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It is commonly believed that failures of tomographic completeness undermine assessments
of nonclassicality in noncontextuality experiments. In this work, we study how such failures can
indeed lead to mistaken assessments of nonclassicality. We then show that proofs of the failure
of noncontextuality are robust to a very broad class of failures of tomographic completeness,
including the kinds of failures that are likely to occur in real experiments. We do so by showing
that such proofs actually rely on a much weaker assumption that we term relative tomographic
completeness: namely, that one’s experimental procedures are tomographic for each other.
Thus, the failure of noncontextuality can be established even with coarse-grained, effective,
emergent, or virtual degrees of freedom. This also implies that the existence of a deeper theory
of nature (beyond that being probed in one’s experiment) does not in and of itself pose any
challenge to proofs of nonclassicality. To prove these results, we first introduce a number of
useful new concepts within the framework of generalized probabilistic theories (GPTs). Most
notably, we introduce the notion of a GPT subsystem, generalizing a range of preexisting
notions of subsystems (including those arising from tensor products, direct sums, decoherence
processes, virtual encodings, and more). We also introduce the notion of a shadow of a GPT
fragment, which captures the information lost when one’s states and effects are unknowingly
not tomographic for one another.
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1 Introduction
A gold standard universally applicable method for
demonstrating that a given theory, experiment,
or phenomenon resists classical explanation is
to prove that it cannot be reproduced in any
generalized noncontextual ontological model [1].
This approach has been motivated extensively in
the literature [1–6], most notably by a version
of Leibniz’s principle [2] and by its equivalence
to the existence of a positive quasiprobabilistic
representation [4, 5] and to the natural notion
of classical-explainability in the framework
of generalized probabilistic theories [5, 6].
Studies characterizing exactly which phenomena
constitute proofs of nonclassicality—of the failure
of generalized noncontextuality— have been
carried out in the contexts of computation [7, 8],
state discrimination [9–12], interference [13–15],
compatibility [16–18], uncertainty relations [19],
metrology [20], thermodynamics [20, 21], weak
values [22, 23], coherence [24, 25], quantum
Darwinism [26], information processing
and communication [27–33], cloning [34],
broadcasting [35], and Bell [36, 37] and
Kochen-Specker scenarios [38–44]. In each
of these contexts, contextuality constitutes
a resource for generating novel kinds of
correlations, which in many cases translates into
advantages for information processing and other
tasks. Henceforth, we will refer to generalized
noncontextuality simply as noncontextuality,
and throughout this work we will use the
terms contextuality and non-classicality
interchangeably.

It is often claimed that assessments of
noncontextuality rest on the assumption that
one’s laboratory procedures are tomographically
complete [1, 45, 46]: that is, that they allow
one to fully characterize the properties of the
physical system in question (the causal mediary
between one’s preparations and measurements).
However, we will show here that assessments of
noncontextuality rest on a weaker assumption,
namely that one’s preparations andmeasurements
are sufficient to fully characterize each other,
regardless of whether they are tomographic for
all properties of the true physical system. We
term this the relative tomographic completeness
assumption.

Consequently, we prove that assessments
of nonclassicality will be valid even if

one’s laboratory operations are far from
tomographically complete for any given systems
in one’s experiment or theory, provided that the
preparations and measurements used in one’s
proof of nonclassicality probe the same degree of
freedom.

To do this, we must first formalize what
we mean by ‘degree of freedom’. Inspired by
Refs. [6, 47], we do so within a framework for
possible theories known as the framework of
generalized probabilistic theories (GPTs) [48–
50]. This framework captures quantum theory,
classical theory, and a vast array of other theories
as special cases, and allows for a unified study
of all of these. While the notion of a system
within a GPT is completely standard, we will
here introduce the notion of a GPT subsystem,
and then will demonstrate how this captures the
relevant notion of a ‘degree of freedom’ for the
study of noncontextuality. Our starting point will
be a formalisation of GPTs which makes their
representation more flexible, and that subsumes
standard representations of GPTs (see Sec. 2.2).

Our notion of GPT subsystems is extremely
general. It captures tensor product and direct
sum subsystems in the usual senses defined in
quantum theory (and in arbitrary GPTs), but
it also captures such wide-ranging examples as
virtual subsystems, stabilizer subsystems, rebit
subsystems, decohered subsystems, and so on.
Indeed, according to our definition, any fragment
of aGPTwhich itself satisfies all themathematical
properties of a GPT constitutes a GPT subsystem
of that GPT. This notion aims to capture what it
means for a GPT system to “live inside” another,
or to be “explainable by” another—in both cases,
with all its GPT structure intact: if A is a GPT
subsystem of B, then B can explain A through
the notion of GPT explainability introduced by
Ref. [51]. The main concepts that we introduce
pertaining to GPT systems and subsystems, and
how they relate to each other, are summarised in
Fig. 4 in Sec. 4.5.

We then show that the only assumption needed
for accurate assessments of nonclassicality is that
the states and effects in one’s experiment are
tomographic for a GPT subsystem of the true
GPT. This is simply another way of stating the
relative tomographic completeness assumption.

If the states and effects do not satisfy this
property, and so are not relatively tomographic,
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then one can indeed be led to incorrectly conclude
that an experiment exhibits nonclassicality.
Indeed, this is the sole nontrivial loophole in a
state-of-the-art proof of the failure of generalized
noncontextuality [45,52]. (Note in particular that
there are no loopholes due to detector inefficiencies
or superdeterminism [16].) Yet this assumption,
and what happens when it fails, has only been
studied explicitly in a single prior work, Ref. [53]
(which we comment on further in the conclusions).

In this work, we provide rigorous tools for
studying this potential loophole, once again
by introducing relevant concepts within the
framework of generalized probabilistic theories.

Consider an experiment that accesses only some
fragment of the preparations and measurements
on one’s physical system. If a given pair of distinct
states (measurement effects) in one’s experiment
cannot be tomographically characterized by the
effects (states) in the experiment, then those
states (effects) will appear to be exactly identical
within the context of the given experiment. This
will then lead the experimenter tomistakenly treat
distinct states (effects) as identical. Consequently,
the GPT description one will give to the
experiment will be incorrect—it will in fact
be given by a particular informationally lossy
function of the true GPT fragment describing the
scenario. We will call this informationally lossy
map the shadow map.

If (and only if) the assumption of relative
tomography is not satisfied, the shadow map acts
nontrivially, distorting the true GPT description
of one’s experiment. This distortion can, but
does not necessarily, cause one to reach incorrect
conclusions about classicality of the experiment.
In the final portion of this work, we begin the
project of characterizing under what conditions
the failure of relative tomography does indeed lead
to mistaken assessments of nonclassicality.

2 Generalized probabilistic theory
preliminaries

2.1 State spaces, effect spaces, systems, and
embeddings

Generalised probabilistic theories [48–50] (GPTs)
provide a framework for studying operational
theories at the level of the operational statistics
they can generate. When defined in full generality,

GPTs have a rich compositional structure, but we
will focus here on preparations and measurements
on a single system within the theory. Our
presentation is not entirely standard, but it
has some advantages over prior presentations
and introduces some useful new concepts. Like
most presentations, we will here consider only
finite-dimensional systems.

To begin, we will consider the structure of states
in GPTs.

Definition 1 (GPT state spaces). The states s for
a given GPT system G are represented by vectors in
a (finite dimensional) real vector space UG. Among
these state-vectors, there is a privileged compact
convex subset Ω̄G of normalised states, where it
must be the case that 0 ̸∈AffSpan[Ω̄G], where 0 is
the null state (the zero vector). The state space
ΩG of a GPT also includes subnormalized states,
and so is the convex hull of the normalised states
with the null state,

ΩG :=Conv[0∪Ω̄G]. (1)

Note that (unlike in many approaches to GPTs)
we will not assume that Span[ΩG] = UG, as this
assumption is naturally violated when one starts
to consider GPT subsystems, as we will do here.

We depict state s of GPT system G
diagrammatically by

s
G ∈ΩG. (2)

Weare here viewingGPTstate spaces as objects
in their own right, rather than merely as part of
the specification of a GPT. That is, they are not
merely a set of labels for computing probabilities,
but more importantly contain a representation
of the operational identities among states. An
operational identity among GPT processes is
simply a linear equality; for states on a single
system1, the general form of an operational
identity is ∑

s∈ΩG

αs s=0 (3)

for αs ∈ R. The set of all such operational
identities2 encodes (and is encoded by) the convex

1In general, operational identities can have much more
structure; see Refs. [37, 46].

2This set can be easily computed [54] and can described
as a subspace of RΩG .
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geometry of the state space, which in turn is a
critical aspect of the structure of a given theory. As
a simple example of the importance of this convex
structure, note that mixed states in classical
probability theory have a unique decomposition
into pure states, while mixed quantum states
admit of infinitely many decompositions into pure
states.

We often want to consider more than one
state space and maps between them. This
may be because we are viewing them as state
spaces belonging to two different systems within
the same GPT and are considering physical
transformations between them. Or, it could be
that we are viewing them as state spaces belonging
to two entirely different GPTs, in which case such
maps would not be physical transformations, but
rather representations of the states of one system
within the state space of another.

Definition 2 (GPT state maps). A state map
between two state spaces ΩG and ΩH is a linear map

ι :Span[ΩG]→Span[ΩH ] (4)

such that ι(ΩG)⊆ΩH
3.

A state map is said to be faithful if and only if it
is injective, to be full (or surjective) if and only if it
satisfies ι(ΩG)=ΩH , and invertible if and only if it
has a linear inverse which is itself a state map, i.e.,
such that ι−1(ΩH)⊆ΩG. Note that if a state map is
both full and faithful then it is necessarily invertible.

Diagrammatically we denote state maps as

G

ι
H

(5)

where we use the violet box to highlight the fact
that we are not (necessarily) thinking of these
as physical transformations. We represent their
action on states via

G

ι
H

:: s
G 7→

s
G
ι
H

∈ΩH , (6)

where one reads this diagram from bottom to top
as composition of linear maps.

3It is clear that GPT state maps are closed under
sequential composition and that the identity linear map is
a state map, so one can define the category State that has
state spaces as objects and state maps as morphisms.

Because state maps are linear, they preserve
operational identities. In addition, new
operational identities are introduced if and only
if one’s state map is not faithful; that is, for
nonfaithful ι, ι(ΩG) will exhibit equalities that
are not present in ΩG.

Note also that invertibility of a state map ι is
a strictly stronger condition than invertibility of
ι as a linear map, due to the condition that the
inverse of ι must also be a state map. For instance,
consider embedding a Bloch ball into another
Bloch ball by a partially depolarizing map. This
state map is invertible as a linear map (if it is not
totally depolarizing), but its inverse is not a valid
quantum channel (as it can map quantum states
to outside the Bloch ball). Consequently the state
map is not an invertible state map, since its linear
inverse is not a state map. Similarly, note that
surjectivity of a state map is a strictly stronger
condition than surjectivity as a linear map, as the
latter would merely demand that ι(Span[ΩG]) =
Span[ΩH ].

Two state spaces are isomorphic if there is an
invertible state map between them. This is the
physically meaningful notion of equivalence for
state spaces of GPTs—one that demands that
the convex structure (encoding the operational
identities) is the same in the two state spaces. It
is this notion of equivalence that ensures that it is
sensible to define GPT state spaces in a way that
is independent of the vector space dimension, as
we have done. This is because embedding some
state space ΩG ⊂ UG within a higher dimensional
vector space W via some injective linear map IΩ :
UG → W gives a new state space IΩ(ΩG) ⊂ W
which is isomorphic to the original one. Up to this
isomorphism, state spaces are insensitive to the
vector space in which they are being represented.
So, for example, the state space of a classical bit
is the same whether or not one views it as living
in a 2-dimensional vector space, or as embedded
in (say) the 4-dimensional vector space of a qubit
(we will see such an example later in Figure 2.)

Next we consider the structure of effects in
GPTs.

Definition 3 (GPT effect spaces). The effects
e for a given GPT system G are represented by
vectors in a (finite dimensional) real vector space
VG. The effect space, EG, is a set of such effect
vectors that is necessarily convex and compact, that
contains the null effect (the zero vector 0) and a
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privileged unit effect uG, and that satisfies

∀e∈EG ∃e⊥ ∈EG s.t. e+e⊥ =uG. (7)

Note that (unlike in many approaches to GPTs)
we will not assume that Span[EG] = VG, as this
assumption is naturally violated when one starts
to consider GPT subsystems, as we will do here.
We depict effect e of GPT system G

diagrammatically by

e
G

∈EG. (8)

Just as for state spaces, GPT effect spaces are
not merely a tool for computing probabilities;
rather, they encode operational identities among
effects, which in turn are critical to the structure
of a given theory. For effects on a single system,
the general form of an operational identity is∑

e∈EG

αe e=0 (9)

for αe ∈ R. Just as for states, the set of all such
operational identities4 encodes (and is encodedby)
the convex geometry of the effect space, which in
turn is a critical aspect of the structure of a given
theory.

Like with states, we will often want to consider
more than one effect space and maps between
them, where again these may be physical maps
(e.g., representing pre-composition with some
physical transformation), or they may just be
mathematical maps (e.g., giving a representation
of the effects of one theory within another).

Definition 4 (GPT effect maps). Effect maps
between two effect spaces EG and EH are linear maps

κ :Span[EG]→Span[EH ] (10)

such that κ(EG) ⊆ EH and that preserve the unit
effect, so κ(uG)=uH

5.
An effect maps is said to be faithful if and only if

it is injective, to be full (or surjective) if and only if
it satisfies κ(EG)=EH , and to be invertible if and
only if it has a linear inverse which is itself an effect
map, i.e., such that κ−1(EH)⊆EG. Note that a full
and faithful effect map is necessarily invertible.

