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Despite its popularity, several empirical and
theoretical studies suggest that the quantum
approximate optimization algorithm (QAOA)
has persistent issues in providing a substantial
practical advantage. Numerical results for few
qubits and shallow circuits are, at best, am-
biguous, and the well-studied barren plateau
phenomenon draws a rather sobering picture
for deeper circuits. However, as more and
more sophisticated strategies are proposed to
circumvent barren plateaus, it stands to rea-
son which issues are actually fundamental and
which merely constitute — admittedly difficult
— engineering tasks. By shifting the scope from
the usually considered parameter landscape to
the quantum state space’s geometry we can
distinguish between problems that are funda-
mentally difficult to solve, independently of the
parameterization, and those for which there
could at least exist a favorable parameteriza-
tion. Here, we find clear evidence for a ’no
free lunch’-behavior of QAOA on a general op-
timization task with no further structure; in-
dividual cases have, however, to be analyzed
more carefully.

Based on our analysis, we propose and jus-
tify a performance indicator for the deep-
circuit QAOA that can be accessed by solely
evaluating statistical properties of the classi-
cal objective function. We further discuss the
various favorable properties a generic QAOA
instance has in the asymptotic regime of in-
finitely many gates, and elaborate on the im-
manent drawbacks of finite circuits. We pro-
vide several numerical examples of a deep-
circuit QAOA method based on local search
strategies and find that - in alignment with our
performance indicator - some special function
classes, like QUBOs, indeed admit a favorable
optimization landscape.
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| Introduction

Within recent years, variational quantum algorithms
(VQAs) [1] have become the focus of a significant
amount of research. The intuitive idea of this class of
algorithms is to use classical optimization routines in
order to variationally combine small building blocks
of quantum circuits into bigger ones that may give
good solutions to difficult problems.

Due to its simplicity and versatility, the quantum
approzimate optimization algorithm (QAOA) [2] is
one of the most prominent types of algorithms from
the growing family of VQAs. It was designed to tackle
the class of combinatorial optimization problems (see
section IT). This class includes, e.g., problems like
MAXCUT, MAX-k-SAT, or the traveling salesperson
problem and can, in general, be considered to be of
high practical relevance for real world applications.
Algorithms for non-trivial instances of these can al-
ready be implemented on systems with only a few
dozen of qubits; e.g. [3, Figure 4] use up to 23 qubits.
This is why QAOA attracted, beyond a pure academic
interest, also a lot of attention by several of the first
commercial providers of quantum software.

Despite the high hopes that are connected to these
algorithms and their capabilities, a true proof or
demonstration of any practical advantage resulting
from the application of a VQA like the QAOA to
any real world problem is, however, still pending. Re-
specting the limitations of existing technology, we nei-
ther have large fault tolerant quantum computers nor
can we simulate many qubits, a lot of research fo-
cus was put on implementations with few qubits and
shallow quantum circuits [4] and therefore basically
‘proofs of concept’.

In this regime the hopes especially put into QAOA
seem to face substantial obstacles: Already in [2] it
was numerically shown, that the MAXCUT problem
for 3-regular graphs is not (reliable) solvable with low-
depth circuits; only increased circuit depths yield de-
cent solution quality [5]. Low-depth case studies are
done in a broad way through the literature leading
to the, at least empirical, conclusion that low-depth
QAOA circuits will not give reliable results for com-
plicated problem instances [6, 7, 8].

In this work we extend the investigation of the po-
tential perspectives and limitations of the QAOA to
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the regime of deep quantum circuits. Central ques-
tions that guide us on this path are: What are dis-
tinctive features of this regime? Are there effects and
methods that become present for deep circuits that
are not possible in a low-depth regime? And most im-
portantly, on what classes of problems could QAOA
perform well when circuit depth is not a hard limita-
tion?

By this work we try to provide at least some clear
answers to those questions. These answers should,
whenever possible, admit a certain aspiration of math-
ematical rigor and will be backed up by clear in-
tuitions of possible mechanisms and numerical case
study evidence otherwise. For a bigger picture we
can, however, only make a beginning.

A distinctive feature for the deep-circuit regime
concerns the types of classical variational methods
that could be employed. In the deep-circuit regime,
we are confronted with a rapidly growing range of
classical control parameters. Here the classical varia-
tion routines that are typically employed in low-depth
QAOA quickly run out of their efficiency range. In-
stead, we will consider local search routines as the
characteristic class of variation methods of the deep-
circuit regime, since they are naturally suited for op-
timizations in this situation.

In the first part of section III, we give a clarified
view on the QAOA optimization landscape on state
space that is, to our surprise, unexpectedly seldom
employed. However, it fits well for analyzing local
search routines which notably do not admit for a fixed
circuit length. The basic QAOA Hamiltonians are
treated as generators of a Lie algebra whereby the
optimization landscape is given by an orbit of its Lie
group. The resulting landscape reveals a nice geom-
etry that can be analyzed by basic tools from differ-
ential geometry. This view is well investigated in the
field of optimal control theory from which we borrow
methods and results. Similar methodologies have also
been used to further study barren plateaus [9].

In the second part of section III, we start our in-
vestigations by studying the limit of asymptotic cir-
cuits. Here we find that a generic QAOA instance
has many favorable properties: for example, a unique
local minimum that gives us the optimal solution of
the underlying classical optimization problem. This
vaguely means that a local search that could exploit
arbitrary circuit depths and employ second order gra-
dient methods will succeed in solving almost any prob-
lem. This result can be seen in line with findings that
were, e.g., reported in [10] showing that variational
quantum algorithms with an exponential amount of
control parameters can avoid local traps.

These regimes are, however, far from any practical
use. In section IV, we turn our attention to deep,
but not asymptotically deep, circuits. Here many of
the nice asymptotic properties vanish. Saddle points
turn into effective local minima, and we get a land-

scape with a continuum of local attractors and po-
tentially exponentially many local traps. However, a
characterization of local traps reveals that statistical
distribution properties of traps, like amount, sizes,
and depths, only depend on the classical objective
function, and can be used to predict the performance
of the deep-circuit QAOA in this generically unfa-
vorable setting. Our method gives strongly problem-
dependent quantities that serve as an evaluation basis
for the success of the QAOA, and we collect them in
a single performance indicator. Especially the lack of
success in many QAOA instances could be explained
from this perspective. As an example for a 'no free
lunch’-behavior we come up with, in a very simple
way, randomly generated target functions that im-
pose an optimization landscape with unfavorably dis-
tributed traps. In contrast, we see that certain special
problem classes, like QUBO, have the tendency to ad-
mit a favorable landscape.

In section V we look at our results from a practi-
cal perspective by numerically simulating deep-circuit
QAOA (up to 1000 layers of non-decomposed QAOA-
gates) based on a simple downhill simplex method.
Results indicate the QAOA performs well only on
some classes of optimization problems. Most notably,
the numerical results are in line with the prior intro-
duced performance indicator. Furthermore, we nu-
merically justify the basic intuitions regarding traps
and their influence on local search strategies. An ex-
emplary step size analysis also shows that, unexpect-
edly, the same problem instance can lead to very dif-
ferent results when approached with different auxil-
iary parameters.

[  Preliminaries

For the reader’s convenience we will start with a brief
review of the VQA approach, elaborate on the spe-
cific form of the QAOA, and outline our view on op-
timization landscapes, which we will use throughout
this work. Further, we briefly elaborate on the barren
plateau phenomenon and its many variants.

