(d+€) edges.
Thus, the following holds:
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Theorem 73. If the support of long range stabilizers is only O(d), the distance of the
code does not improve. Thus, a geometrically local code with O(d) qubits supporting long
range stabilizers must satisfy the BPT bound.

We showed that if the support of long range stabilizers is only O(d), the logical gates
that can be implemented using constant depth circuit must be contained in C(P), where D
is the dimension of the lattice.

The 2D doubled color code is an example of a geometrically local subsystem code that
has non-Clifford gate in 2D.

Example 74 (2D doubled color code). [36] The 2D doubled color code allows for a
transversal implementation of T gate. The embedding gives O(t2) qubits that support long
range gauge generators for a code with distance d = 2t + 1 and O(t?) physical qubits. This
gives an upper bound on the number of qubits that require long range support in a 2D
geometrically local subsystem code setting in order to implement a non-Clifford gate.

8 Discussion

A dynamical code can be constructed by a sequence of measurements. We can obtain the
unmasked distance for each ISG and take the minimum to obtain an upper bound on the
error correcting capacity of the dynamical code. This bound is applicable to a general
circuit encompassing both unitaries and measurements.

However, there are certain challenges not addressed in this paper. First, our analysis
excludes measurement errors, an important consideration when building the measurement
sequence if we still want to protect the encoded information in the presence of measurement
errors. We anticipate that future research will address this in the context of fault tolerance
for dynamical codes.

Additionally, exploring the initialization of a dynamical code and incorporating that
into the construction of new examples could be of interest. Another concern for a dynamical
code is that the last few rounds may not have complete measurements, so the distance of
the ISGs in the last few rounds may not be as desired.

Lastly, we have identified interesting theoretical lower and upper bounds on the number
of qubits that must support long range stabilizers in a 2D embedding of a quantum code
in order for it to support a non-Clifford gate fault tolerantly. Exploring this limit may
lead to an interesting direction, potentially yielding a code that strikes an optimal balance
between code distance, geometric locality and support for fault tolerant non-Clifford gates.
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