4This set can be easily computed [54] and can described
as a subspace of REG .

5Like state maps, effect maps are closed under sequential
composition, and the identity linear map is an effect map,
so one can define the category Effect that has effect spaces
as objects and effect maps as morphisms.

Diagrammatically, we denote effect maps as

H

κ
G

, (11)

and we represent their action on effects via

H

κ
G

:: e
G

7→
e

H
κ
G ∈EH , (12)

where one reads these diagrams from top to
bottom as composition of linear maps.

Just as for state maps, the linearity of effect
maps implies that they preserve operational
identities, new operational identities will be
introduced if and only if one’s effect map is not
faithful, and invertibility and surjectivity of an
effect map κ are strictly stronger conditions than
invertibility or surjectivity of κ as a linear map.

Two effect spaces are equivalent (isomorphic)
if and only if there is an invertible effect map
between them. Like with state spaces, this means
that embedding some effect space EG ⊂VG within
a higher dimensional vector space W ′ via some
injective linear map IE :VG →W ′ gives a new effect
space IE(EG) ⊂ W ′ which is isomorphic to the
original one, so effect spaces are also insensitive to
which vector space they live in.

The final component of the GPT framework
which we need is a probability rule which
constitutes the empirical predictions of the theory.

Definition 5 (Probability rules). A probability
rule for a GPT system G can be represented by a
bilinear map pG : Span[ΩG] × Span[EG] →R such
that pG(ΩG,EG)⊆ [0,1] and such that pG(Ω̄G,uG)=
1.

Moreover, the probability rule is said to be
tomographic if and only if it perfectly characterises
states and effects, so that

pG(s,e)=pG(s′,e), ∀e∈EG =⇒ s=s′

(13)
and pG(s,e)=pG(s,e′), ∀s∈ΩG =⇒ e=e′.

We represent the probability rule
diagrammatically as

G

pG

G

. (14)
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We represent it as a dashed circle because it should
not (necessarily) be interpreted as a state map or
an effect map, but a map from state-effect pairs to
the reals:

G

pG

G

::
(

s
G ,

e
G

)
7→

s

e
G

pG

G

∈ [0,1] (15)

Putting the above together, we can define a
system in a GPT as follows.

Definition 6 (GPT system). A GPT system G
is a triple of a state space ΩG, an effect space EG,
and a tomographic probability rule pG:

G :=

{ s
G

}
s∈ΩG

,

{
e
G

}
e∈EG

,

G

pG

G
. (16)

We can then define the notion of a GPT system
embedding as follows.

Definition 7 (GPT system embedding [47]). A
GPT system embedding6 from G to H is a pair of
a state map ι :ΩG →ΩH and an effect map κ :EG →
EH which taken together preserve probabilities, so
that pG(e,s) = pH(ι(s),κ(e)) for all s ∈ ΩG and
e∈EH . Diagrammatically, it is a state and effect
map satisfying

G

pG

G

=

G

pH

G

κ
H

H

ι

. (17)

Note that both ι and κ must be faithful as a
consequence of the fact that the GPT system has
a tomographic probability rule. The embedding is
said to be invertible if both ι and κ are moreover
invertible.

In the language of Ref. [47], this is an exact
unital embedding of one GPT into another.
If ι and κ are invertible state and effect maps

fromG toH, then (by definition) their inverses are

6It is straightforward to see that we can sequentially
compose such embeddings by element-wise composition of
the pair, and that any GPT system embeds into itself by
the identity state and effect maps. We can therefore define
the category GPT−System that has GPT systems as objects
and GPT embeddings as morphisms.

state and effect maps from H to G. It follows that
(ι−1,κ−1) gives an embedding of H into G, since
these maps necessarily also preserve probabilities:

G

pG

G

=

G

pH

G

κ
H

H
ι

=⇒

H

pG

H

κ−1

G

G
ι−1

=
H

pH

H

. (18)

Consequently for any invertible GPT embedding
fromG intoH with state and effectmaps (ι,κ), the
inverse maps (ι−1,κ−1) give a GPT embedding of
H into G.

It is straightforward to check that GPT
embeddings are transitive [47]: if we have an
embedding of G into H by (ι,κ) and H into K
by (δ,γ), then the sequential composition of these,
(δ◦ι,γ◦κ), will be an embedding of G into K.

Two GPT systems are said to be isomorphic
if and only if there is an invertible embedding
between them.

Definition 8 (Equivalence of GPT systems). Two
GPT systems are equivalent (isomorphic) if and
only if there is an invertible GPT system embedding
(as in Definition 7) between them.

This definition of equivalence subsumes the
standard one found in the literature, as we show
in the next section.

Note that if we simply embed the states and
effects of a GPT system within some higher
dimensional vector spaces via injective linear
maps IΩ : UG → W and IE : VG →
W ′, this defines an isomorphic GPT system,
(IΩ(ΩG),IE(EG),pG(PΩ(·),PE(·))) where PΩ is any
left inverse of IΩ and similarly for PE . This shows
once again how our definitions are insensitive to
the particular vector spaces in which one chooses
to represent the states and effects.

2.2 Subsuming the standard notion of a GPT
Unlike in standard presentations of GPTs, our
definition of a GPT system involves an explicit
probability rule; moreover (as mentioned earlier),
we do not assume that the states and effects on the
system span the vector spaces in which they live.
Our definition of a GPT system is not essentially
distinct from that found in the literature, but at
the representational level it is more flexible. For
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instance, it subsumes two common but distinct
kinds of representations of GPTs: those that
represent effects as linear functionals on states,
and those that represent effects as living in the
same vector space as states. This is convenient,
as it enables one to switch freely between these
two descriptions, each of which is useful in certain
contexts. We will see further advantages of our
definitions when we come to the representation
of GPT fragments (see the next section and
the comment about accessible GPT fragments
therein).

Theorem 9. Every GPT system in our framework
is isomorphic to one in each of the standard forms
found in the literature. Conversely, every GPT in
one of the standard forms found in the literature is
an instance of a GPT system in our framework.

Proof. First, let us show how to convert any given
GPT system in our framework to a GPT in the
standard forms found in the literature [48,49,55,56].
If one is given a GPT system whose states do not
span the vector space UG in which they live and
whose effects do not span the vector space VG in
which they live, one first transforms this into an
isomorphic GPT system in which the states live
in a smaller vector space which they do span, and
in which the effects live in a smaller vector space
which they do span. One can do this, for instance,
using the projection maps PΩ and PE , where PΩ
is a projection UG → Span[ΩG] and where PE is
a projection VG → Span[EG]; these give a GPT
isomorphism between the two GPT systems.

One can then lump the probability rule together
with the effects to transform them into linear
functionals on Span[ΩG], i.e., for each e ∈ EG we
can define a linear functional

e

pG
G

G

:ΩG → [0,1] :: s
G 7→

s

e
G

pG

G

. (19)

This recovers the common view [55,56] of effects
as living in the vector space dual to that for
states—i.e., the view wherein effects are defined as
linear functionals on states.

One can then transform this representation
into the other common representation [48, 49] of
GPTs, where states and effects are vectors in
the same vector space (as opposed to dual vector
spaces). The equivalence between these two kinds

of representations is well known, and relies on
choosing an (arbitrary) inner product and using
the Riesz representation theorem to get an inner
product representation.

Conversely, a given GPT in either of these
common forms is already an instance of a GPT
system as we have defined it. A GPT wherein
effects are viewed as linear functionals is a special
case of a GPT system as in our Definition 6, where
the probability rule is given by the evaluation map
(i.e., by directly applying the linear functional to
the state: p(s,e) = e(s)). A GPT wherein states
and effects live in the same vector space is also a
special case of a GPT system as in our Definition 6,
where the probability rule is given by the inner
product: p(s,e)=⟨e,s⟩.

Our notion of equivalence for GPT systems
(Definition 8) also subsumes the standard one in
the literature: that two GPTs are equivalent if one
is generated from the other by acting an invertible
linear map on its state space and the inverse of
that map on the effect space, while keeping the
probability rule fixed.

2.3 Fragments and fragment embeddings
A GPT, viewed as a theory, is understood as
describing every physically possible process in
some (possibly hypothetical) world. However,
sometimes one is interested in giving a GPT
description of some particular experiment or
particular processes within the world. In such
cases, one needs a more general notion which
allows, for example, for the possibility that the
set of states and set of effects that are of interest
might not be tomographic for each other. This
leads to the notion of aGPT fragment. A fragment
that is not itself a GPT system is typically defined
relative to some background GPT system.

Definition 10 (Fragment of a GPT). A fragment
f of a GPT system G := (ΩG,EG,pG) has a GPT
state space defined by a subset Ω̄f ⊆ Ω̄G of the
normalized states in G. As with all GPT state
spaces, the full state space is Ωf :=Conv[0∪Ω̄f ]. It
has a GPT effect space defined by a subset Ef ⊆EG

of effects from the full GPT. As with all effect
spaces, Ef is convex and compact, must include the
null effect 0 and the unit effect uf :=uG, and satisfy
∀e ∈ Ef ∃e⊥ ∈ Ef s.t. e+e⊥ = uf . Probabilities in
the fragment are computed using the probability rule
pG, but with its domain restricted to (the span of)
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the states and effects in the fragment; that is, one
defines the probability rule by defining pf (s,e) :=
pG(s,e) for all s∈Ωf and e∈Ef and extending this
to a bilinear map pf :Span[Ωf ]×Span[Ef ]→R. A
GPT fragment is therefore a triple f :=(Ωf ,Ef ,pf ).
A fragment is said to be relatively tomographic if
its probability rule is tomographic.

In the present work, the only difference between
a GPT fragment and a proper GPT is that for
the former, we do not require that the probability
rule pf is tomographic (i.e., it does not necessarily
satisfy Eq. (13)). Thus, every GPT fragment
that is relatively tomographic satisfies all the
properties of a proper GPT. Note that in this
special case, the span of the states is isomorphic
to the span of the effects:

Span[Ωf ]∼=Span[Ef ]. (20)

For generic fragments, however, this may not be
the case.
It is sometimes useful to consider a broader

notion of a fragment that does not demand that
every state in the fragment has a normalized
counterpart that is also in the fragment [17], or
in which the effect space does not contain the
unit or complementary effects, or in which the
set of states and set of effects are not convexly
closed. Such generality is necessary to describe
a real experiment, where (for example) one can
only implement a finite number of states and
effects. However, we do not consider this extra
generality here, as it obfuscates our theoretical
analyses without having any meaningful impact
on any of our results. (Moreover, any fragment in
this broader sense can be uniquely closed into a
fragment in the sense in ourwork, and one can infer
the exact probabilities generated by the closed
fragment from the original fragment.)
Clearly, GPT systems are the special case of

GPT fragments that are relatively tomographic.
Moreover, one can lift the definition of GPT
system embeddings to the more general case of
GPT fragment embeddings. The only difference
is that when the fragment to be embedded is
not relatively tomographic, it does not necessarily
follow that the embedding maps ι and κ are
faithful.

Definition 11 (GPT fragment embeddings). A
GPT fragment embedding from GPT fragment
g to GPT fragment h is a pair of a state map

ι : Ωg → Ωh and an effect map κ : Eg →
Eh which together preserve probabilities: that is,
pg(e,s) = ph(ι(s),κ(e)) for all s ∈ Ωg and e ∈ Eh

7.
Diagrammatically, it is a pair satisfying

g

pg

g

=

g

ph

h

κ
h

h

ι

. (21)

The embedding is said to be faithful if and only
if both ι and κ are faithful 8, is said to be full if
and only if both ι and κ are full, and is said to be
invertible if and only if both ι and κ are invertible.

This generalizes the notion of an exact unital
embedding of Ref. [47] to apply to GPT fragments
that are not standard GPTs; additionally, it
generalizes the notion of simplex-embeddability of
Ref. [6] to apply to embeddings into GPTs that
are not simplicial.

For relatively tomographic fragments (i.e., for
proper GPT systems), embeddings are necessarily
faithful, as there is no way to introduce new
operational identities while reproducing the
empirical probabilities. For embeddings of
fragments that are not relatively tomographic,
however, both faithful and nonfaithful
embeddings are possible. Embeddings are linear
maps, so they always preserve operational
identities. Faithful embeddings moreover do not
introduce new operational identities, so that∑

i

αisi =0 ⇐⇒
∑

i

αiι(si)=0 (22)∑
i

βiei =0 ⇐⇒
∑

i

βiκ(ei)=0 (23)

Nonfaithful embeddings necessarily do introduce
new operational identities, however. If it is the

7Like with GPT systems, we can form a category of GPT
fragments and GPT fragment embeddings which we call
GPT−Fragment. Clearly, GPT−System is a full subcategory
of GPT−Fragment.

8One might consider changing the definition of
embedding to also demand injectivity. For embeddings of
GPT subsystems, as we will see, injectivity follows from the
existence of an embedding, and need not be assumed. For
fragments of GPTs, however, it does not follow automatically,
and a strong motivation for not including injectivity in the
definition of embedding is that an ontological model of a GPT
fragment need not be injective, and we take existence of an
ontological model to coincide with simplex-embeddability.
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embeddingmap for states that fails to be injective,
then one will have at least one pair of distinct
states, s ̸=s′, for which ι(s)= ι(s′).

We emphasize this point because these facts
will be crucial for understanding shadow maps
and their implications for assessing nonclassicality.
As an extreme example, every fragment with a
trivial probability rule (i.e., one which is constant
on normalized states) is embeddable into a trivial
one with only one state (the embedding can
simply map every normalized state in the original
fragment to this unique state).
Finally, the notion of equivalence for GPT

fragments is the following (analogous to that for
GPT systems).

Definition 12 (Equivalence of GPT fragments).
Two GPT fragments are equivalent (isomorphic)
if and only if there is an invertible GPT fragment
embedding (as defined in Definition 11) between
them.