1 Variational Quantum Algorithms

Consider a generic unconstrained combinatorial min-
imization problem:

min f(2), (1)
where BY := {0,1}" denotes the set of bit strings
of length N. We adhere to the following standard
encoding procedure, although more problem-specific
and qubit-efficient approaches may be available [11,
12]: identify each bit string z with a computational
basis state |z) of the N-qubit space H = c2” and
translate the objective function f into an objective
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Hamiltonian, diagonal in the computational basis

IOIB R (2)

z€BN

f—H:=

Despite mainly working with pure states, we will
advocate to describe the state of a quantum system
within the formalism of density matrices, i.e. positive
semi-definite matrices p > 0 of unit trace. We denote
the state space by &(#). An immediate consequence
of using this natural formalism is that the expectation
value of an observable H

F(p) = tr(pH) (3)

defines a linear functional F' : () — R. Note that
by the Rayleigh-Ritz principle, the original minimiza-
tion task (1) is equivalent to finding a minimum of
F. For our study of derivatives, critical points, and
minima of F, this linearity will turn out as very ben-
eficial.

In order to approximately minimize F', a general
VQA now utilizes parameterized trial states obtained
by applying a parameterized quantum circuit (PQC)
to an initial state. For the QAOA, the initial state is
given by the pure state |+)+|, where

® (]0) 4 |1))

It is the non-degenerate ground state of the Hamilto-
o
nian

Z l2). (4)

zEBN

N
== o, (5)

n=1

The unitary evolution generated from B is commonly
referred to as 'mixing’.
For the QAOA, we have two basic families of gates

Up(B) = e B and (6a)
Uc() = e "9, (6b)

where we used the convention of taking C = H —
tr(H)1 as a traceless generator for our second unitary,
which is usually coined the ’phase separator’. Note
that taking all generators traceless does not change
the evolution on the level of density matrices.

A full QAOA circuit is then composed of these
basic families. The corresponding parameters are
typically labeled by E = (B1,...,8p) € [0,m)P and
¥=(7,---,%) € R? with p € N, where the quantity
p specifies the circuit depth. A fully parameterized
QAOA circuit is therefore given by

V(3,7) = H (Ba)Uc(7q) (7)

IThe original QAOA is formulated for maximization tasks;
here B is defined with the opposite sign.

and gives rise to the parameter function

F(B,7) = F(V(B,7) [+X+|V(3,7)*H). (8)

2 The Deep-Circuit Regime

In the majority of the existing literature circuits with
a depth p = 10 or less are taken into account. One
practical reason for this restriction is the still too high
gate noise in existing quantum computers.

In this work we will refer to deep circuits as those
that substantially exceed the scale of p ~ 10, poten-
tially by orders of magnitudes. For example, the cir-
cuit depths used in our numerical simulations ranged
from 100 to 3-10*. From a technological perspective,
this regime is not yet reliably realizable on most ex-
isting devices, but clearly at the edge of what can be
expected from the technological developments in the
near and midterm future. The key achievements we
are here hoping for are improved gate fidelities that
could, e.g. be enabled by improved error mitigation
techniques [13] or even a full implementation of (few)
error corrected qubits [14].

A central ingredient in any VQA are the classical
routines involved in optimizing the circuit parame-
ters. Here the types of classical optimization algo-
rithms that can be used for shallow or deep circuits
might differ substantially. In shallow circuits all vari-
ational parameters can be actively optimized at the
same time. Typical optimizers in use are for exam-
ple COBYLA, Gradient Descent, BFGS, and Nelder-
Mead. Those may however not perform well for deep
circuits. An optimization of a largely growing amount
of parameters might quickly become unpractical, ei-
ther by an increase of computational hardness or by
the commonly observed barren plateaus (BP) phe-
nomenon [15].

For deep circuits, we will therefore focus on opti-
mization routines that follow local search strategies,
i.e. those which successively only vary a few parame-
ters at the same time within a small range of variation.
We tend to mark the necessity of these routines as an-
other distinguishing feature of the deep-circuit regime.
As a naive prototype, we use a very simple downbhill
simplex method in our numerical studies in section V,
being fully aware that a huge variety of very elabo-
rated and versatile local search routines exist. For
layer-wise optimization, BPs have also been reported
in some particular instances [16]. These instances,
however, substantially differ from our setting, and we
can attribute the phenomenon of vanishing gradients
to ‘local traps’ instead.

3 Optimization Landscapes

In the context of the QAOA, the term optimization
landscape commonly refers to the 'landscape’ of val-
ues that the function F' takes on a parameter space,
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which is a subset of R?” (or on a two dimensional sub-
space whenever a graphical illustration is provided).
However, for local search strategies, the final length
p of a circuit, and therefore the parameter space, is
typically not fixed. Hence, the above notion of ’opti-
mization landscape’ does not really apply here. This
motivates us to think of optimization landscapes in a
different way:

We simply regard the functional F' as a function
that defines a ’landscape’ on the state space G(H),
or more precisely, on the subset of the states that are
potentially accessible by a sequence of QAOA gates.
To our big surprise, this perspective is rather rare
to find within the existing literature on VQAs. Its
indeed very nice geometry will therefore be fully clar-
ified within the next section.

In order to properly distinguish notions we will from
now on refer to landscape in R?P as the parameter
landscape of F and to the latter one as the state space
landscape of F. Using the state space landscape to
determine properties of an QAOA algorithm has at
least three immediate advantages:

(i) Circuits with varying length can be properly ex-
pressed and compared within the same picture.

(ii) Local overparameterization is avoided. Different
sets of parameters could refer to almost the same
point in state space in no obvious way. This can,
for example, lead to a situation in which there
are many different local minima in the param-
eter landscape that however only correspond to
one and the same minimum in the state space
landscape.

(iii) The behavior of different classes of VQAs can be
compared within the same picture.

In this work, especially the points (i) and (ii) will be
essential for analyzing the performance perspectives
of deep QAOA circuits by characterizing the distribu-
tion properties of local minima and critical points.

4 Barren Plateaus

In contrast to the state space landscape, the promi-
nently featured parameter landscape is more accessi-
ble from a pure practical point of view. The parame-
ter values and their updates are provided by the classi-
cal optimizer and are thus easy to record throughout
the execution of a VQA while the state space land-
scape is not directly observable. Despite being a dif-
ficult to handle mathematical object (ﬁ' is generally
highly non-linear in the parameters), there have been
many impressive breakthroughs determining some of
its properties; first and foremost BPs, which were first
discovered in [17]. In essence, it has been shown that
for PQCs that cover the state space sufficiently uni-
formly, the expectation values of the gradients of F'
in parameter direction are zero while the variance

decreases exponentially with the number of qubits:
Var(6,F) € O(b"), for some b > 1. Therefore,
starting from random initial parameters, exponen-
tially many measurements have to be taken in order
to record a slope: the parameter landscape becomes
practically flat almost everywhere which does not only
effect gradient-based methods, but also gradient-free
optimization routines [18]. A sophisticated parameter
initialization method could, however, still circumvent
this issue.

The initial discovery of BPs spawned an extensive
and revealing search for other sources of BPs. Soon,
BPs where reported to also emerge from quantum de-
vice noise for PQCs growing linearly with the number
of qubits [19], disconnecting the effect from random
parameter initialization. While this issue could be
tackled with more developed quantum error correc-
tion methods, BPs where also shown to emerge from
entanglement [20], a property typically considered a
feature rather than a drawback. Another finding es-
tablishes the existence of BPs even for shallow cir-
cuits, provided that the cost function F' corresponds
to the expectation value of global observables [21].
Additionally, BPs were found to contain many lo-
cal minima [22], further complicating maneuvering
through the parameter landscape.

All these effects can be interpreted as a manifes-
tation of the curse of dimensionality: The exponen-
tially large dimension of the underlying Hilbert space
makes it generally exponentially hard to extract any
directional information. However, every variant of
BPs comes with its own specific assumptions on either
PQC properties, circuit depth, or the implementation
of the objective function. In the following we aim at
dropping more and more structural requirements and
focus on the underlying optimization problem itself.

Il Asymptotic Circuits

As starting point of our investigation we will dis-
cuss the perspectives of the QAOA in an asymptotic
regime. This is, we consider infinite sequences of gates
with potentially infinitesimally small parameters. By
including infinitesimal elements, the analysis of the
asymptotic QAOA becomes drastically more struc-
tured since we now can make direct use of tools from
differential geometry, i.e. Lie groups and their alge-
bras.