Finally, note that a GPT fragment embedding
necessarily takes normalized states to normalized
states, as a consequence of probability
preservation together with the preservation of the
unit effect.

In earlier works [17, 57], two related concepts
were introduced: fragments of a GPT and
accessible GPT fragments. The distinction arises
because the states and effects in a fragment of
a given GPT need not span the vector space of
the GPT, in which case one has a choice: one
can either represent the processes in the fragment
as living within the space they span, or one can
represent them in the (larger) vector space of the
original GPT. The former view was introduced
in Ref. [17] under the name accessible GPT
fragments, whereas the latter is simply called a
fragment.
Because we have represented GPT state spaces

and effects spaces in a way that is insensitive to
the vector space in which they are represented, it
follows that our approach (e.g., in Definition 10)
subsumes both representations and treats them as
equivalent (in the sense of Definition 12).

2.4 Nonclassicality as simplex-embeddability
Assessing the noncontextuality [1] of an
operational prepare-measure scenario is
equivalent to assessing whether or not the GPT

representation of that scenario can be embedded
into a simplicial GPT, as was shown in Ref. [6].
Consequently, we can take simplex-embeddability
as our notion of classical-explainability for a GPT.
In doing so, we inherit all of the prior foundational
motivations that have been given for generalized
noncontextuality [1–3].

To formalize this notion of classical
explainability, we must first formalize the notion
of a simplicial GPT system.

Definition 13 (Simplicial GPT systems). A
simplicial GPT system is defined by the tuple Λ:=
(∆,∆∗,pΛ), where ∆ is a state space which forms a
simplex living in a finite-dimensional vector space
Rd; ∆∗ is the effect space which forms the logical
dual of the simplex (that is, the set of vectors whose
inner product with vectors in the simplex is between
0 and 1); and pΛ is the Euclidean inner product in
Rd.

Simplicial GPT systems represent strictly
classical systems—those for which every state
has a unique interpretation as a state of
knowledge about some fundamental ontic states
(which can be associated with the extremal
states—the vertices of the simplex), and for
which every logically possible measurement is
allowed (including a single maximally informative
measurement). They also embody the notion of
classicality introduced by Leggett and Garg under
the name macroscopic realism [58,59].

A given GPT system or GPT fragment is
classically explainable if and only if it can be
embedded into a simplicial GPT system.

Definition 14 (Simplex embedding for a GPT
fragment). A GPT fragment f admits of a simplex
embedding if there exists a simplicial GPT system
Λ and a GPT fragment embedding (ι,κ) :f →Λ.

It follows from this definition that every
fragment of a simplex-embeddable GPT system
will also admit of a simplex embedding. On the
other hand, impossibility of simplex embedding
for a fragment necessarily implies impossibility of
simplex embedding for the full GPT system of
which the fragment is part.

This is the natural notion of classical
explainability within the framework of GPTs.
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3 GPT subsystems
The notion of GPT system embeddings leads to
a natural and very general notion of subsystems
within the framework of GPTs. This aims to
capture what it means for a GPT system to
“live inside” another, or to be “explainable by”
another—in both cases, with all its GPT structure
intact.

Definition 15 (GPT subsystems). A subsystem
of a GPT system G is a GPT system F , denoted
F ⊆G, such that there exists a GPT embedding (in
the sense of Definition 11) of F into G.

By definition, every GPT subsystem is itself
a GPT system, and so constitutes a relatively
tomographic fragment.
Two obvious but useful facts about GPT

subsystems are the following, the first of which
follows from transitivity of GPT embeddings:

Proposition 1. The notion of a GPT subsystem is
transitive, so that F ⊆G and G⊆H implies F ⊆H.

Second, from the definition of
simplex-embedding, it follows that:

Proposition 2. A GPT system F is simplex
embeddable if and only if it is a GPT subsystem of
a simplicial system; that is, if and only if F ⊆Λ for
some simplicial GPT system Λ.

This definition of a GPT subsystem is general
enough to subsume a variety of interesting cases:

1. a component F of a composite system F ⊗G
is a GPT subsystem of F ⊗G,

2. a component F of a direct sum system F ⊕G
is a GPT subsystem of F ⊕G,

3. virtual quantum systems (so that, e.g., a
logical qubit is a GPT subsystem of the
physical qubits it is encoded in),

4. stabilizer quantum systems [60, 61] are GPT
subsystems of quantum systems of the same
dimension (so that, e.g., a stabilizer qubit is
a GPT subsystem of a qubit),

5. restricting the states and effects on a GPT
system to those living in a linear subspace
defines a GPT subsystem (so that, e.g., a
rebit [62,63] system is a GPT subsystem of a
qubit),

6. the set of all processes that are the image of
a decoherence process on a GPT system (so
that, e.g., a classical bit is a GPT subsystem
of a quantum bit).

7. any fragment of a GPT system G which is
itself a valid GPT system constitutes a GPT
subsystem of G.

We expand on these examples and prove that
they are special cases of GPT subsystems below.
Many of these examples are pictured in Figure 1.

One might wonder if the notion we have defined
is too general, so much so that the terminology of
‘subsystem’ might be inappropriate. For instance,
only examples 1, 2, 3, and (arguably) 6 above
are conventionally considered subsystems. In the
context of quantum theory, for example, the
notion of a subsystem typically comes with
algebraic structure. However, in the context of
GPTs, a system generally has no structure beyond
convex structure, and so it is reasonable to require
that a “GPT subsystem” require only linear
embeddability but nothing specific beyond that
(such as preservation of any particular algebraic
structure that may be present in special cases,
like in quantum theory). As an example (that we
return to later in this section), the rebit is typically
not considered to be a quantum subsystem of a
qubit, but it makes sense to consider it a GPT
subsystem—and according to our definition, it is.

This notion of GPT subsystem is alsomotivated
by its usefulness in the study of noncontextuality,
as we will see in later sections.

Example 1. To see that a component GPT
system F of a given composite GPT system F ⊗
G is always a GPT subsystem of F ⊗ G, it
suffices to note that the composition operation
in any GPT, ⊗, is a bilinear map on states
⊗ : ΩF × ΩG → ΩF ⊗G and on effects ⊗ :
EF × EG → EF ⊗G, where ⊗ :: (uF , uG) 7→
uF ⊗ uG = uF ⊗G, and where (eF ⊗ eG)[(sF ⊗
sb)] = eF [sF ]eG[sG]. (In this and the other
examples in this section, we view effects as linear
functionals on states.) These properties hold for
the composition rule in arbitrary GPTs, including
quantum theory, the minimal and maximal tensor
products [64], composition rules between the
minimal and maximal tensor products, and even
for composition rules in tomographically nonlocal
GPTs. So as we now prove, it follows that F
is always a GPT subsystem of F ⊗ G. One
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a) b)

c) d) e)

Figure 1: Five examples of GPT subsystems (in blue) of larger systems (in black). a) One qubit is a GPT
subsystem of two qubits. b) A two-level classical system is a GPT subsystem of a three-level classical system.
c) The convex hull of the stabilizer states and effects forms a GPT subsystem of a qubit. d) The rebit is a GPT
subsystem of a qubit. e) A classical bit is a GPT subsystem of a qubit.

can define a GPT embedding of F into F ⊗
G given by the linear map ι : ΩF → ΩF G ::
s 7→ s ⊗ s′ for any fixed normalized s′ ∈ Ω̄G,
and the linear map κ : EF → EF G :: e 7→
e ⊗ uG. These maps preserve the probabilistic
predictions, since they satisfy e[s]=κ(e)[ι(s)] as
κ(e)[ι(s)]=e⊗u[s⊗s′]=e[s]u[s′]=e[s]. They also
act on the unit effect appropriately, since they
satisfy κ(uF )=uF G, as κ(uF )=uF ⊗uG =uF G.

Example 2. Similarly, we now show that a direct
sum factor F of a given GPT system F ⊕ G is
indeed a GPT subsystem of F ⊕G. The properties
of the ⊕ operation that we need are merely that
(eF ⊕eG)[(sF ⊕sG)]=eF (sF )+eG(sG) and uF ⊕
uG =uF ⊕G for effects. Hence, we can define a GPT
embedding ofF intoF ⊕G given by the linearmap
ι : ΩF → ΩF ⊕G :: s 7→ s⊕0 and the linear map κ :
EF →EF ⊕G ::e 7→e⊕uG. This is a valid embedding,
since these properties of the direct sum give e[s]=
κ(e)[ι(s)] as κ(e)[ι(s)] = e⊕u[s⊕0] = e[s]+u[0]=
e[s] and κ[uF ]=uF ⊕uG =uF ⊕G.

That a tensor factor of some larger system
is a subsystem is completely standard. That
components of a direct sum system should be
considered subsystems is also standard. The direct
sum structure F ⊕ G entails that the system is
either described by a state in F or by a state in
G. As F forms a space of states, each of which
is a possible description of the system F ⊕ G,
it makes sense to consider F as a subsystem of
F ⊕ G. Consider for example a classical d-level
system and a classical D-level system with D >d.
A d-level system can be viewed as living inside
the D-level system simply by ensuring that only

d of the possible states are ever accessed in one’s
experiment. Since classical systems can always be
decomposed as direct sums, ∆D = ∆d ⊕ ∆D−d,
this is an instance of F (the d-level system)
being a subsystem of F ⊕G (the D-level system).
Note that the direct sum structure also arises in
superselected quantum systems [65], where the
components are not necessarily classical.

Example 3. That our notion of a GPT
subsystem also deems virtual quantum
systems [66] to be subsystems is quite immediate,
as these are isomorphic to any other quantum
systems of the same dimension, and so trivially
admit a linear embedding in our sense. So,
our notion subsumes coarse-grained degrees
of freedom encoded in some (potentially
highly delocalized) larger set of fundamental
systems. This includes quantum codes [67],
decoherence-free subsystems [68], and
time-delocalized subsystems [69], as these are all
virtual subsystems [66]. Consider for example the
simple quantum code that encodes a logical qubit
into three physical qubits via the linear map
taking |0⟩ → |0⟩⊗|0⟩⊗|0⟩ and |1⟩ → |1⟩⊗|1⟩⊗|1⟩.
This defines a qubit on the Hilbert space defined
by Span[|0⟩ ⊗ |0⟩ ⊗ |0⟩ , |1⟩ ⊗ |1⟩ ⊗ |1⟩]. This qubit
is a GPT subsystem of the three-qubit Hilbert
space C8. Indeed, the state map for the GPT
subsystem embedding can simply be taken to
be the encoding map itself, and the effect map
can be taken to be the decoding map (acting
contravariantly on effects).

Example 4. Another example of a GPT
subsystem arises when considering the stabilizer
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subtheory of quantum theory. Consider a
stabilizer bit [60,61], defined as the convex hull of
the six eigenstates of Pauli operators on a qubit,
together with the convex hull of the six effects
that are projectors onto these (together with null
and unit effects). According to our definition, the
stabilizer qubit is a GPT subsystem of a standard
quantum bit. Similarly, every stabilizer system of
dimension d is aGPT subsystem of every quantum
system of dimension d.

Example 5. An example of a GPT subsystem
arises when considering real quantum theory.
Consider a real bit, or rebit [62, 63], defined by
the set of density matrices and POVM elements
which can be written as linear combinations
of the Pauli I, X, and Z operators (with no
component of the Pauli Y operator). The rebit
is a GPT subsystem of a qubit. To see this,
consider the natural representation of a given
state (or effect) O as a 3-dimensional real-valued
vector (1,Tr[OX]),Tr[OZ]); then, one can embed
the states and effects of the rebit back into
the full qubit simply by associating to each
the Bloch vector (1, Tr[OX]), 0, Tr[OZ]). This
embedding clearly satisfies all the necessary
properties. Similarly, any d-dimensional system in
real quantum theory is a GPT subtheory of any
d-dimensional system in quantum theory.

Example 6. Another example of a GPT
subsystem is that of a decohered system,which can
naturally be taken to live within the fundamental
(pre-decohered) system, and consequently viewed
as a subsystem thereof. The notion of decoherence
(relative to some fixed basis) in quantum theory is
well established, and corresponds to destroying all
off-diagonal terms (relative to that basis) in the
matrix representation of a state or effect. Within
the context of general GPTs, one can generalize
this idea to define hyperdecoherence processes [70–
73], which correspond to idempotent maps taking
GPT processes in the fundamental theory to GPT
processes in the decohered theory. The fact that
hyperdcoherence processes always leads to GPT
subsystems of the fundamental theory follows
from Ref. [47], which proved that there is always a
linear embedding from a hyperdecohered system
into the fundamental system that preserves the
probabilities. We will expand on all of this
in Section 6.6, where we also draw out the
important consequences of this fact for the study

of noncontextuality.

Example 7. Finally, any fragment of a GPT G
which satisfies all the mathematical properties of
a GPT constitutes a GPT subsystem of G, since
the one can always take the identity embedding of
a relatively tomographic GPT fragment into itself
as a valid GPT embedding.

3.1 Two GPT systems which are subsystems of
each other are equivalent
Any good notion of subsystem should satisfy the
condition that if two systems are subsystems of
each other, then they are the same system (at least
up to isomorphism). Here we show that our notion
of subsystem does indeed satisfy this property.

For the proof of the main proposition in this
Section, we will need the following Lemma:

Lemma 16. Any embedding (ι,κ) of a GPT system
(Ω,E ,p) into itself is a GPT isomorphism.

The proof of this is in Appendix A
We can now prove themain result of this section.

Proposition 3. Two GPT systems are equivalent
if and only if they are GPT subsystems of each other.

Proof. Suppose that the GPT systems
F :=(ΩF ,EF ,pF ) and G :=(ΩG,EG,pG) are
equivalent. Then, by definition, we have a GPT
isomorphism which embeds F into G and G into
F . Therefore F is a GPT subsystem of G and G is
a GPT subsystem of F .

Now, let us prove the converse. That F is a
GPT subsystem of G means there is a (faithful)
embedding (ι1, κ1) : F → G, and that G is a
subsystem of F means that there is a (faithful)
embedding (ι2,κ2) :G→F . We want to show that
these facts give us an isomorphism between the
two GPT systems.

We know that the ιi and κi are injective, since
GPT embeddings are necessarily faithful. What
remains to be shown is that ιi and κi are surjective
state and effect maps, respectively.

To see this, consider the composite embedding
of F into itself given by (ι2 ◦ ι1,κ2 ◦ κ1) : F → F .
By Lemma 16, this self-embedding is in fact an
isomorphism. In particular, this tells us that ι2◦ι1
and κ2◦κ1 are surjective, which implies that ι2 and
κ2 are surjective. Similarly, we can consider the
composite embedding of G into itself to show that
ι1 and κ1 are surjective.
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It immediately follows that (ι1,κ1) and (ι2,κ2)
are (possibly distinct) isomorphisms between F
and G. Hence, F and G are equivalent GPT
systems.

4 Shadows of GPT fragments

For any particular experiment on a given system,
there is some true GPT describing the system,
whether or not one knows what this GPT is.
The laboratory operations one implements in the
experiment will then be represented by a fragment
of this true GPT. The states (effects) in this
fragment will generally not be tomographically
complete for the true GPT system.

If a given pair of distinct states (effects) in one’s
experiment cannot be discriminated by any of
the effects (states) in the experiment, then those
states (effects) will appear to be exactly identical
within the context of the given experiment. In
this case, the states (effects) will appear to exhibit
operational identities that are not genuine—i.e.,
that do not hold in the true GPT. If one blindly
trusts these apparent operational equivalences,
then the GPT description one would give to
the experiment will be incorrect—it will in fact
be given by a particular informationally lossy
function of the true GPT fragment describing
the scenario. We will call this informationally
lossy map the shadow map. The image of this
map on the fragment in one’s experiment captures
how the GPT states and effects appear relative
to the effects and states (respectively) one has
implemented in one’s experiment—although, as
just described, this apparent characterization will
necessarily be incorrect if the states and/or effects
are not tomographic for each other.

If the states and effects are tomographic for each
other, then this kind of mischaracterization cannot
occur. We say that such states and effects are
relatively tomographic, or simply that the fragment
containing them is relatively tomographic.

Before formalizing these ideas fully, we present
an illustrative example.

4.1 Example 1: a failure of relative tomographic
completeness

To get some intuition for what happens when
the states and effects in one’s experiment are
not relatively tomographic, consider a first simple

example.
Imagine that one’s experimental apparatus

can prepare all quantum states, but that one’s
measurement devices can only measure the Pauli Z
observable. The set of states one can access in such
an experiment is the full Bloch ball, while the set
of effects contains only |0⟩⟨0| and |1⟩⟨1|, as well as
the effects in the convex hull of these two together
with the null effect and unit effect (as these can
be obtained by post-processing). This fragment
of states and effects are represented in the Bloch
sphere in Figure 2.

|0⟩⟨0|

|1⟩⟨1|

7→

|0⟩⟨0|

|1⟩⟨1|
Figure 2: If one restricts attention to only
measurements of the Z component of a quantum
state, then any two quantum states with the same Z
component are informationally equivalent, regardless
of their X and Y component. Consequently, the entire
Bloch ball of states appears informationally equivalent
to a single classical bit of states (whose extremal states
correspond to eigenstates of the Pauli Z operator).

The statistics one can observe in any such
experiment will necessarily be identical for any
two states whose Z component are the same,
regardless of their X and Y components, since
no measurements in the experiment are sensitive
to the latter. Consequently, this Z component
of the state is the only feature of a given state
that is relevant for the empirical data one can
observe. One can then define the equivalence
class of states which are identical relative to these
measurements—one such class for every possible
Z value. Identifying all states with the same
value of Z results in a new ‘apparent’ state
space which is simply a line segment containing
the convex hull of the states |0⟩ ⟨0| and |1⟩ ⟨1|.
Geometrically, these equivalence classes of states
form disks at a fixed height, and one can choose a
canonical representative of each equivalence class
by orthogonally projecting the Bloch ball onto the
line segment defined by the effects, as shown in
Figure 2. This is an example of a shadow map, as
defined formally in the next section.

In short, the shadow map applied to the
true GPT states and effects in one’s experiment
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describes how those states and effects will appear,
provided that one does not have access to any
information aside from the data generated by
combinations of those particular states and effects.

4.2 From GPT fragments to their shadows
In this subsection, we will define the notion of a
shadow map and a GPT fragment shadow more
formally. We begin by formalizing the notion of
equivalence exemplified in the previous subsection
and defining quotienting maps relative to it. This
provides a first definition of GPT shadows. We
then give a simpler definition that highlights the
key abstract features of a shadow, and then show
that the two definitions are essentially equivalent.

As motivated in the previous subsection, the
idea of a shadow is to construct a proper GPT
that reproduces the predictions of the fragment by
taking the original fragment and identifying states
(and effects) which cannot be distinguished by any
of the effects (resp. states) in the theory. Formally,
this means that we define an equivalence relation
on the states (effects) and quotient with respect to
this equivalence relation. That is, for a fragment
f = (Ωf ,Ef ,pf ) we define an equivalence relation
on states as

s1∽s2 ⇐⇒ pf (s1,e)=pf (s2,e) ∀e∈Ef . (24)

Since the right domain of pf is Span[Ef ], this
condition is equivalent to the condition that pf (s1−
s2, ·) = 0, or in other words, the condition that
s1 − s2 ∈ KerL[pf ], where this denotes the left
kernel of pf . This mathematical reframing is useful,
because it is now clear that what we are doing is in
fact a linear quotient with respect to the subspace
KerL[pf ]. We denote the linear map defined by
quotienting in this manner by ∽:Ωf →Ωf/∽. (A
more explicit notation would be ∼KerL[pf ], but as we
only have a single notion of quotienting for states in
this work, we leave the subscript implicit. Also, the
use of the upside down symbol ∽ is to distinguish
from the usual notion of quotienting ∼ that takes
unquotiented operational theories to GPTs [5,74].)

Similarly, we define an equivalence relation (and
an equivalent linear algebraic reframing of it) for
the effects in the fragment as

e1∽e2 ⇐⇒ pf (s,e1)=pf (s,e2) ∀s∈Ωf (25)
⇐⇒ e1−e2 ∈KerR[pf ], (26)

where we have introduced the obvious notation for
the right Kernel of pf . Identifying effects which

cannot be distinguished by states in the fragment
is done by quotienting relative to this equivalence
relation; this quotienting defines a linear map that
we also denote ∽: Ef → Ef/∽. (A more explicit
notation one could also use would be ∼KerR[pf ].)

It is critical to note that this quotienting is
distinct from the one that takes unquotiented
operational theories to quotiented operational
theories [5,74] and that is also critically important
for the study of noncontextuality [1, 6, 37]. Here,
the equivalence relation one quotients relative to is
definedby the specific experimental scenario, not by
the set of all possible preparation and measurement
procedures one could in principle have done on
the system in question. Moreover, the quotienting
we consider in this work maps one between two
quotiented operational theories: from the true
quotiented operational theory (the true GPT) to
an apparent quotiented operational theory (the
apparent GPT).

The two quotients defined above map the states
(effects) of the fragment to the states (effects) in its
shadow, but it remains to specify the probability
rule for the shadow. We define the probability
rule simply by demanding that it assigns the
same probability for the equivalence classes as
the original rule assigned for the elements of
those classes. That is, if we explicitly denote the
equivalence classes of states and effects as ˜s and

˜e, respectively, then the probability rule ˜pf for
the shadow is defined by ˜pf ( ˜e, ˜s) :=pf (e,s) for all

˜s ∈ Ωf/∽ and all ˜e ∈ Ef/∽. That ˜pf ( ˜e, ˜s) depends
only on the equivalence classes follows from the
fact that pf (e,s) is the same for all e∈ ˜e and is the
same for all s∈ ˜s; that it actually constitutes a valid
map—one which is linear and unique—follows from
the universal property of quotients [75, Sec. 13].
That is, one can define ˜pf as the unique map
satisfying

f

f

˜pf
f/∽

f/∽

∽

∽

=
f

pf

f

. (27)

Definition 17 (GPT fragment shadow). Given a
GPT fragment (Ωf ,Ef ,pf ), the GPT shadow f/∽

Accepted in Quantum 2025-09-26, click title to verify. Published under CC-BY 4.0. 14



is the GPT system given by

f/∽:=


 s

f/∽
∽

f


s∈Ωf

,


e

f/∽

∽
f


e∈Ef

,

f/∽̃

pf

f/∽

,

(28)

where
f/∽
∽

f
and

f/∽
∽

f
are defined as

quotienting relative to the equivalence relations
we defined for states (Eq. (24)) and for effects
(Eq. (25)), respectively, and the probability rule ˜pf

is defined as in Eq. (27). 9

Note that a GPT shadow of any fragment is
always a valid GPT system (even if the fragment
is not a valid GPT system—i.e., is not relatively
tomographic).10

Thus, quotienting defines a map from an
arbitrary fragment to its shadow. This shadow
map is a particular GPT fragment embedding of
f into f/∽. This follows from the fact that the
shadow reproduces the empirical probabilities of
the original fragment, since

s

e
f

f

˜pf

f/∽

f/∽

∽

∽

=

s

e
f

pf

f

, ∀s∈Ωf ,e∈Ef , (29)

together with the facts that the quotienting map
on states is a state map (from Ωf to Ωf/∽) and
that the quotienting map on effects is an effect map
(from Ef to Ef/∽).

At its core, the GPT shadow of a fragment
is simply a proper GPT system that reproduces
the probabilities of the fragment.11 That is, it is
a relatively tomographic fragment that satisfies
Eq. (29).

9Note that the shadow can also be defined (up to unique
isomorphism) by the universal property of quotients in the
category GPT−Fragment.

10We can therefore think of the shadow as a map
from GPT fragments to GPT systems, that is, some S :
|GPT−Fragment|→|GPT−System|.

11If one defines GPT fragments in a slightly more general
way that allows for subnormalized states whose normalized
counterparts are not in the fragment [17], then the shadow
of such a fragment is not strictly a GPT system, but rather
is a relatively tomographic fragment.

That the shadow is a relatively tomographic
fragment is clear from the way that quotienting
is defined. Explicitly: for any ˜s ∈ Ωf/∽ one can
define a linear functional ˜pf ( ˜s,·) taking EA/∽ to
R. By the definition of the equivalence relation, it
follows that the set of all such linear functionals
are separating for Ef/∽. A similar argument holds
for effects.

These two facts are indeed the only essential
features of a GPT shadow.

Consequently, we can give an alternative but
equivalent definition of GPT shadows as follows.

Definition 17′ (GPT fragment shadow). Given
a GPT fragment (Ωf , Ef , pf ), a GPT shadow
S(f) := (σ(Ωf ),τ(Ef ),pS) of f is a GPT system
defined by two maps σ : Span(Ωf ) → U and τ :
Span(Ef )→V and a tomographic probability rule
pS :Span[σ(Ωf )]×Span[τ(Ef )]→R such that

f

pf

f

=

f

pS

f

τ
S(f)

S(f)
σ

. (30)

Any such map from f to S(f) is a GPT fragment
embedding that we term a shadow map.

In the strictest sense, this is more general than
Definition 17; for example, the states and effects
of the shadow in this definition are not assumed to
span the space they live in, while the states and
effects in a quotiented fragment as in Definition 17
will always do so. However, as we have already
established that GPT state (effect) spaces are
independent (up to isomorphism) of the vector
spaces they are taken to live in, this does not
constitute a meaningful distinction between the
two definitions. Indeed, the two definitions are
equivalent up to this representational distinction,
as is demonstrated by the following theorem.

Theorem 17. Any two shadows of a given GPT
fragment are equivalent to each other (no matter
how they are constructed). Moreover, any GPT
system equivalent to a shadow is itself a shadow.

The full proof is given in Appendix B, but we
summarize the proof here.

Proof sketch. The only variability in the shadow
is the choice of the σ and τ , which are necessarily
linear maps (Lemma 26 in Appendix B); once these
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are chosen, there is a unique probability rule which
reproduces the correct probabilities. Consequently,
we sometimes refer to the shadow map as a tuple
(σ,τ). Moreover, it is clear that the properties that
σ and τ must satisfy in order that there does exist a
probability rule which reproduces the probabilities
is that the kernels of σ and τ need to be contained
in the left and right kernels of pf respectively.
Moreover, as we demand that the probability rule
be tomographic then this means that the kernels
of σ and τ are actually equal to the left and right
kernels of pf respectively. The universal property of
quotients then implies that σ and τ factor through
the quotienting maps as σ = ˜σ◦ ∽ and τ = ˜τ◦ ∽
for some injective ˜σ and ˜τ . It is then easy to see
that ( ˜σ, ˜τ) defines a GPT isomorphism between
f/∽ and S(f), and we can then compose these
isomorphisms to give an isomorphism between any
two shadows S(f) and S ′(f).

In other words, all methods for constructing a
shadow lead to the same end result12. Thus, we
sometimes refer to ‘the’ shadow of a fragment, since
all shadows are equivalent.

Yet another equivalent characterization of GPT
shadows is the following: a GPT shadow of a
fragment f is any GPT system G such that there
is a full GPT embedding of f into G. This is
very useful, as it means that one can verify that
a given embedding defines a shadow map simply
by checking that 1) its codomain is a valid GPT
system, and 2) it is a full embedding.