In the first part of this section we will clarify this
geometry. Here the key points are:

o Accessible states form a differentiable manifold €2

e The target functional corresponds to a differen-
tiable scalar field on 2

e The two families of QAOA gates correspond to
two vector fields on
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We will then turn our attention to the classifica-
tion of minima and critical points of F'. Here our key
findings for generic instances are:

e We have a one-to-one correspondence between
the possible solution space BY of the classical
optimization problems and critical points of F'.

e Within these critical points there is only one local
minimum. This minimum is the solution of the
underlying optimization problem.

Thematically, our investigations and results belong
to the field of dynamical Lie algebras (see e.g. [23] for
a comprehensive review and [24] for concrete applica-
tions to QAOA). However, we consider our analysis as
more tangible than the general case discussed there.

1 The Geometry of Accessible States

The very first question that arises when considering
asymptotic gate sequences is: Which states can be
reached by the QAOA when starting from an initial
state 19?7 This set of accessible states, from now on
denoted by €2, will be the ground for the geometrical
picture we want to outline in this section.

Let H be the target Hamiltonian that encodes an
optimization problem and let Ug(5) and Uc(y) with
C = H — tr(H)1 be our basic families of QAOA uni-
taries as described in the previous section. The set
Q will be obtained from considering the set G(B, C)
of all circuits that could be asymptotically generated
by the QAOA. In the following, we will drop the ex-
plicit dependence on B and C' and write G = G(B, C)
whenever it is clear from the context.

Circuits

As described in the previous section, circuits of a fixed
depth p are parameterized by finite sequences of an-
gles 4 and 8. For any p, these can be captured by the
set

Cp = {H Uc(74)Us(8,) € SU(RY) : (7.58) € Rzp} '
q=1
(9)

There are now some technicalities to respect when
considering circuits of infinite depth. A naive limit
p — oo of infinite angles sequences in (9) will lead to
infinite products of unitaries, which is not necessarily
a well-defined object.

However, on the level of sets we observe that the
G, form a monotone sequence; i.e., we have G, C
Gpt1. Here a well-defined set-theoretic limit exists.
From this limit we obtain G by taking the topological
closure in L(H), i.e.,

G= (plggo Gp) c SU@2M). (10)

Intuitively, G contains all circuits of finite depth as
well as all unitary transformations that can be ap-
proximated by circuits of finite depth up to arbitrary
precision. Here proximity is measured in the oper-
ator norm, meaning that two unitaries will be close
to each other whenever their images are close to each
other for any input state.

States

Applying these circuits to a fixed initial state ¥, i.e.
taking the G-orbit around ¥, will then give us the
set 2 of accessible states

Q:={U%U" : U G} CS(H). (11)

Corresponding to our intuition on G, those are all
states that can be generated from ¥, by a finite cir-
cuit such as all states that are approximately close
to them. The central observation for the following
analyses is that the set G naturally carries the struc-
ture of a Lie group, which will also carry over to a
corresponding structure on ).

On one hand, a Lie group has the structure of a
group, which in this case simply reflects that QAOA
circuits have some of the basic properties a complete
set of quantum circuits should have. The group ac-
tion, here given by multiplying the corresponding uni-
taries, reflects that concatenating two possible circuits
gives again a valid circuit. The existence of a neutral
element, the identity operator, is obtained by setting
all angles 4 and E to zero. This corresponds to an
empty circuit, i.e. doing nothing. The existence of an
inverse?, here provided by taking the adjoint of a uni-
tary, reflects the often-advertised property that quan-
tum circuits are reversible and that the set of QAOA
circuits is complete with respect to this property.

On the other hand, the Lie group G has the struc-
ture of a manifold. This structure will be crucial for
rigorously talking about optimization landscapes in
what follows. Even though the manifold structure of
a Lie group is given in a quite abstract manner in
the first place’, it will carry over to a concrete struc-
ture on €, giving us the playground for defining op-
timization landscapes and analyzing the behavior of
optimization routines.

For w € Q and U € G, the map

7,(U) :=UwU" (12)

describes an action of G on Q and defines the Lie
group structure on €. Firstly,

Tr,(v)(U) = UVWV*U* = m,(UV) (13)

2This is clear for finite circuits, for infinite circuits the proper
limits have to be taken into account.

JOn an abstract level, we can consider G as a subgroup of
GL(n,C). Here, Cartan’s theorem on closed subgroups [25]
states that the embedding of G into the smooth structure of
GL(n,C) will give us a consistent smooth structure on G itself.
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gives us a group homomorphism. Secondly, as out-
lined later on, this map will also carry over the man-
ifold structure from G to 2. As a manifold, € is iso-
morphic to the Lie group quotient G/N via the map
my, where N = {U € G : U¥U* = Up}. A di-
rect consequence is that €2 is a closed manifold, i.e. is
compact and has no boundary.

Figure 1: The geometry of the QAOA visualized on a qubit:
Here, € is given by the surface of the Bloch sphere (all pure
qubit states). Applying the basic gates Uc or Up corre-
sponds to movements along vector fields ®¢ or @ that are
oriented along lines of constant latitudes (left). Performing
a QAOA sequence (coral colored line) corresponds to alter-
natingly move along these vector fields.

The Objective

Our target functional F(w) = (H), can now be seen
as a scalar field F' : © — R. Our initial minimiza-
tion task is hence equivalent to finding the minimum
of this field on Q. A direct consequence that can be
drawn from the fact Q is a closed manifold is that lo-
cal and global minima only occur in the interior. It is
easy to see that F' is indeed also differentiable, which
directly implies that local minima can be character-
ized considering its derivatives.

Derivatives on a manifold are given in terms of tan-
gent spaces. The tangent spaces on G are obtained
from its Lie algebra. We will denote the Lie algebra
that corresponds to G by g(B,C). It always contains
the Lie algebra generated by iB and iC"

g(BvO) 2 Lie ({iBaiC})[" ])
= spang{iB,iC, [B,C),i[B,[B,C]l,...}.
(14)

The question whether the inclusion in (14) is actually
an equality is subtle, but not too important for our
analysis. We will drop the explicit dependence on B
and C in the notation and write g = g(B,C) when-
ever it is clear from the context. Our choice of taking

B and C to be trace-less implies that g C su(H). The
map m, now transfers the tangent spaces of G to tan-
gent spaces on ). More precisely, for a point w € €,
the map m, gives us a push forward from g to the
tangent space T,,€) at w.

Resulting from this we can introduce the directional
derivatives of a scalar field w.r.t. A € g at a point
w € Q by

VP (w) = 0" F (mu (")) |i=o
_ 8§n)F(6tA w eftA) |t:0- (15)

These derivatives will be used to characterize criti-
cal points, minima, and maxima in the subsequent
sections. At each point w € €2, there will be several
A € g that do not correspond to actual directions on
Q due to its quotient structure. Namely, for A € g
with

[w, 4] =0, (16)

we have that m,(e*4) = w for all t € R. Thus, the
directional derivatives w.r.t. A would vanish for every
considered scalar field and is therefore meaningless.

QAOA Sequences

To complete this section we will have a look at the
geometric role that the families of basic QAOA gates
Ugp(B) and Uq(y) play. From the manifold perspec-
tive those correspond to vector fields ®p and ¢ on
Q. Explicitly, we can think of vectors

t{w, B] and i[w, C] (17)

that are assigned to each point w € 2. The structure
of these vectors can be grasped in a simple manner
by considering that a point w is transported by a one
parameter family U; = ‘4 via the map (12) along a
continuous curve w; = m,(e*4) on Q. The directional
derivative along this curve is then simply given by

Oywili—0 = et w e*tA|t:0 = —|w, A]. (18)

Performing a QAOA instance of depth p with some
parameters 31, 32, ..., 5, and 71,72, ..., hence can
be understood in a nice geometrical picture: start
from ¥y and follow (the flow of) the vector field ®¢
for a distance given by parameter 71, stop and change
direction to follow the (flow of the) vector field ® g for
a distance given by (1, and so on. Here the circuit
depth p determines the number of switching from one
flow to the other. Situations in which shallow circuits
suffice to reach a global minimum can therefore be as-
sociated to situations in which the vector fields have
a simple structure (see, e.g., Figure 1). In converse,
we expect that the, potentially exponential, hardness
of a particular classical problem translates into a cor-
responding complexity of the vector field structure.
Here the dimension of the corresponding Lie algebra
would be a natural number for quantifying this.
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2 The Lie Algebra of the Encoded Problem

For the characterization of optimization landscapes,
we will first focus on the underlying manifold. Here,
the central question is: which Lie group corresponds
to a classical optimization problem encoded in a given
Hamiltonian H? As it turns out, all properties of a
Lie group which are relevant for our investigations are
already encoded in its Lie algebra so that we focus
on these objects instead. Here, the above question
translates to determining properties of the algebra g,
which is generated by the given operators B and C.