In Appendix C, we also prove the following:

Lemma 18. The shadow map for a given fragment
is faithful if and only if the fragment is relatively
tomographic.

For example, the shadow map in the example of
Subsection 4.1 is a (nontrivial) projection on the
nontomographic fragment in question, and so fails
to be faithful.

The idea of GPT fragment shadows has
appeared (at least indirectly) a number of times
in the literature [47, 76, 77]. Most notably,
the notion of an “alternative reduced space”
representation introduced in Ref. [76] is an instance
of Definition 17′ when one takes the probability rule
to be an inner product (and specializes to quantum

12The results of Ref. [76] prove that all methods for
computing shadow maps are equivalent for assessing
simplex-embeddability; our result is stronger as it refers to
full equivalence as GPTs.

theory). Indeed, Ref. [76] presents two different
ways of computing such a shadow via projections.
These two methods are illustrated in Example 2 in
Subsection 4.4 below.

4.3 The shadow map acts trivially on GPT
subsystems

We now note a simple but critical fact: that shadow
maps act essentially trivially on GPT fragments
that are themselves GPT systems—that is, on
GPT subsystems (fragments that are relatively
tomographic).

Theorem 19. Every GPT subsystem is equivalent
to its own shadow.

Proof. This follows immediately from the
definition of shadows in terms of quotienting
(Definition 17). As the states and effects in a
GPT subsystem are tomographic for each other, it
follows that the equivalence relation is trivial, and
the maps ∽ (for both states and effects) are the
identity.

In other words, a GPT fragment whose states
and effects are relatively tomographic is isomorphic
to its shadow, with the isomorphism given by the
shadow map itself.

We illustrate this by an example in the next
section.

4.4 Example 2: shadows of a GPT subsystem

We can get some more intuition for the shadow map
by considering a simple example within quantum
theory. In this example, the fragment in question
is relatively tomographic, and hence the shadow
map acts trivially in the sense that its image
and preimage are equivalent as GPT systems (by
Theorem 19). This example was suggested by
Markus Müller.

Consider a fragment of a 2-dimensional quantum
system comprised of an equatorial disk of states
and an equatorial disk of effects, but where these
disks are neither identical nor orthogonal, as shown
in Figure 3.

That is, the set of states in the fragment
corresponds to the set of density matrices
associated with points in the disk labeled by Ω,
and the set of effects in the fragment corresponds
to the set of POVM elements associated with the
points in the convex hull of the disk labeled by
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τ(E)

E

Ω σ(Ω)

E

Ω

Figure 3: Consider the fragment of quantum theory
whose state space is the disk of states shown here as Ω
and whose effect space is the disk of effects shown here
as E(strictly speaking, the effect space is the convex
hull of this disc with the zero and unit effects). Two
natural GPT shadows are constructed by projecting
one of these onto the other, as shown in (a) and (b)
respectively. These two shadows are equivalent as GPT
systems, in accordance with Theorem 17. they are also
equivalent to the original GPT fragment, in accordance
with Theorem 19.

E , the zero effect and the unit effect. Denoting a
generic density operator in Ω by s and a generic
POVM element in E by E, we assign probabilities
to state-effect pairs following the Born rule, as
p(E,s)=Tr[Es].

We describe two different methods of
constructing shadows of this fragment. These
are depicted in Fig. 3(a) and (b), respectively,
and are essentially the same as the two methods
for computing a ‘reduced space representation’
introduced in Ref. [76].

The first shadow map we consider is simply the
orthogonal projection of the effect space onto the
state space. This is depicted in Fig. 3(a), and
results in a new effect space which constitutes
a smaller disk lying in the same plane as the
state space (which is unchanged). Note that the
probabilities assigned by the Born rule to any
given state-effect pair in the original fragment are
unchanged by this projection, since the projection
only changes the y-component of the effects and
since the y-component of every state in the
fragment is already zero.

This is an instance of the shadow map in
Definition 17′, where the map σ is taken to be
trivial and τ is taken to be the projection map just
described; since these maps together preserve the
probabilities while mapping the states and effects
to a valid GPT system, they define a valid shadow
map.

The second method is the orthogonal projection
of the state space onto the effect space. This is
depicted in Fig. 3(b), and results in a new state

space which constitutes a smaller disk lying in the
same plane as the effect space (which is unchanged).
(Here, it is τ that is trivial and σ that is defined by
a projection map.)

The two resulting GPT systems are equivalent
GPT systems, in accordance with Theorem 17.
(This is evident visually by the fact that they
are identical subsets of the Bloch sphere up to a
rotation.) Moreover, they are also equivalent as
GPT systems to the original fragment itself, as a
consequence of the fact that the latter constitutes
a GPT system together with Theorem 19. This is
the sense in which the shadow map is said to act
trivially (despite the fact that it does change the
precise representation of the fragment in question).

This fragment of the qubit has states and effects
which are tomographic for one another, but which
do not span the same vector space. Not all papers
in the literature would consider such an example
to be a valid GPT, since many papers demand that
the states and effects of a GPT span the same vector
space. But such more general cases are no more or
less expressive (in terms of the probabilities they
generate as well as the operational identities they
encode) as those where the states and effects span
the same space, so we consider them to be valid
GPTs as well. Indeed, as just shown, the original
fragment (whose states and effects are tomographic
for each other but not spanning the same space) is
equivalent to the two shadows of it we constructed
(whose states and effects are both tomographic and
span the same space). This again demonstrates
how our definitions are more flexible than standard
definitions.

4.5 Summary of concepts

We finish this section by presenting a pictorial
depiction of the main concepts introduced from
Sections 2 to 4, and how they relate to each other
(see Fig. 4). In the remaining of the paperwe discuss
their impact on assessments of nonclassicality.

5 The effect of shadow maps on simplex
embeddability

In this section, we consider the effect of shadow
maps on simplex-embeddability of a given
fragment.
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Figure 4: Summary of concepts introduced from Sections 2 to 4, and how they relate to each other. Concepts:
GPT system G, GPT subsystem F , fragment f of a GPT system G, shadow S(f) of a GPT fragment f , shadow
S(G) of a GPT system G, and shadow S(F) of a GPT subsystem F . Relations: G and S(G) are equivalent, just as
F and S(F) are also equivalent. Subsystem F of G can be embedded into G, just as S(F) can be embedded into
S(G). The GPT fragment f can be included into G via an inclusion map, and mapped into the shadow S(f) via the
shadow maps. The shadow S(f) cannot always be embedded into G. As we demonstrate in the coming sections,
only GPT shadows that do not constitute subsystems (red box) impose challenges to assessments of nonclassicality,
while all other objects (purple boxes) yield trustworthy assessments.

5.1 Shadow maps can break simplex
embeddability

We now prove that the shadow of a GPT fragment
may not be simplex-embeddable, even if the
fragment itself is simplex-embeddable. This follows
from a general fact: that every possible polytopic
GPT system can be recovered as the shadow of
some fragment of a simplicial GPT system.

Theorem 20. Every polytopic GPT system is the
shadow of some fragment of a strictly classical (i.e.,
simplicial) GPT system of some dimension.

We prove this in Appendix D. This
theorem dates back to Holevo [77] and
Beltrametti-Bugajski [78], and an analogous
construction works for arbitrarily close
approximations of nonpolytopic GPTs [47].
Our proof aims to give as clear and explicit a
construction of the fragment as possible.

The idea of the construction is to simply imagine
that all extremal preparations in one’s experiment
are perfectly discriminable—the vertices of a
simplicial theory, and that one merely has not
implemented sufficient measurements to see this

fact. Under this assumption, it is easy to construct
a simplicial fragment that reproduces one’s data
table. All that remains is to figure out which subset
of the logically possible measurements are the ones
that reproduce the observed data. This is done
simply by associating to each effect e the functional
on vertices of the simplex defined by ξe(·) :=p(e,·).

We illustrate this theorem by a simple example:
by demonstrating how the gbit is the shadow of a
fragment of a simplicial theory. This example has
also been discussed previously in the literature [47,
57,77]. (Here, we give some extra details relative
to those earlier presentations.)

5.2 Example 3: the gbit as the shadow of a
fragment of a simplicial theory
We now repeat a well-known example that was
originally due to Holevo [77, Sec. 1.5, p. 18].

The gbit G has four pure states which form a
regular square in a plane ofR3 that does not contain
the zero vector. We can write these as

s1 =

1
1
0

, s2 =

 1
−1
0

, s3 =

1
0
1

, s4 =

 1
0

−1

. (31)
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The normalized state space Ω̄G of the gbit is the
convex hull of those extremal states. The effects in
the gbit include all of the logically possible effects
(so that the GPT is said to satisfy the no-restriction
hypothesis [74]). These effects constitute the
convex hull EG = Conv ({0,u,e13,e14,e23,e24}),
where eij are the effects that assign probability one
to all states on the edge of the square that contains
states si and sj . By defining e(s)=e◦s, where ◦ is
the usual matrix product13, these vectors take the
explicit form

eT
13 = 1

2

1
1
1

, eT
14 = 1

2

 1
1

−1

, eT
23 = 1

2

 1
−1
1,

, eT
24 = 1

2

 1
−1
−1

.
(32)

The states and effects in Eq. (31) and Eq. (32) are
plotted in purple in Figure 5. Defining the unit
effect as

uT =

1
0
0

, (33)

one can check that u(ω)=1 for all ω ∈ Ω̄G and that
e13+e24 =e14+e23 =u. Thus, the gbit is taken to
have two binary outcome measurements, defined
by {e13,e24} and {e14,e23}.

Now we will construct a fragment of a simplicial
GPT system whose shadow reproduces the gbit,
which we hereby denote as the Holevo fragment
h. This construction is an example of the general
construction in Appendix D that is used to prove
Theorem 20.

There are n=4 extremal states of the gbit, so the
classical system in question has a 4-vertex simplex
as its normalized state space—i.e., a tetrahedron
∆3 in three dimensions. We can take each of the
extremal states in R4 to be unit basis vectors

µ1 =


1
0
0
0

, µ2 =


0
1
0
0

, µ3 =


0
0
1
0

, µ4 =


0
0
0
1

, (34)

and we take the set of normalized states in the
fragment to be Ω̄h :=Conv({µ1,µ2,µ3,µ4}).

To construct the effects in the Holevo fragment,
we first define the matrix L in which each column

13Note that the effects are naturally described as row
vectors, as they are elements of the dual. Here we write their
transposes (as column vectors) to spare space.

τ(Eh) σ(Ωh)

Ωh

Eh

Figure 5: Here we depict the Holevo fragment: states
and effects from a simplicial theory whose shadow map
(depicted as downward arrows) gives the gbit state and
effect space, σ(Ωh)=ΩG and τ(Eh)=EG , respectively.
Note that we have only shown the (convex hull of the)
four extremal effects that are not the unit and null effect,
since depicting the full effect space would require four
dimensions.

is a vector si of the gbit, namely

L=

1 1 1 1
1 −1 0 0
0 0 1 −1

. (35)

We then act this matrix on the right
of each gbit effect e ∈ EG to get the
effects of the Holevo fragment, defining
Eh :=Conv({ξ0,ξ13,ξ14,ξ23,ξ24,ξu}) where ξe =e◦L.
Explicitly, these are the effects ξ0 = 0⃗, ξu =[
1 1 1 1

]
, and

ξT
e13 =


1
0
1
0

, ξT
e14 =


1
0
0
1

, ξT
e23 =


0
1
1
0

, ξT
e24 =


0
1
0
1

. (36)

In summary, the Holevo fragment h is defined
by Ωh := Conv(0 ∪ Ω̄h), Eh, and the probability
rule given by the evaluation map (i.e. by simply
composing the effect with the state).

The states in this fragment span R4. However,
the effects do not span the whole dual space
(R4)∗, since the linear dependence ξ13 + ξ24 =
ξ14 + ξ23 between them implies that only three
of them are linearly independent. Consequently,
dim [Span(Eh)] < dim [Span(Ωh)], and so this
Holevo fragment is not relatively tomographic.
More specifically, the effects cannot separate the
states.

Finally, let us show that the shadow S(h) of this
Holevo fragment is the the gbit G. This fragment
and its shadow are depicted in Figure 5.
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As we prove in Appendix D, the shadow of a
fragment of a simplicial system constructed in this
manner is given by taking the shadow maps to be
τ =L and σ =L−1

r , where L−1
r is a right inverse of

L. That this defines a shadow map will be justified
below (by verifying that it leads to valid GPT
system and that τ =L and σ =L−1

r are full).
The matrix representation of L−1

r is

L−1
r = 1

4


1 2 0
1 −2 0
1 0 2
1 0 −2

, (37)

since L◦L−1
r =13, as one can check. Now, we get

the shadow states by applying L to the states of
Ωh, i.e., σ(µi) = L◦µi ∈ ΩS(h), i = 1,...,4 (recall
that, given our choice of basis, each µi is a member
of the standard basis of R4). Finally, we apply
L−1

r (via pre-composition) to the effects in the
Holevo fragment to get the effects τ(ξj)∈ES(h), j ∈
{0,e13,e14,e23,e24,u}. Working this multiplication
out for the pure objects gives

σ(µ1)=

1
1
0

, σ(µ2)=

 1
−1
0

, (38)

σ(µ3)=

1
0
1

, σ(µ4)=

 1
0

−1

, (39)

for states, and gives

[τ(ξe13)]T = 1
2

1
1
1

, [τ(ξe14)]T = 1
2

 1
1

−1

,
[τ(ξe23)]T = 1

2

 1
−1
1,

, [τ(ξe24)]T = 1
2

 1
−1
−1

, (40)

for effects, as well as [τ(ξ0)]T = 0⃗ and [τ(u)]T =
u. Comparing these with Eq. (31) and Eq. (32),
respectively, one sees that indeed ΩS(h) = ΩG
and ES(h) = EG , and the same probability rule is
being used (namely the evaluation map, given by
standard matrix multiplication), so the shadow
S(h) is indeed G.

One can now easily verify that taking τ = L
and σ =L−1

r does indeed define a shadow map. It
suffices to check that the image of these maps is a
valid GPT system (which it is, as we just showed
the image is G), and that τ = L and σ = L−1

r

define a full embedding. For σ to be full means
that σ(Ωh) = ΩG , which is the case, as Eq. (38)
shows that the image of the extremal states of Ωh

coincides with the extremal points of ΩG . Similarly,
one can check that τ =L is full via Eq. (40).

Because the Holevo fragment is not relatively
tomographic, its shadow is not faithful and so
introduces new operational identities. We can see
this explicitly from the fact that a generic state in
the tetrahedron ∆3 gets mapped under the shadow
map as 

p1
p2
p3
p4

 →

 1
p1−p2
p3−p4

. (41)

So, two different states p and q in ∆3 that happen
to have components obeying p1−p2 =q1−q2 and
p3 − p4 = q3 − q4 will get mapped to the same
state in ΩS(h). This identification of different
states occurs because the effects in EG that are
able to distinguish these distributions are absent
from Eh. Thus, experiments that fail to have
access to these distinguishing effects lead one to the
mistaken identification of fundamentally distinct
states, which in turn leads one to believe that the
GPT system in question is a gbit, even though it is
by assumption a four-level classical system. This
is an extreme example, in that gbits are known
to be maximally contextual and compose to reach
maximal violations of Bell-CHSH inequalities.

5.3 Shadow maps cannot introduce
simplex-embeddability

One might also like to see an example of a
fragment that is not simplex-embeddable, but
whose shadow is simplex-embeddable. However,
this is impossible.

Proposition 4. Consider any fragment f of
a GPT system G (even one whose states and
effects are not tomographic for each other). If
the shadow of f is simplex-embeddable, then f is
simplex-embeddable.

The proof follows immediately from transitivity
of GPT embeddings: since every fragment
embeds into its shadow, and since the shadow by
assumption embeds into a simplicial GPT system,
the fragment itself embeds into a simplicial theory.

We give an example of a shadow map
that dramatically distorts the fragment
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in question while nonetheless preserving
simplex-embeddability in the next section.

Theorem 20 and Proposition 4 (respectively) can
be summarized as follows: Shadow maps can break
simplex-embeddability, but cannot introduce it.

5.4 Example 1 redux: a nontrivial shadow map
that preserves simplex embeddability

Finally, reconsider the example from Section 4.1,
where the shadow map acts in a highly nontrivial
manner, so that (like in the Holevo example) the
shadow is very different from the original GPT
fragment. But despite this (and in contrast to
the Holevo example), simplex-embeddability is
nonetheless preserved by the shadow map in this
example.

Consider again the fragment of a qubit
containing all possible states in the Bloch ball and
containing only those effects in the convex hull of
the projectors |0⟩⟨0| and |1⟩⟨1| (besides the zero
and unit effects). This fragment is depicted in
Figure 6 (which is simply a repeat of Figure 2).

|0⟩⟨0|

|1⟩⟨1|

7→

|0⟩⟨0|

|1⟩⟨1|

Figure 6: Consider the fragment of quantum theory
whose state space contains all states in the Bloch ball
and whose effect space is the set of all effects in the line
segment in red, besides the zero and unit effects. A
GPT shadow of this fragment can be constructed by
orthogonally projecting the set of states onto the line
segment. This results in a shadow which is simply the
GPT representing a classical bit.

One can compute a shadow of this fragment by
orthogonally projecting the state space onto the
line segment defined by the effects, as shown in
the figure. Like in the projections in the previous
section, this linearly maps the states and effects
into a proper GPT system (here, the classical bit),
while preserving the probabilities assigned (by the
Born rule) to any state-effect pair. Consequently,
it constitutes a valid shadow map.

The shadow constitutes all and only the
states and effects of a classical bit. Therefore
it is simplex-embeddable (and indeed is itself
simplicial).

As one can check explicitly (e.g., via a linear
program [57]), the original GPT fragment in
this example is simplex-embeddable. So this
constitutes an example where the shadow map
takes a simplex-embeddable fragment to a simplex
embeddable GPT system, despite dramatically
altering the fragment.

6 Implications for noncontextuality

At this stage, readers familiar with the notion
of simplex-embeddability may already see how
the above results are relevant to the study of
nonclassicality. However, we will emphasize and
make more explicit these connections in this
section.

In the literature, it is often claimed that
assessments of noncontextuality rest on the
assumption of tomographic completeness.
However, our work implies that they rest on a
weaker assumption, namely that the states and
effects in the experimentally realized fragment
are relatively tomographic, regardless of whether
they are tomographic for the full set of effects and
states of the true GPT system. We term this the
relative tomographic completeness assumption.

Recall from Section 4.1 that when the states
and effects in one’s experiment are not relatively
tomographic, the statistics one observes in any
experiment with them will be insufficient to
correctly characterize them. More specifically,
some states and/or effects that are distinct in the
true GPT governing the experiment will appear
to be equivalent for all the data obtains in that
experiment. Thus, in any experiment that makes
use only of this data (as opposed to, for example,
appealing to some theory-dependent arguments
concerning the inner workings of one’s laboratory
apparatuses), any attempt to characterize the
GPT state and effect vectors describing one’s
preparations and measurements in the experiment
will in fact characterize a shadow of the fragment,
rather than the fragment itself. We expand on this
idea in the next subsection.

If the fragment in one’s experiment is relatively
tomographic, then this cannot lead to any
problems, since characterizing such a fragment’s
shadow is equivalent to characterizing the true
fragment. However, when relative tomography
does fail, the mischaracterizations of one’s
GPT states and effects (and equivalently, of the
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operational identities that they obey) described by
the shadow map can lead to incorrect assessments
of nonclassicality (simplex-embeddability).
However, it does not necessarily imply that one will
reach the wrong conclusion about nonclassicality;
the specific details of the mischaracterization—the
details of how the shadow map distorts the true
fragment—will determine whether or not this
happens. Later subsections will expand on the
different possibilities, which are summarized in
Table 1.

Shadow is
embeddable

Shadow is
non-embeddable

Fragment
is

embeddable

Fragment
is non-

embeddable

- Any tomographic
fragment of a simplicial
theory;
- Our example in Fig. 6.

IMPOSSIBLE
(Proposition 4)

- A qubit;
- Any tomographic
non-embeddable
fragment;
- Our example in
Fig 3.

- Holevo’s example
(Sec. 5.2).

Table 1: The different possible cases for how a shadow
map affects the simplex-embeddability properties of a
given GPT fragment, and examples of each. Mistaken
assessments of nonclassicality occur only in the top right
case (the cell with a black background).

6.1 Theory-agnostic tomography
We can exemplify and formalize the fact that
theory-independent experiments characterize the
shadow of one’s true GPT fragment (rather
than the true fragment itself) by considering
theory-agnostic tomography [45, 79]. This is
the state-of-the-art method for determining the
characterization of GPT states and effects in a
prepare-measure experiment.

We formalize theory-agnostic tomography using
a novel diagrammatic representation. Note that in
this section (and the associated Appendix E), we
consider linearmaps whose inputs (outputs) are not
associated with a GPT system, and so are labeled
by the domain (codomain) of the map (whereas in
the rest of the paper, systems were labeled by the
associated GPT system).

Imagine one has a fragment f = (Ωf , Ef , pf )
of some GPT system G representing some states
and effects which are performed in an experiment.
As discussed in Section 2.3, no real experiment
will actually implement every state and effect in
the fragment, as this set is infinite; however, an
experiment involving the convexly extremal states

and effects of a fragment is sufficient to uniquely
infer the existence of—and probabilities generated
by—any states and effects in the convex hull of
these. (Moreover, in a real, lossy experiment
one will not have exactly normalized states, so a
noise-robust analysis must be done to contend with
this.)

Given a fragment f , we can construct a data
table Df in which we index columns by convexly
extremal states and rows by convexly extremal
effects, so that the entries in the data table are
the probability of obtaining the given effect on the
given state. We denote the entries of the data table

[Df ]i,j :=pf (si,ej), (42)

where the si are the n convexly-extremal GPT
states in the fragment, the ej are the m
convexly-extremal GPT effects in the fragment,
and [Df ]i,j is a matrix element of Df ∈Mm×n(R),
where Mm×n(R) is the set of real m×n matrices.
We refer to this as the data table generated by the
fragment. 14

Definition 21 (Theory-agnostic tomography).
Given a data table D ∈ Mm×n(R), consider the
following procedure:

1. Find the smallest k such that15

D

Rm

Rn

=
S

Rm

Rn

E
Rk , (43)

where E ∈Mm×k(R) and S ∈Mk×n(R);

2. Consider the basis of unit vectors

 i

Rn


i

of

Rn. Then, for each i∈{1,...,n}, denote by s̄i

the ith column of matrix S, namely

s̄i

R
k

:= S

i

R
k

Rn
. (44)

14This can be viewed as a map from fragments to
data tables, which we denote by D : |GPT−Fragment| →
|DataTable| ::f 7→Df .

15For data tables generated by real (noisy) experiments,
this matrix factorization will not be exact, and one must
take a more sophisticated approach to find the best-fit
factorization [45,79].

Accepted in Quantum 2025-09-26, click title to verify. Published under CC-BY 4.0. 22



Similarly, consider the basis of unit covectors j
R

m


j

for Rm. For each j ∈ {1, ... ,m},

denote by ēj the jth row of matrix E, i.e.,

ēj

Rk
:=

j

E
R

m

Rk

; (45)

3. Define a GPT GD :=(ΩGD
,EGD

,pGD
) by

Ω̄GD
:=Conv


 s̄i

R
k


n

i=1

; (46)

EGD
:=Conv


 ēj

Rk


m

j=1

, (47)

where the probability rule pGD
is the evaluation

map.
This procedure of theory-agnostic tomography

takes as input a data table D and constructs the
GPT representations of the states and effects in the
GPT system GD of minimal dimension compatible
with D.16

Note that ΩGD
will necessarily be a valid state

space, since (by construction) the data table was
generated from a collection of normalised states.
Similarly EGD

will necessarily be a valid effect
space, since (by construction) the data table was
generated from a collection of effects containing
the complement to every effects in the collection,
the null effect, and the unit effect.17

We now prove that theory-agnostic tomography
does not directly characterize the GPT fragment
f that generated one’s data table Df , but rather
the shadow of that fragment. That is, the output
STA(f) := GDf

of theory-agnostic tomography,
applied to a data table generated by fragment f ,
is a shadow for every fragment f . 18 This was not

16This defines a map from data tables to GPT systems
which we denote by T : |DataTable|→|GPT−System| ::D 7→
GD.

17If these latter conditions were not satisfied, then in the
last stage of theory-agnostic tomography, one would need
to add the unit effect and null effect to EG and then close
under coarse-graining in order to obtain a valid effect space.

18That is, the composite map STA := T ◦ D :
|GPT−Fragment|→|GPT−System| acts as a shadow map for
every fragment.

explicitly recognized previously, but is critical to
understanding when theory-agnostic tomography
does and does not work as expected. Prior works
did recognize that theory-agnostic tomography
is only guaranteed to be accurate under an
assumption of tomographic completeness [45,
46, 52]; however, our work demonstrates that
what is really required is relative tomographic
completeness, and moreover formalizes what
precisely goes wrong when this assumption
fails. (Incidentally, the following theorem also
constitutes a formal proof that the output of GPT
tomography is always a valid GPT system.)

Theorem 22. Consider the data table generated by
some GPT fragment. The output of theory-agnostic
tomography (as in Definition 21) applied to this
data table is the GPT shadow of the GPT fragment.
That is, for all fragments f we have that STA(f)=
GDf

is a valid shadow of f .

We prove this theorem in Appendix E.
Consequently, correct assessments of

noncontextuality occur if and only if the
simplex-embeddability property of the GPT
fragment describing one’s experiment is identical to
the simplex-embeddability property of it shadow.

6.2 Assessments of (non)contextuality for GPT
subsystems of the true GPT are always accurate

A critical result is the following.

Theorem 23. Consider a fragment f of the true
GPT system G. If f is a GPT subsystem of G, then
the shadow of f is nonclassical if and only if f is
nonclassical.

The proof is simple. Since f is a GPT
subsystem, its states and effects must be relatively
tomographic; consequently, f is equivalent to its
shadow (by Lemma 19), and so either both are
classical (simplex-embeddable), or neither is.

Together with the transitivity of GPT
subsystems (Proposition 1), this implies that
proving nonclassicality for a GPT subsystem
is sufficient to establish nonclassicality of the
full GPT system containing it. That such a
result should hold for subsystems in the sense of
the parallel composition operation ⊗ is a basic
consistency constraint that any sensible notion
of classicality must satisfy, as it means that
GPT tensor product subsystems of classically
explainable (simplex-embeddable) GPTs are
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classically explainable (simplex-embeddable).19

However, these results also apply to the wide class
of other GPT subsystems defined and discussed
in Section 3, including superselection sectors
of a composite, virtual subsystems, stabilizer
subsystems, and so on.

In summary: in noncontextuality experiments,
what matters is not tomographic completeness
of states and effects in some absolute sense,
but tomographic completeness of states and
effects relative to each other. They need not be
tomographically complete for the fundamental
system that causally mediates correlations between
the preparations and measurements.