The precise form of g might, however, be highly
problem-specific and will reflect the hardness of the
underlying classical optimization problem becomes, in
general, extremely hard to compute for large systems.
At this point, we will leave the detailed investigation
of this connection for future work and instead provide
statements on g for a generic case.

Notably, it was prominently shown [26, 27] that al-
most every set of quantum logic gates with an action
on more than one qubit can be used to generate any
quantum circuit. A corresponding result for Lie al-
gebras states that the algebra generated by randomly
drawn traceless matrices almost certainly turns out
to be the full algebra su(2"V). This clearly suggests
to ask for a similar behavior in the special case of the
QAOA circuits.

Formally, we will say that the generators B and C of
QAOA-gates are universal if G(B,C) = SU(H). This
follows automatically if the Lie algebra generated by
iB and iC is su(H). Clearly, this question has been
investigated before [28] with the result that univer-
sality of QAOA circuits was proven for a wide range
of objective Hamiltonians H and their corresponding
generator C'. The following theorem will contribute
to this by a simple sufficient criterion for universal-
ity that can easily be checked by merely considering
the possible values of the classical objective function
f. In the field of optimal control theory the notion
of ‘controllability’ is the counterpart to the universal-
ity of a gate set in our case. Based on a convenient
controllability criterion from [29] we get

Theorem 1. B and C together form universal gen-
erators of QAOA-gates if the underlying classical op-
timization problem given by a target function f fulfills
the conditions

(a) non-degenerate values:
JE) = 1) = 2=~
(b) non-degenerate resonance:
f(2) = [ =f(t) = f(t) = (2,2) = (t,1)
if 242 andt#£t,

In particular, the set of optimization problems f for
which g = su(2N) is open and dense (and hence the
complement is a null set).

Proof. Given Hermitian operators B and C on a (fi-
nite dimensional) Hilbert space #, under what con-
ditions is the generated Lie algebra Lie(iB,iC) equal
to su(#H)? This question is particularly important in
the field of control theory and has, for example, been
looked at in [29, 30, 31, 32]. We will use the suffi-
cient condition in [29, Theorem 2| stating that if C is
strongly regular (which is equivalent to our assump-
tions (a) and (b)) and if the graph G of B is connected
(see below), then g(B,C) = su(H), or equivalently
9(B,C) = su(H).

The graph G of an operator B is defined with re-
spect to a basis {|z) € S} as follows: The vertices
of G are the different basis labels s € S and there
is an oriented edge joining z and 2’ if and only if
(2| B|z') # 0. That is, the matrix representation of B
in the same basis {|z) € S} is, up to normalization of
its entries, the adjacency matrix of the graph G. How-
ever, since B, as a matrix in the computational basis,
is irreducible [2], we readily obtain that its graph is
connected. O

For the case that g = su(2V), it is indeed al-
ways possible to solve the problem in finitely many
steps, i.e., there exist f3;,7;, 7 = 1,...,k such
that Upg (/Bl)UC('}/l)UB ([32) cee UC('Yk) maps the initial
state to a ground state of H (see [33, Thm. 3.4]).

Thus, a randomly chosen optimization target f will
fulfill the criteria from Theorem 1 almost certainly.
We can therefore draw the conclusion that universal-
ity is indeed a generic property of the QAOA. Generic
instances of Knapsack, where the values and weights
are arbitrary real numbers, or Traveling Salesman,
where the distances between cities are arbitrary real
numbers, (both encoded with soft constraints) will fall
in this category. Furthermore, generic QUBOs are one
of the classes for which universality was shown in [28].

Problem classes where values of f are typically
given by integers, like MAXCUT or MAX-£-SAT, do
however not necessarily fulfill the conditions of The-
orem 1 and could therefore lead to an optimization
on smaller sets. If universality is a desired property,
it can however always be restored by adding small
perturbation. A concrete strategy would be to con-
sider weighted MAXCUT or weighted MAX-k-SAT,
with close to integer weights. The universality in
these cases is ensured by the denseness statement in
Theorem 1. Active perturbation might not even nec-
essary in practice, as basically any numerical inac-
curacies stemming from finite machine-precision will
lift degenerate resonances almost surely. Therefore,
from a practical point of view, any instance with non-
degenerate values admits universality.

In general, it is however far from obvious whether
a lack of universality is an obstacle or an actual fea-
ture. On one hand, we have that the reachable set
2 becomes P(H), the whole set of pure states when
g = su(2V) and thus, the largest possible search
space. A smaller algebra would in turn lead to a

Accepted in {Yuantum 2025-10-08, click title to verify. Published under CC-BY 4.0. 7



smaller search space, which may make finding an op-
timum an easier task. However, on the other hand, a
bigger algebra in principle also gives more paths that
could be taken by the QAOA, which may in contrast
enhance our chances to find short paths, which is one
of the QAOA’s advertised features. Another feature
of universality that we will explore in the following is
that a sufficiently big algebra will prohibit the exis-
tence of local minima in the optimization landscapes.
Here the intuition would be that a larger algebra pro-
vides us with more directions to move towards in order
to escape from local extrema.

3 Classification of Critical Points

With the basic geometry set up in the previous subsec-
tions we can now turn our attention to our intended
task of minimizing the target functional F'. As men-
tioned above, it is clear from the underlying manifold
structure that the global minimum of F on €, the
point we want to find, does not occur on any bound-
ary. Hence, we will now follow the usual procedures
for discussing the extreme points of a differentiable
function. We start by considering critical points:

We call wy € Q a critical point of F provided that
V AF(wp) vanishes for all A € g. It is clear that any
minimum has to be within the set of critical points.
Furthermore, the existence of critical points also plays
a major role in deep-circuit QAOA based on local op-
timization strategies. Here critical points typically
appear as local attractors, which may impose major
hurdles for a good overall performance. In the uni-
versal case, the critical points can be identified as the
eigenstates of H.

Proposition 2. Let B and C be universal genera-
tors of QAOA-gates. Then the critical points of F
are precisely the eigenstates of H.

Proof. For an arbitrary w € Q and A € g(B,C), it
holds that
VaF(w) = O0Optr (HetAwe*tA) lt=0

= tr(HAw) — tr(HwA)

= tr(AwH) — tr(AHw)

= tr(A|w, H]). (19)
Now w is an eigenstate of H if and only if the com-
mutator [w, H] vanishes. Thus, all eigenstates of H
that lie in  are critical points. However, since we
assume B and C to be universal, Q = P(#) holds.

Conversely, let tr(A[w, H]) = tr(w[A, H]) vanish for
all A € g(B,C). Due to the assumed universality of

B and C, we can choose A = [w, H]* and conclude
that ||[w, H]|| = 0. Therefore, w is already an eigen-
state of H. O

If the classical target function f fulfills the con-
ditions of Theorem 1, all eigenstates of H are non-
degenerate and therefore coincide with the computa-
tional basis states. Thus, we conclude

Corollary 3. Let [ fulfill the conditions of Theo-
rem 1. Then the critical points of F' are precisely the
computational basis states.