Thus, for example, one can genuinely prove
nonclassicality using states and effects of a qubit
even without ever accessing the Pauli-Y axis of the
Bloch ball. Problems could only arise if either the
states or the effects—but not both—had nontrivial
expectation value on Y . One could similarly prove
nonclassicality using some subset of the modes of
an oscillator. In more extreme examples, one might
even be probing some collective (coarse-grained)
degree of freedom of a massive collection of more
fundamental systems. This too poses no problem
whatsoever to the goal of accurately assessing
nonclassicality, as long as one has the ability to
single out some set of states and effects on the
same GPT subsystem—i.e., that are relatively
tomographic.

Most importantly, this explains why we expect
assessments of noncontextuality to hold up even
if our current theories (e.g., quantum theory) are
emergent rather than fundamental. We return to
this point in Section 6.6.

6.3 Proofs of classical-explainability are robust
to arbitrary failures of tomographic completeness

Recall from Proposition 4 that shadow maps
cannot take simplex-embeddable fragments to
non-simplex-embeddable fragments.

Thus, for any set of states and effects, a
proof of classical-explainability is robust. So
if one does theory-agnostic tomography and

19This also helps one understand the lab notebook
argument of Ref. [46]: there, establishing nonclassicality for
a physical system is sufficient for establishing nonclassicality
for that system taken together with any other physical
systems, including those keeping classical records of
what experimental procedures were implemented in the
experiment.

finds a classically-explainable GPT, one can be
certain that the actual experiment is indeed
classically-explainable. This is typically much
less useful than, e.g., Theorem 23, since one
typically wishes to certify nonclassicality rather
than classicality. And it may still be the case that
the full GPT system in question is nonclassical,
but that this can only be witnessed by a more
comprehensive experiment.

6.4 Necessary conditions for proofs of
nonclassicality to be robust to failures of
tomographic completeness?

Given this, the natural question becomes to
characterize exactly when shadow maps do and
do not cause simplex-embeddable fragments to
become non-simplex-embeddable.20 Can one give
necessary and sufficient conditions (presumably
geometric ones) for a GPT fragment to be
simplex-embeddable if and only if its shadow is?
This would constitute necessary and sufficient
conditions for one’s assessments of nonclassicality
to be correct.

By Theorem 23, a sufficient condition for
simplex-embedding to be preserved by a shadow
map is that the fragment in question is relatively
tomographic—a GPT subsystem of the true GPT
system. But this is not a necessary condition, as
evidenced by the example in Section 5.4, where
we exhibited a nontomographic fragment that was
simplex-embeddable and whose shadow was also
simplex-embeddable (despite being quite different
from the fragment itself).

We suspect that the results of Ref. [53] (showing
that one can certify proofs of nonclassicality even in
the presence of spurious operational equivalences)
are also closely connected to the question raised
in this section. We leave this connection to future
work.

6.5 Another useful perspective: operational
identities for GPT subsystems are always genuine

In this section, we essentially repeat the conclusions
of Section 6.2, but in a language that may
be useful for readers who are more familiar
with noncontextuality no-go theorems based on

20A still more ambitious question would be to characterize
how taking the shadow map quantitatively [57] affects
simplex-embedding.
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operational identities (or operational equivalences)
than those based on simplex-embedding of GPTs.

Imagine one attempts to witness the failure
of noncontextuality in an experiment on some
particular physical system whose true GPT
description is G. In any real experiment, one will
only access a fragment of the states and effects
of the system. From the statistics observed in
the experiment, one must infer some operational
identities. If one wishes to use the statistics
of such an experiment to prove the failure of
noncontextuality, then it is often said that one
must implement a set of states and effects that are
tomographically complete for the system.

But in fact, one can base such proofs on a
strictly weaker assumption—that the operational
identities used in one’s proof are valid identities in
the true GPT (G). This is simply because Leibniz’s
principle (in the methodological form introduced
by Spekkens [2]) can be applied to any processes
that are indistinguishable in principle. Showing the
indistinguishability of two processes relative to a set
of procedures that are tomographically complete
for the physical system in one’s experiment is
a sufficient but not necessary condition for in
principle indistinguishability.

For instance, consider any proof of
nonclassicality built on top of operational
equivalences holding among states of a single
quantum bit. Such proofs do not suddenly fail
to be valid simply because one implements them
experimentally using a physical qubit that is a
tensor subsystem of a pair of qubits. This is an
obvious prerequisite to proofs of nonclassicality
being meaningful in the first place, since all
systems are subsystems of some larger system (e.g.,
of the universe). But there are less trivial examples
as well. One could equally well implement a proof
of nonclassicality using a virtual qubit defined as
a coarse-grained degree of freedom of some large
collection of physical qubits. Or, one could use
only the states and effects lying in a plane of the
Bloch sphere (i.e., using a rebit).

Since the operational identities used in one’s
proof are necessarily extracted from one’s
experimental data, the question becomes, under
what conditions are the apparent operational
identities actually valid in the true GPT? Using
the notion of a GPT subsystem, one can give a
simple necessary and sufficient condition.

Lemma 24. Consider a fragment f of some

fundamental GPT system G. If f is a GPT
subsystem, then all operational identities that hold
for its states (effects) relative to its effects (states)
are genuine. That is, they hold also relative to the
full set of effects (states) in the true GPT system G.

This is because f being a GPT subsystem
implies that its states and effects are relatively
tomographic, and so can be discriminated with or
without the effects and states in G that are not also
in f .

For instance, consider again an experiment on a
qubit that only accesses states and effects in the
rebit. Although these states and effects would
not be tomographically complete for the physical
system (the qubit), this would not lead to any
invalid operational equivalences, since the rebit
states and rebit effects are relatively tomographic.

6.6 Theories that hyperdecohere to quantum
theory are nonclassical

State-of-the-art proofs of the failure of
noncontextuality are theory-independent, in the
sense that they do not assume the validity of
quantum theory. Thus, like Bell’s theorem, they
provide a constraint on nature, independently
of whether or not some future theory supersedes
quantum theory. (See Section IV.B of Ref. [46]
for a more detailed discussion of the similarities
between these two kinds of arguments.)

However, one might be concerned that this
theory-independence is undermined by the fact
that proofs of noncontextuality (unlike proofs of
Bell nonclassicality) rely on a characterization
of the GPT states and effects governing one’s
experiment—or equivalently, rely on particular
operational identities that are known to hold
among the GPT processes in one’s experiment.
If quantum theory is superseded by some
future theory, then might it be that one’s
characterization of one’s laboratory procedures as
GPT processes are mistaken (and consequently,
that the operational identities one believed held
among them were also mistaken)? If this did
happen, then current assessments of nonclassicality
would not necessarily hold up as our theories of
physics develop over time.

A competing intuition, however, is that any
empirically successful future theory must contain
quantum theory in some sense, and so must also
exhibit the same forms of nonclassicality (and
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potentially more). In the following, we use the
notion of GPT subsystems to show that this
intuition can be made precise, and we show that as a
consequence, current assessments of nonclassicality
will remain unchanged even if our best theories
of nature evolve in the future, if a well-motivated
assumption holds.

The key argument was identified already by
Müller and Garner in Lemma 11 of Ref. [47].

Any future successor to quantum theory
will need to reproduce quantum theory in an
appropriate limit, in order to explain why we have
not seen beyond-quantum phenomena in any of our
current experiments. Just as quantum phenomena
are suppressed by decoherence in appropriate
regimes, leading to the appearance of classical
theory, so too we expect that such beyond-quantum
phenomena would be suppressed (in appropriate
regimes) by some generalized kind of decoherence
process which leads to the appearance of quantum
theory. A general notion of this kind, described
within the framework of GPTs, was introduced in
Refs. [70–73], and is known as hyperdecoherence.

Formally, a hyperdecoherence process on a GPT
G is an idempotent, discard-preserving linear
map H that takes states/effects in the GPT to
states/effects in the GPT. Recall that idempotence
of H simply means that H ◦H = H. All of these
features of a hyperdecoherence map are of course
satisfied by a standard decoherence process taking
quantum theory to classical theory.

Given some initial GPT system G (where for
simplicity we work with the standard represenation
where effects live in the dual vector space), the
hyperdecohered GPT system can be defined as
the set of all states/effects in the image of the
hyperdecoherence map H, namely s

G

H

G


s∈ΩG

and


e

G

H
G


e∈EG

. (48)

These hyperdecohered states and effects are always
tomographic for each other, and so form a valid
GPT system, as was proven, for example, in
Appendix D.2 of Ref. [80].

Having defined the hyperdecohered theory, we
now prove the key result of this section.

Theorem 25. Consider a GPT system G and the
hyperdecohered GPT system H(G) defined by any
given hyperdecoherence process on it. Then H(G)
is a GPT subsystem of the original GPT system G.

The proof is simply that each process in the
theory is already itself a process in G, by the
assumption that H is a physical transformation in
the theory21. Consequently, one can simply take
the state map to be identity and the effect map
to be identity in order to define the embedding of
H(G) into G.

As mentioned, the canonical example of
hyperdecoherence is standard decoherence in
quantum theory, e.g., taking a qubit to a classical
bit. And as mentioned in Section 3, the classical
bit is indeed a GPT subsystem of the qubit, in
keeping with Theorem 25.

An immediate corollary of Theorem 25, first
proved in Ref. [47], is the following:

Corollary 1. Any theory which hyperdecoheres
to quantum theory necessarily fails to admit of a
generalised noncontextual ontological model.

This is the sense in which every proof of the
failure of noncontextuality that assumes quantum
theory will remain valid even if quantum theory
itself is superseded by a later successor theory.

If the manner by which quantum theory is
recovered from some future successor theory is
too exotic to fit the (quite general) mold of
a hyperdecoherence process, then one would
need to reassess whether such a beyond-quantum
theory necessarily retains the same nonclassical
features as quantum theory. This is analogous
to how if one considers an exotic enough future
theory (e.g., one which modified the nature of
space and time), one would need to reassess the
question of whether such a theory indeed was
nonclassical in the sense seemingly implied by Bell’s
theorem. But in both cases, the accuracy of the
conclusions one draws about nonclassicality are
quite theory-independent—backed up by general
assumptions that plausibly must hold in any
reasonable future theory.

7 Future directions
It would be interesting to see whether GPT
subsystems subsume still other notions of systems
that have been considered. Perhaps of special
interest are attempts to define a notion of a system

21The fact that a hyperdecoherence process takes
states/effects in the GPT system to states/effects in the
GPT system is motivated by the idea that the process must
itself be a physical transformation in the GPT.
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(or subsystem) that is operationally defined rather
than a primitive notion [81–83].

In forthcoming work, we generalize the idea of a
GPT subsystem to the broader notion of a GPT
subtheory, capturing the idea of what it means for a
theory to live inside another. The definition is quite
analogous to that given herein for GPT subsystems:
one GPT is a GPT subtheory of another if there
exists a structure-preserving embedding from
the former into the latter. The novelty is that
once one considers GPTs as full theories, there
is compositional structure in addition to convex
structure to be preserved.

Another important direction for future work is
to consider how the shadow map quantitatively
affects simplex-embeddability. In this work, we
focused merely on the qualitative divide between
simplex-embeddable or not. We also suspect that
combining the current tools with those of Ref. [53]
could lead to further progress on understanding
when and how failures of relative tomography leads
to mistaken assessments of nonclassicality. Note
that our approach in this work was to investigate
what happens to a true GPT description in the
presence of limited experimental tests; Ref. [53], in
contrast, can be viewed as characterizing what can
be said about the scope of all possible true GPT
descriptions of an experiment, given a constraint
on how far off one’s set of processes is from being
relatively tomographic.

Although we have given a simple sufficient
condition (relative tomography of one’s
preparations and measurements) for assessments
of noncontextuality to be correct, this condition is
not something one can experimentally guarantee
(although one can certainly gather experimental
evidence for it [45, 79]). It remains an open
question whether one can find other sufficient
conditions, and which of these conditions might
be easiest to test experimentally. Or, might there
even be physical conditions under which relative
tomography is guaranteed? Very speculatively,
one might obtain such a guarantee if one had a
means to generate (all possible) physical symmetry
transformations in some GPT.

Finally, we note that our conclusions regarding
the relevant assumptions for witnessing the
failure of generalized noncontextuality are also
relevant to operational proofs of the failure of
Kochen-Specker noncontextuality [84], since the
Kochen-Specker assumptions are best motivated

by the same considerations, namely appeal to
Leibniz’s principle [2].

Acknowledgements

DS thanks Rob Spekkens and Elie Wolfe for
useful discussions regarding when proofs of
nonclassicality may or may not be robust.
Early inspiration for this work came from
discussions with Rob Spekkens relating to proofs
of nonclassicality on a rebit embedded in a qubit.
We thank Markus P. Müller, Thomas Galley,
Caroline L. Jones, and Howard Barnum for a
delightful and insightful visit to IQOQI-Vienna
where many ideas related to this manuscript were
discussed. We thank Markus P. Müller especially
for helping us recognize that relative tomography
of states and effects cannot be captured by simply
looking at the spans of their vector spaces, and
in particular for coming up with the example in
Section 4.4. We thank also Yı̀lè Yı̄ng, Victor
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κ :Span[E ]→Span[E ], so they automatically have a
linear left inverse. All that remains to be shown is
that they are also surjective (and hence invertible)
as state and effect maps. In other words, ι(Ω)=Ω
and κ(E)=E .