The last proposition tells us, that the state we are
looking for is a critical point of the functional. More-
over, there are no irregularities in terms of ‘hidden’
minima for some special functional.

4 Uniqueness of Minima and Maxima

Next, we want to go one step further and investigate
properties of the second derivatives. These will allow
us to distinguish between local minima, maxima, and
saddle points. In fact, we have the following necessary
condition for local extrema.

Corollary 4. If wg € Q is a local minimizer of F
then wy is a critical point of F' and for all A € g, it

holds that Vf)F(wo) > 0.

We call any critical point of F' with indefinite sec-
ond derivatives saddle point. In the universal case, the
critical points of F' are precisely given by the eigen-
states of H due to Proposition 2. This allows us to
classify the local minima even further. Namely, local
minima are already global ones.

Proposition 5. Let B and C be universal generators
of QAOA-gates. Then each local minimum of F is al-
ready its global minimum and corresponds to a ground
state of H.

Proof. By the Rayleigh-Ritz inequality, all global
minima of F' correspond to ground states of H. Let
Ao denote its ground state energy. Now, let [¢))X)] €
be a local minimizer of F. By Proposition 2 and
Corollary 4, |[¢)X1| is an eigenstate of H; let A de-
note the corresponding eigenvalue. Furthermore, for
all A € g(B, (), it holds that

0 < VP F(ju)e]) = 02 tr (e [p)e e H) [1=g
= 2tr ([9)(y| (A2 H — AHA))
=2tr (AJp)Xe| A (AL — H))
= 2tr (A )| A*(H — A1)
= 2((AY|H|Ap) — X (Ap|Ap)).
(20)

If |4 )X1| would not be a ground state of H, one could
choose A € g(B,C) = su(2V) so that A|[y) | A* is
an (unnormalized) ground state of H, implying that
Ao > A which clearly rises a contradiction. O

If the classical target function f fulfills the con-
ditions of Theorem 1, the degeneracy of the global
minima is lifted and we obtain

Corollary 6. Let f fulfill the conditions of Theo-
rem 1. Then F admits its only local and global mini-
mum at |zo) (20|, where

zp = arg min f(z).
z€BN
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Figure 2: Schematic visualization of different troughs without any computational state, including a local extremum |zo)zo],
and the optimal state |2*)(z*|, respectively. Cyan lines indicate orbits of movements in iC direction. They are also the level
sets of the functional. Blue lines indicate orbits of movements in iB direction. A component of the trough, i.e., a set of states
with vanishing first and positive second derivative in ¢B direction, is marked with red.

In summary, a generic classical optimization prob-
lem, that is, with objective function f fulfilling the
conditions of Theorem 1, induces a very simple op-
timization geometry on {2: the critical points of F
precisely are the computational basis states and the
only local and also global minimum is obtained at
the state corresponding to the optimal solution to f.
Conversely, at any other point w € {2, we can always
find a direction A € g along which the functional F'
strictly decreases. This simple structure is partially
lost in the following chapter, where we only allow cer-
tain directions. The loss of information results in the
appearance of additional local minima.

Our previous results are to be compared with [10]:
While we show the absence of local minima in the
state space landscape, they prove that certain VQA
ansétze for MAXCUT result in local minimum-free
parameter landscapes.

IV Deep Circuits

We will now discuss the regime of deep circuits. Here
we consider local search routines on circuits with large
but not fixed p. For this, we can keep in mind an
intuitive picture of what a local search does: In search
of the minimum of F', we maneuver through the state
space landscape by small steps. In doing so, we are
limited to evaluate F only pointwise and locally.

In contrast to the asymptotic regime from the pre-
vious section, we no longer assume that we can move
in any direction from g. In the explicit case of the
QAOA, the remaining directions are iB and iC, since
moving in any another direction, e.g., [B, C], would in
principle require an infinite sequence of infinitesimal
gates.

Additionally, it is not guaranteed that all states

from € can be reached by circuits with a depth p
of reasonable order of magnitude.

1 Local Attractors and Traps

As a direct consequence of restricting search move-
ments to the directions ¢B and iC, it can happen
that we loose the ability of escaping from a saddle
point. This effectively introduces new local minima
when transitioning from the asymptotic to the deep-
circuit regime. As we will see, those can, in fact, be
uncountably many.

As before, we can identify local minima by looking
at first and second derivatives in the available move-
ment directions. Since F stays constant under trans-
formations in iC' direction, we only have to consider
directional derivatives in the direction iB. At a state
¢ those are given by

VUF(¢)=itr (¢ [H B) =tr (6 FF)  (21)
and
VEF (¢) = tr (¢ [B,[H,B]) = tr (¢ FF). (22)

We substitute the operators Ff and Ff, as above,
to shorten notations in the following. A state will
turn into a local minimum for deep circuits if the
first derivative vanishes and the second derivative is
positive. This corresponds to the semi-definitely con-
strained set

Te={peQ:tr(¢p F’) =0, tr (¢ F}’) > 0}. (23)

Such a set will typically contain a full continuum
of points. To get an intuition for this, we can embed
Q into the Hilbert-Schmidt space. Here, fulfilling the
conditions for membership in (23) corresponds to the
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intersection of the state space with a high dimensional
half space and a high dimensional subspace. Note
that, in the generic case, Tp will be disjoint. In the
following, we will refer to its conjoint components as
troughs.

Observation 7. Troughs are attracting regions for
QAOA with local search routines. In, particular, once
it comes close to a trough, local search cannot leave
the vicinity of the trough unless global movements are
performed.

We will call these global movements jumps. On
a purely empirical level, we observe this behavior
throughout our numerical studies. More details are
given in section V. On a theoretical level, a fully rig-
orous proof for this is unfortunately difficult to pro-
vide, since the full body of local search routines is
hard to capture in a mathematical statement. We
can, however, give some clear theoretical intuitions:
By construction, we have that, when starting from an
arbitrary state ¢, the minimization of F' along a tra-
jectory m,(e'#P), this is, only moving along direction
1B, will eventually end up in the vicinity of 7. For
a simple local search routine, this is indeed likely to
happen, since following this direction will guarantee a
monotonous descend. However, for line search meth-
ods, such as gradient descent, the delicate challenge of
finding a step length that prevents slow convergence
on the one and overshooting on the other hand [34],
complicates reaching Tz exactly. Grid search meth-
ods, like hill-climbing, may even get stuck at states
with non-vanishing first derivative because the prede-
termined step size does not allow for any beneficial
steps.

Performing iC' in between the iB movements may
diminish this behavior, forcing the local search onto
a more complicated path. But if, in the end, this
routine also minimizes the gradient in the parameter
landscape, it will ultimately converge to Tp as well.

Observation 8. Alternating between iB and iC
movements causes the local search to zigzag around
the true descent direction of the functional.

This behavior is typical for local search routines
[35] and we also observe it throughout our numerical
studies.

In the case of the QAOA an intuitive explanation
for this can be given. We can regard the trough as a
line of local minima, as any iB movement away from
it will increase the value of F' and, thus, be suppressed
by a heuristic seeking local optimality. By allowing for
a component in ¢C direction during each optimization
step, we effectively increase the search routine’s local
dimensionality. In general, the resulting step may not
align with the true descent direction of the functional
causing the next iterate to be slightly displaced from
the trough. One can grasp the situation by imagining
a marble placed marginally off the trough depicted

Figure 3: Schematic visualization of a valley (troughs in
higher dimensions not indicated): Driving with iC' (cyan
lines), does not change the value of the functional. Driv-
ing with ¢B is in some sense the ‘orthogonal’ direction. In a
valley, all iB trajectories have a local minimum. We identify
the size of a valley by the region in which the second deriva-
tive is positive.

on the left in Figure 2. While oscillating around the
trough, it will gradually move toward the local mini-
mum. A common problem in such a situation is that,
despite many steps being performed, the value of the
functional improves very slowly, if at all. The severity
of this issue depends on the ’steepness’ the trough.
Although, refined routines like the conjugate gradi-
ent method tend to avoid this behavior and adapting
them for our special situation in the QAOA seems
plausible, there are points within a trough where lo-
cal search routines have to face further obstacles.

Observation 9. FEigenstates of H that are also in Tp
act as local attractors; thus, local search tends to get
stuck in these.

We will mark those points as traps. Recall from
section III that all non-optimal eigenstates of H cor-
respond to saddle points in the landscape. Here, first
derivatives vanish such that those states are located
in Tp whenever their second derivative in iB direc-
tion is positive. Eigenstates of H are also eigenstates
of C rendering them invariant under :C' movements.
Moreover, any point in the state space will maintain
its distance from an eigenstate of H under iC move-
ments. We can see this by checking that the trace
distance (which is unitarily invariant) between a state
¢ and an eigenstate |zo)(zo| stays constant along a iC'
trajectory, i.e. we have

76 (€77) = |20)(z0] [l = lle™7$e 7 — |20)(z0] |11
= [l — €7 z0)(20 e 7“1

= ll¢ = 20Xzl [|1 - (24)

Due to the saddle point property, the functional will

be almost constant, and no iC' step allows to leave the
region.
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Let |20)z0| be an eigenstate of H with eigenvalue
f(20). In order to decide whether this state is in T we
consider its second derivative in ¢B direction. Using
the computation in (20) we obtain

V& F(|20)z0l) = tr (|20)(z0] FF)
=2 Y f(z) = Nf(z0), (25)

A(z0,2)=1

where A(z,2’) denotes the Hamming distance be-
tween the two bit strings z and 2’. This expression
has a nice interpretation. In the above, the sum

Z f(z) = (20| BHB |2)

A(z0,2)=1

comes from the special form of B that is characteristic
for the QAOA. Up to a factor of N, it can be inter-
preted as the average of f taken over all next nearest
neighbors of zy in the hypercube BY. For what fol-
lows, it is useful to define the discrete gradient mean
at a point zg,

Z f(Z) — f(ZO)7 (26)

i.e., the average difference between the value of f at
zo and all neighboring strings. This average is pro-
portional to the second derivative and suffices to de-
termine what happens to the saddle point at z; when
restricting to the deep-circuit regime.

Moreover, note that a string zg of length IV only has
N neighbors in BY. Therefore, the quantity j(zg) can
be efficiently determined by a classical computation
that merely checks and adds the values of f at those
points.

2 Trap Sizes

Once a local search gets stuck in a trap, jumps, i.e.
steps on a larger scale, have to be performed in order
to escape. We can estimate the required jump size
by considering the distance from a trap to the closest
state with negative second derivative. This, arguably
heuristic, quantity provides the scale at which the lo-
cal behavior around a trap stops to dominate. See
Figure 3 for a visualization. From now on, we will
refer to a region around a trap in which all second
derivatives are non-negative as valley.

Assume a trap centered at a state |zp)}zo| and an
e-neighborhood

{re € Q2 llpe = 20)20llly < e}

By definition we can express any state in this neigh-
borhood as

pe = |20)(z0| + eK with |K|, <1, K = K.

Thus, we can bound the second derivative of p. by
the estimate

VEQB)F (pe) = tr (psFQB)

> inf (tr (|z0><zo| FQB) +etr (KFzB))
Kl <1
=2Np(z0) —¢ sup tr(KFy)
K|l <1
= 2Np(z0) — e[| F¥’ |l (27)

where we used the variational formula for the oper-
ator norm in the last step. Thus, by determining
or bounding the universal factor ||[Ff ||, for an ex-
plicit problem instance, one can estimate the size of
a valley in the state space landscape by identifying
all e-neighborhoods where the second derivatives are
positive.

First, the last line of (27) bounds the critical €; i.e.,

2N p(20)

=) (28)
15 |oo

Second, we can provide an upper bound for ||F||
by exploiting the sub-multiplicativity of the operator
norm and eventually obtain

1F5 oo = 1B, [B, C1ll|
<4IBI%ICle = 4N?||Cllee.  (29)

Combined, we conclude

#(z0)

e =~
2N||Clloo

(30)
This estimate naturally suggests that the region
around an eigenstate - particularly the global mini-
mum - where the B derivative exhibits the same prop-
erties as the eigenstate itself, decreases in size as the
problem size increases (~ 1/N). Furthermore, we can
incorporate the operator norm of C' into u, by noting
that within p we can always consider eigenvalues nor-
malized with respect to the largest one. This yields a
convenient redefinition

f(z) = f(20)

i(z0) = —_ 31
C= 2 N[Ol (31)
0,2)=1

such that
fi(20)
e< N (32)

Therefore, the properties of local minima with respect
to B depend only on the relative distances between
the eigenvalues of H as well as on the problem size
N.

3 A Performance Indicator

Valleys have a critical influence on the performance
of deep-circuit QAOA as they are encompassing at-
tractors and traps for local search routines. Intu-
itively, a landscape with 'too many’ valleys, i.e. too
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Figure 4: p-f diagrams of some randomly sampled functions f on 13 bits. The values of f are (a) uniformly randomly
distributed with support on [—1,1] and (b) distributed with respect to a bimodal distribution that favors values at the
boundaries of [—1,1]. From a local search perspective these are considered unfavorable instances. (c), on the contrary, stems
from a random QUBO instance. This diagram unveils an optimization landscape that is favorable for QAOA.

many traps, seems to be unfavorable for a good per-
formance. The previous section now equips us with
tools for making such a statement more refined: In
the following we consider the distribution of valleys
with respect to their number, size, and depth. Then,
the statistics of these properties allow us to identify
obstacles for local search routines. By this we obtain
an accessible performance indicator for deep-circuit
QAOA.

Recall that the presence of a valley can be attested
by the discrete gradient mean p(z), where pu(z) > 0
indicates a valley with a radius (in trace distance)
bounded by (32). For a given target function f :
BN — R, consider the set

Er ={(f(2), n(2)) |z € BV}

From now on, we refer to a density plot of 2 as the
w-f diagram of f. A significant amount of the op-
timization landscape’s quantitative structure in state
space can be directly observed from such a diagram.
Several examples are given in section 1.

Relevant questions that can be directly answered
by examining the p-f diagram are:

(33)

(i) What is the fraction of points with p > 07

(ii) Are there correlations between the radius of a
valley and its depth? Are the largest valleys also
the deepest?

(iii) Is there a separation between small and large val-
leys? Are large valleys less likely than small ones?

Quantitative answers to these questions allow us to
estimate whether a landscape is in principle favorable
or unfavorable for local search routines.

Generally, a landscape with only few valleys (i) can
be considered favorable. Non-primitive routines for
local search include subroutines for jumps that allow
to escape a local trap and search for an optimum else-
where. This is, however, only efficient if there are

not too many traps. Without further structure given,
we will assume that valleys with a large radius are
more likely to attract a local search routine. Land-
scapes whose largest valleys are also the deepest (ii)
are favorable, as a local search is more likely to find
the global minimum of f. A central aspect of fine-
tuning a local search routine is adjusting the sizes of
local steps and jumps. Here, statistical information
about the valley sizes (iii) can be very useful. In a fa-
vorable landscape, most valleys are small and shallow
and only few valleys (including those we are looking
for) are large and deep. Taking step and jump sizes
just large enough will then allow us to set up a lo-
cal search that effectively ignores small valleys and is
only attracted to large ones. In conclusion, we will
consider landscapes as favorable if the largest valley
is also the deepest and the distribution of p and f
thins out for increasing p and decreasing f, i.e. to
the low-right corner of the - f diagram. In the sense
that it indicates the presence of performance obsta-
cles, we regard the u-f diagram of a target objective
f as a two dimensional performance indicator.

Here we emphasize once more that the p-f diagram
relies solely on data obtainable from classical, effi-
ciently accessible properties of f on strings z; specifi-
cally, the value of f and its average over nearest neigh-
bors. On a more refined level, assessing the unfavora-
bility of a landscape involves estimating a tail distri-
bution. This task is central to the mathematical field
of risk management [36] and many statistical meth-
ods developed there can be applied to our problem.
At this point, however, we leave a detailed analysis
and application of those methods for future work and
restrict to the provision of examples.

V' Numerical Results

In the previous sections, we explored various aspects
of the interplay between local search routines and the
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geometry of the state space optimization landscape.
In this section, we will employ a simple local search
routine to demonstrate these on concrete examples.

At this stage, we will obtain our results by numeri-
cally simulating the behavior of a noise-free quantum
computer. Observations inferred from this clearly
over-idealized setting therefore only account for rul-
ing out the feasibility of a problem instance and not
for ultimately demonstrating it.

Rather than using Qiskit or similar existing frame-
works, we perform simulations on the level of explic-
itly implementing the matrices and vectors involved.
By this, all major computations can be directly per-
formed by matrix-vector multiplications in an opti-
mized library, such as BLAS. We thus ensure that the
runtime of our simulations scales linearly with the cir-
cuit depth p, enabling us to simulate very deep circuits
within fractions of a second.

section 1 presents a diverse set of examples along
with their p-f diagram used to examine the local
search algorithm presented in section 2. Indicators for
assessing the algorithm’s performance are introduced
in section 3 and analyzed in section 4. There, we
also demonstrate the significance of our newly intro-
duced performance indicator, the p-f diagram, using
the examples. Finally, the observations discussed in
section IV are detailed in section 5 and section 6.

1 Examples

A central question in assessing the potential of QAOA
is identifying problem classes and instances where the
algorithm is likely to perform well. However, one must
anticipate the existence of 'no free lunch’- theorems
implying that most instances will not perform well.

We immediately observe such a behavior when con-
sidering objectives f in which the values of f are dis-
tributed without paying attention to the topology of
BY. Examples are given in Figure 4. In each case,
we first generated the values of f according to a speci-
fied distribution function and then randomly assigned
them to bit strings using uniform sampling. In the
first example, f is uniformly distributed over the in-
terval [—1,1], resulting in an unfavorable landscape
in which the valley sizes are uniformly distributed, as
well. In the second example (also shown in Figure 4,
the values of f follow a bi-modal distribution that
favors both large and small values, leading to a more
structured landscape. This illustrates a clear instance
of the "no free lunch" behavior, as the global mini-
mum does not possess any statistically distinguishing
features relative to many of the local traps.

This situation changes when we consider random
instances of QUBO, i.e. functions of the form

fz) = Zz(z‘)Mijz@),

generated from a randomly chosen hermitian matrix

M with unit norm. Here, we observe a mutual de-
pendence among the values of neighboring bit strings,
accompanied by a thin-tailed distribution — clearly
visible on the right in Figure 4 — which results in a
favorable landscape. In correspondence, we also see
from our numerical studies will reveal that even the a
local search using the simple downhill simplex method
performs better on these instances. We expect that
this tail behavior can be explained by employing the
central limit theorem. However, we leave a full proof
for future work.

A review of the catalog of of special classes of
pseudo-Boolean functions [37] quickly reveals addi-
tional classes that admit favorable optimization land-
scapes. Among them are functions that are zero for
the vast majority of bit strings, with negative values
occurring only on a small subset. Here, the landscape
is mostly flat, and all valleys will encompass a global
minimum.

For example, SAT problems with only few feasible
points constitute such functions. Remarkably those
are in close correspondence to the ‘find the marked
entry in a database’ problem Grover’s search algo-
rithm [38] solves with a proven quantum speedup.

2 A Basic Local Search Algorithm

We use a basic and naive local search routine that may
be viewed as a state-space version of pattern search
[39] or random search [40, 41]. Tt works as follows:

0. Fix an initial state pg and a set of m unitaries
ue ={Us,...,U:} and set p = 0.

1. For i =1,...,m, prepare states 7; = U7 p,U; ™.

2. Measure the target Hamiltonian on the states 7,
i.e. compute f; = F(7;)

3. Pick ¢* = argmin,_, _,, fi, set fi~ as active esti-
mate, set p,1 = 7;+ and go to 1.

If all U; are close to the identity this will generate
a simple local search routine. Here, the step size in
state space is determined by the difference between
U; and the identity, evaluated on the active state p,.
An upper bound to this distance is given by the maxi-
mum operator norm distance between the U; and the
identity. In our concrete examples, we take the U; to
be a single layer of QAOA unitaries, with parameter
tuples (f3;,i) chosen from a grid-like pattern centered
around zero. The grid spans a range of £/|| H|| o0, with
11 equidistant values for 5 and 5 for . For small €,
and by setting |H||x = 1, the parameter ¢ corre-
sponds, at least approximately, to an upper bound on
the actual step size in state space. In any case, € can
be regarded as an effective size parameter that de-
fines the characteristic scale on which the local search
routine operates.

It is important to point out that our intention for
employing this type of algorithm is to investigate the
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fundamental behavior of local search routines and not
to achieve the best possible performance. They usu-
ally offer high robustness in progressively improving
estimates of an optimization target, without requir-
ing extensive preconditioning tailored to a specific
problem instance. This robustness, however, typically
comes at the price of requiring many optimization
rounds. To achieve faster convergence, more refined
algorithms and considerable case-specific feature en-
gineering is necessary.

3 Description of Depicted Data

Characteristic information from each run is presented
through the following indicators:

(i) Success probability of obtaining the optimal out-
come string for a given optimization problem.
This is computed by measuring the overlap of
the optimal state with the respective active state
pp, and plotted as a function of the circuit depth
p, i.e., the number of algorithmic rounds.

(ii) Approximation ratio (H)/ fmin obtained by mea-
suring the target Hamiltonian on the active state
pp; again as a function of the number of opti-
mization rounds.

(iii) Gradient magnitude of the functional F' along
an ¢ B trajectory, evaluated at the active state p;;
again as a function of the number of optimization
rounds.

(iv) Outcome probability distribution of bit strings
obtained by measuring the final active state py,, ..
in the computational basis. Bit strings are
mapped to integers via binary-to-decimal con-
version. In each plot, the red line indicates the
position of the optimal solution(s) for the given
problem instance.

4 Performance of Deep-Circuit Local Search

In this subsection, we analyze the results gathered
from the local search routine with step size € = 0.1 on
example instances with nine bits, in contrast to the
13-bit instances used in the p-f diagrams depicted in
Figure 4. However, we will observe, qualitatively, the
exact performance behavior that is predicted by the
w-f diagrams for the larger instances. First, the per-
formance on the objective function with random val-
ues sampled from a uniform distribution on [—1, 1] de-
picted in Figure 5: Although the approximation ratio
increases steadily, the success probability of approx-
imately 0.0125 after 1000 iterations is comparatively
small. Accordingly, the final outcome distribution is
spread out, showing no significant peak around either
local or global minima. In fact, the approximation
ratio seems to slowly increase proportionally to p2.

Furthermore, the gradient oscillates as a function of
p with slowly oscillating amplitude.

Second, we analyze a concrete example of a random
function with values sampled from a bimodal distribu-
tion on [—1, 1] (see Figure 6): At first glance, the most
striking feature is the rapid increase of the approxi-
mation ration within the first 300 iterations, followed
by its saturation at a comparatively high level. Since
this behavior is not reflected in the success probabil-
ity — which remains at approximately 0.015 even after
1000 iterations — we infer that the algorithm initially
populates states with good, but suboptimal, objective
values. This is expected, as functions of this kind typ-
ically possess a large number of such states. In that
spirit, the final outcome distribution is as spread out
as in the uniform case and the gradient once again
oscillates as a function of p, with a slowly decreasing
amplitude.

Next, we revisit the instances that appear, based
on the p-f diagram, to correspond to favorable op-
timization landscapes. As shown in Figure 7, the
numerical data from the random QUBO problem of-
fers clear and unequivocal support for this hypothesis.
Not only does the approximation ratio increase signif-
icantly within the first 300 iterations, but the success
probability also rises to as high as 0.7 over the course
of 1000 iterations — substantially higher than in both
preceding examples. Accordingly, the final outcome
distribution strongly concentrates around the optimal
solution. The gradient also behaves similarly to the
bimodal case, regarding both its oscillation and its
amplitude.

In addition, we consider a more concrete example:
a MAXCUT instance for a random graph with nine
vertices and unweighted edges. The resulting objec-
tive function is also of QUBO-type and we therefore
expect a favorable optimization landscape. However,
the function merely is integer-valued. Furthermore,
it is symmetric under flipping each bit of its argu-
ment. Therefore, the criteria of Theorem 1 are not
met and it is thus of particular interest whether our
performance indicator, the p-f diagram, still applies.
Indeed, our numerical results (step size ¢ = 0.1) indi-
cate a favorable landscape (see Figure 8): After 1000
iterations, the success probability even exceeds that
of the previous QUBO instance by roughly 0.17. Like-
wise, the final outcome distribution strongly concen-
trates around the two optimal solutions. We again
observe a saturation of the approximation ratio after
300 steps, but with an even higher saturated ratio
than in the previous case. The gradient also admits
oscillations in p, but its overall amplitude is doubled
in comparison to the previous case.

5 Troughs and Local Traps

One particular feature that has only been briefly dis-
cussed so far is the behavior of the gradient across
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all problem instances. Although not directly relevant
for our algorithm — since we are using a gradient-free
optimization — it nonetheless highlights a peculiar-
ity of local search routines. Starting from a point
with a comparatively large gradient, the search typi-
cally reaches a region of moderate gradient magnitude
within just a few steps. This behavior corresponds
to Observation 7, where we identified such regions as
troughs. Beyond this point, the gradient begins to
oscillate around zero, even as the local search contin-
ues to improve the objective function. This suggests
that the optimization steps are not aligned with the
true descent direction of the objective, which led us
to Observation 8.

On the other hand, the existence of local traps plays
a central role for the success chances of a local search
routine. As outlined in section 1, these traps arise
from saddle points in the asymptotic landscape. A
low-layer optimization is unable to escape them, since
the required move involves directions that demand
unitaries of potentially asymptotic circuit depth. In
Observation 9, we identified them with the eigenstates
of the target Hamiltonian. Figure 9 provides strong
numerical support for this. There, we intentionally
initialize the state as pg = |¢o)(¢o|, chosen to be close
to a non-optimal eigenstate of a Hamiltonian corre-
sponding to a random QUBO instance on 9 qubits.
We employed the algorithm from section 2, using a
small step size (¢ = 0.001). It was terminated after
100 iterations, as the results indicate that the search
remains within the vicinity of the exact same non-
optimal eigenstate. The approximation ratio remains
constant at the objective value of the non-optimal
eigenstate, and the final probability distribution is en-
tirely concentrated on this eigenstate. A more refined
behavior can be inferred from the success probability
and the gradient which are both depicted on a very
fine scale. For the first 20 steps the success probabil-
ity stays constant and the gradient slowly decreases.
Afterwards the gradient and the success probability
begin to oscillate. While the gradient stays small, the
success probability begins to grow linearly. Both ef-
fects happen on a very small scale, i.e., the gradient
stays almost zero and the linear growth is almost flat.
Even though the effective step size was on order 1073
the slope of the success probability is much smaller,
namely on the order of 107'2. Therefore, the algo-
rithm is effectively trapped.

6 Step Size Analysis

For the same random QUBO instance as before, we
further investigate the algorithm’s behavior for two
different step sizes, e € {0.01, 1}. The smaller step
size, € = 0.01, leads to a very slow traversal of the fa-
vorable optimization landscape (see Figure 10). The
success probability evolves similarly to that in the
previously considered QUBO instance with moderate

step size; however, the rate of increase is substantially
slower. As a result, the final outcome distribution
is smeared out resembling the behavior seen in the
case of an unfavorable landscape. Due to this slow
progress, the approximation ratio does not reach sat-
uration within the first 1000 iterations. Instead, it
exhibits a shallow linear increase over a broad range
of steps. Additionally, after an initial burst, the gra-
dient’s amplitude becomes very small — once again
indicating again the slow motion through the opti-
mization landscape. In summary, the chosen step size
clearly is too small to reach the optimum within a
reasonable number of iterations. However, the un-
derlying optimization landscape appears to permit a
direct traversal from the initial state to the optimum,
provided a sufficiently large circuit depth.

Meanwhile, the larger step size, ¢ = 1, results in a
completely different behavior (see Figure 11). The
success probability remains constant over extended
intervals of iterations, exhibiting abrupt increases be-
tween these plateaus. After 1000 iterations, it reaches
a relatively high value of 0.55, which is supported by a
strong concentration of the final outcome distribution
around the optimal solution. The approximation ratio
follows a similar pattern, remaining constant over the
same intervals and showing discrete jumps in between.
We also observe pronounced oscillations with compar-
atively large amplitude of the gradient — a behavior
that directly results from the large step size. This
aligns with intuition: a large step size is sufficient to
approach the optimal solution, but not precise enough
to reach it exactly.

VI Outlook and Conclusion

This work is done under the impression that techno-
logical advances of the NISQ era might reach a next
stage in a not too far future. For this we share the
aspirations that quantum computing with deep cir-
cuits will become practically feasible. In this regime
the quantum-classical ansatz of variational quantum
computing will likely keep its popularity. Estimating
perspectives of practical applicability, spotting new
obstacles, and finding promising problem classes is
therefore a relevant quest that can already be started
today. With this work we contribute to the collection
of methods, tools, and structural insights that will
hopefully lead to a better understanding on why the
QAOA practically fails in many examples and when
it could in principle work.

As we have seen, regarding optimization landscapes
from a state space perspective allows for a clear analy-
sis that reveals rich but still accessible mathematical
structures. This has to be seen in clear contrast to
the, in some extend, more often employed perspective
on optimization landscapes in the parameter space
of (8,7) € R?. The mapping from (3,7) € R?
does not really respect the natural topology of the
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Figure 11: Minimization of a random QUBO function with large step size (¢ = 1). Both the success probability and the
approximation ratio exhibit plateau regions interrupted by sudden jumps to significantly higher values. Analogously, the
gradient exhibits large and erratic oscillations around zero, effectively overshadowing any initial peak. Notably, the final state
shows a strong concentration around the global optimum — only moderately worse than in the case of the tuned step size

e=0.1.

problem. Several, apparently different, local minima
and traps in parameter space could for example cor-
respond to one and the same local minimum in state
space. In this sense obstacles that are spotted in the
state space picture give us a clear hint towards the
persistent geometric core of the underlying problem.
Future work might study which of the geometric prop-
erties, we uncovered for the generic case of universal
generators, are still present in the non-universal case.
However, as highlighted in Theorem 1, the optimiza-
tion problems which do not admit universal generates
are merely a null set.

We expect that the analysis of the p-f diagrams,
which we introduced as a performance indicator, will
turn out as a useful tool for future research. By con-
sidering only few basic examples, we merely scratched
on the surface of its applicability. Analyzing this indi-
cator and evaluating its impact for practical problem
instances will be an essential task for future research.

From the results we have seen so far, it becomes
however already clear that there will be no universal
applicability of QAOA in deep circuits. We see that
problem instances that avoid unfavorable landscapes
must have a specialized underlying structure and are
presumable rare. This is totally in line to the typical
observation that no method ever gives a ‘free lunch’.

Lastly, we have to point out that many further as-
pects, that influence the performance of a local search,
have been neglected in this work. This especially in-
cludes the actual circuit depth required for approx-
imating the solution of a problem up to a convinc-
ing ratio. For local search routines this depth can
be highly problem-specific and might drastically vary

with respect to the explicit method in use. Finding
good routines will most likely demand a lot of explicit
feature engineering. Even though we found some
promising simple examples in our numerical studies,
a conclusive assessment of instances with favorable
landscapes can very likely reveal further obstacles.
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