First, we show that ι and κ cannot change the
volume of Ω and E . Fix a Lebesgue measure
on Span[Ω] and write vol() for the corresponding
volume (and analogously for Span[E ]). Note that

vol[ι(Ω)]=det[ι]vol[Ω], (49)
vol[κ(E)]=det[κ]vol[E ], (50)

since the determinant of a linear map specifies
the scaling factor of volume for any measurable
full-dimensional convex set(see [85, Lemma 40.4,
p. 389]).22 The conditions ι(Ω) ⊆ Ω and κ(E) ⊆
E imply that the volumes can only decrease, so
det[ι] ≤ 1 and det[κ] ≤ 1. Now, recall that p
is tomographic, which means that it constitutes
a nondegenerate bilinear pairing, p : Span[Ω] ×
Span[E ]→R. That is,

p(s,e)=0 ∀e ⇐⇒ s=0, (51)

and

p(s,e)=0 ∀s ⇐⇒ e=0. (52)

We can therefore define a transpose relative to p, ∗p,
such that for any linear map f :Span[Ω]→Span[Ω],
there exists another linear map f∗p : Span[E ] →
Span[E ] such that

p(f(s),e)=p(s,f∗p(e)) ∀s,e. (53)

Tomography of p and probability preservation of
embeddings lead to

p(s,e)=p(ι(s),κ(e))=p(s,ι∗p(κ(e))) ∀s,e, (54)

which implies that

ι∗p(κ(e))=e, ∀e. (55)

From this it follows that

ι∗p ◦κ= IdSpan(E), and κ=(ι∗p)−1. (56)

Therefore, det[κ]=det[(ι∗p)−1]=det[ι∗p ]−1, which
together with the fact that det[ι∗p ] = det[ι] (see

22Here, our state and effect spaces are convex, and
therefore measurable with respect to Lebesgue measure [86,
Thm. 2].

Ref. [87, Theorem 3.21, p. 21]) implies that det[κ]=
det[ι]−1. Together with det[ι]≤1 and det[κ]≤1, we
get det[ι]=det[κ]=1. So indeed vol[ι(Ω)]=vol[Ω]
and vol[κ(E)]=vol[E ].

The second step is to note that ι(Ω) ⊇ int(Ω),
where the interior is taken within Span[Ω] (i.e., the
relative interior). Indeed, if any relative interior
point x ∈ Ω were not in ι(Ω), there would exist
a sufficiently small full-dimensional ball around
x contained in Ω but disjoint from ι(Ω). This
would imply a strictly smaller volume for ι(Ω),
contradicting the equality above. Thus every
interior point of Ω lies in ι(Ω). Moreover, since
both ι(Ω) and Ω are closed we have that ι(Ω) =
ι(Ω) ⊇ int(Ω) = Ω, where ι(Ω) and int(Ω) denote
the closures of these sets. Finally, recalling that
ι(Ω) ⊆ Ω (since ι is a state map from Ω to itself),
we conclude ι(Ω)=Ω. A similar argument shows
that κ(E)=E .

Therefore, ι and κ are surjective state and
effect maps, and the pair (ι,κ) constitutes a GPT
isomorphism.

B Proof of Theorem 17
First, we state and prove three useful lemmas.

Lemma 26. Shadow maps are necessarily linear.

Proof. Consider first a state s ∈ Ωf of a GPT
fragment f , such that

s
f =

∑
i

αi si

f
, (57)

where {αi} are real numbers and si are arbitrary
states in Ωf . Then for any effect e∈Ef ,

s

e
f

pf

f

=

s

e
f

τ

σ

pS

f

S(f)

S(f)
. (58)

Now, we appeal to the bilinearity of the map pf .
It will follow that

s

e
f

τ

σ

pS

f

S(f)

S(f)
=

s

e
f

pf

f

(59)
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=

si

e
f

pf

f∑
iαi

(60)

=
∑

i

αi

si

e
f

pf

f

(61)

=
∑

i

αi

si

e
f

τ

σ

pS

f

S(f)

S(f)
, (62)

and since this holds for any τ(e)∈S(Ef ), it follows
from the fact that pS is tomographic that

σ

si

S(f)

f∑
iαi

=
∑

i

αi
σ

si

S(f)

f
. (63)

This must be true for any s ∈ Ωf and any
decomposition of it in terms of some si, so σ is a
linear map.

The proof of the linearity of τ follows a similar
reasoning, relying now on the fact that S(Ωf ) spans
the dual of S(Ef ).

Lemma 27. Consider a fragment f =(Ωf ,Ef ,pf ).
For any shadow S(f) = (σ(Ωf ),τ(Ef ),pS) of the
fragment, the maps σ and τ obey

Ker[σ]=KerL[pf ] (64)
Ker[τ ]=KerR[pf ]. (65)

Proof. The proof is as follows, where the first
equivalence is from the definition of the kernel, the
second is from the fact that the effects of S(f) are
(by definition) all of the form τ(e) and these (by
definition) span the right argument of pS , the third
is from the fact that the shadow map preserves
the probabilistic predictions of the fragment, the
fourth is from the fact that the effects e (by
definition) span the left argument of pf , and the
final equivalence is the definition of the left kernel.

v ∈Ker(σ) ⇐⇒
v

σ
f

S(f)
=0 (66)

⇐⇒

v

e
f

τ

σ

pS

f

S(f)

S(f)
=0, ∀e∈Ef (67)

⇐⇒

v

e
f

pf

f

=0, ∀e∈Ef (68)

⇐⇒
v

f

pf
f

=0 (69)

⇐⇒ v ∈KerL[pf ]. (70)

A similar argument shows that Ker[τ ]=KerR[pf ].

In particular, if we consider some v ∈ Ker[σ]
such that v = s−s′ then this means that σ(s) =
σ(s′) ⇐⇒ s∽s′ and similarly, for w ∈Ker[τ ] such
that w = e − e′, one has τ(e) = τ(e′) ⇐⇒ e ∽ e
where the relations ∽ are the ones in Def. 17.

Lemma 28 (Shadow maps split). Consider a
fragment f = (Ωf , Ef , pf ). Given any shadow
S(f)=(σ(Ωf ),τ(Ef ),pS) for f , the maps σ and τ
split as

σ = σ̃◦∽, (71)
τ = τ̃◦∽, (72)

where ∽ are the quotienting maps defining f/∽
(as in Def. 17) and where σ̃ : Ω/ ∽ → U and
τ̃ : E/ ∽ → V are unique injective linear maps.
Diagrammatically,

σ
S(f)

f

= f/∽
∽
σ̃

f

S(f)

, (73)

τ
S(f)

f
= f/∽

∽

τ̃

f

S(f)

. (74)

Proof. This is a consequence of the universal
property of quotients. Consider a linear map
µ : T → W where T and W are vector spaces,
and consider a subspace A ⊆ T such that A ⊆
Ker[µ]. The universal property of the quotient (for
vector spaces) ensures that there exists a unique
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µ̃ : T/A → W such that µ = µ̃◦ ∼A, where ∼A

is the quotienting map ∼: T → T/A. Note that
Ker[µ̃] = Ker[µ]/A. Therefore, if A = Ker[µ], then
Ker[µ̃]=0T/A, so µ̃ is injective. In other words, the
universal property tells us that there exists a unique
map µ̃ such that the following diagram commutes:

T W

T/A

µ

µ̃∼A
(75)

Let us apply this theorem to our case, with
the substitution T = Span[Ωf ], W = U , and A =
Ker[σ] for splitting σ. Since the quotienting map
is the canonical projection onto Span[Ωf ]/Ker[σ],
in our case this equals Span[Ωf ]/KerL[pf ], given
Lemma 27. This is exactly the quotienting relation
for states in Def. 17 (and therefore denoted by the
backwards symbol∽). Next, we apply the universal
property with the substitution T =Span[Ef ], W =
V , and A = Ker[τ ] in order to split τ . Here, we
get that ∼ is the quotienting of Ef with respect to
KerR[pf ] (again using Lemma 27), therefore also
denoted by the backwards symbol ‘∽’. In other
words, the quotienting identifies any pair of states
s,s′ such that pf (s,e)=pf (s′,e) for all effects e∈Ef

and similarly for effects.
The universal property of quotients then implies

that there exists a unique map σ̃ :Span[Ωf /∽]→U
such that σ = σ̃◦ ∽ and, similarly, there exists a
unique map Span[Ef /∽]→V such that τ = τ̃◦∽.
Since the quotienting maps are implemented with
respect to the kernels of σ and τ , both maps σ̃ and
τ̃ are injective.

Lemmas 26 and 28 can be used to prove that any
shadow with the form prescribed by Definition 17′

is equivalent to the particular (canonical) shadow
f/∽ constructed in Definition 17.

Lemma 29 (All shadows S(f) are equivalent to
f/∼). Consider a fragment f =(Ωf ,Ef ,pf ) and an
arbitrary shadow S(f)=(σ(Ωf ),τ(Ef ),pS) of that
fragment (as defined in Definition 17′). Then, the
quotient shadow f/∽ (as defined in Definition 17)
is equivalent to S(f) . That is, there exists an
invertible GPT fragment embedding of f/∽ into
S(f).

Proof. We will show that (σ̃,τ̃) provides a faithful
and full embedding of f/∽ into S(f). Recall that
this implies that the embedding is invertible. First,

note that σ̃ inherits linearity from σ (which must
be linear, by Lemma 26). Second, given Lemma 28,
the domain of σ̃ is Span[Ωf /∽], and it is an injective
state map, obeying σ̃(Ωf /∽)⊆σ(Ωf ) and mapping
any distinct pair of states ˜s, ˜s′ ∈Ωf /∽ to distinct
states in σ(Ωf ). We now show σ̃ is surjective (full).
Any state in σ(Ωf ) can be written as σ(s) with
s∈Ωf , and using the splitting of σ, we get

s

σ
f

S(f)
= f/∽

s

σ̃

∽
f

S(f)

=
s̃

σ̃
f/∽

S(f)
∀σ(s)∈σ(Ωf ), (76)

which implies that σ(Ωf )⊆ σ̃(Ωf /∽). Therefore,
σ̃(Ωf /∽)=σ(Ωf ), and σ̃ is a full state map.

Analogously for effects, τ̃ is linear (again as a
consequence of Lemma 26), its domain is Ef / ∽,
and it acts as an injective effect map, as a
consequence of Lemma 28. Finally, it is also a full
effect map, since for any τ(e)∈τ(Ef ) one has

e

τ
f

S(f)
= f/∽

e

τ̃

∽
f

S(f)

=
ẽ

τ̃
f/∽

S(f)
. (77)

That (σ̃, τ̃) preserve the probabilities is a
consequence of the fact that both S(f) and f/∽
reproduce the probabilities of the fragment f .

Having established that any given shadow S(f)
of a fragment f is equivalent to the quotient shadow
f/∽, we can now prove Theorem 17.

Theorem 17. Any two shadows of a given GPT
fragment are equivalent to each other (no matter
how they are constructed). Moreover, any GPT
system equivalent to a shadow is itself a shadow.

Proof. If S1(f) and S2(f) are two shadows for f ,
Lemma 29 tell us that S1(f) is equivalent to f/∽, as
well as S2(f) is equivalent to f/∽. Since equivalence
is transitive and symmetric, we get that S2(f) is
equivalent to S1(f).

The following Lemma applies to any fragment,
and will be useful below.

Lemma 30. (Probability rules are unique)
Consider a fragment f :=(Ωf ,Ef ,pf ), and suppose
that (Ωf ,Ef ,p′

f ) is such that p′
f also reproduces the

probabilities of the fragment. Then, p′
f =pf .
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Proof. Suppose p′
f (s,e) = pf (s,e) for all s ∈ Ωf

and e ∈ Ef . Since probability rules are bilinear,
then p′

f (u,v) = pf (u,v) for all u ∈ Span[Ωf ] and
v ∈ Span[Ef ]. Since probability rules are defined
with domains Span[Ωf ]×Span[Ef ] this implies p′

f =
pf .

As an instance of Lemma 30, we get the following.

Corollary 2 (The only freedom in a shadow
map is given by σ and τ). Consider a fragment
f = (Ωf , Ef , pf ) and two shadows for this
fragment, S1(f)=(σ1(Ωf ),τ1(Ef ),ps1) and S2(f)=
(σ2(Ωf ),τ2(Ef ),ps2). If σ1 = σ2 and τ1 = τ2, then
ps1 = ps2. That is, given σ and τ , the probability
rule pS of the shadow S(f) is fixed.

C Proof of Lemma 18
We now prove Lemma 18.

Lemma 18. The shadow map for a given fragment
is faithful if and only if the fragment is relatively
tomographic.

Proof. To see that the shadow embedding (σ,τ) is
injective if and only if the fragment is relatively
tomographic, notice the following: if the fragment
is relatively tomographic, then for s1,s2 ∈Ωf one
has

s1
f ̸= s2

f ⇐⇒

s1

e
f

pf

f

̸=

s2

e
f

pf

f

, ∃e∈Ef(78)

⇐⇒

s1

e
f

f

pS
S(f)

S(f)

σ

τ

̸=

s2

e
f

f

pS
S(f)

S(f)

σ

τ

, ∃e∈Ef(79)

⇐⇒
s1

f
σ
S(f)

̸=
s2

f
σ
S(f)

. (80)

Here, the first equivalence follows from the
fragment being relatively tomographic, the second
from Eq. (30), and the third from the fact that
the probability rule of a shadow is tomographic.
Consequently, the map σ is injective. A similar

argument gives e1 ̸= e2 =⇒ τ(e1) ̸= τ(e2) for
any e1,e2 ∈Ef of a tomographic fragment, so τ is
injective. Since σ and τ are injective, the shadow
map is injective.

Conversely, notice that for any s1,s2 ∈Ωf such
that σ(s1)=σ(s2), injectivity of σ gives us that

s1
f = s2

f ⇐=
s2

f
σ
S(f)

=
s2

f
σ
S(f)

(81)

⇐⇒

s1

e
f

f

pS
S(f)

S(f)

σ

τ

=

s2

e
f

f

pS
S(f)

S(f)

σ

τ

, ∀e∈Ef(82)

⇐⇒

s1

e
f

pf

f

=

s2

e
f

pf

f

, ∀e∈Ef ,(83)

with a similar argument for effects e1,e2 ∈Ef such
that τ(e1) = τ(e2). This is the definition of a
relatively tomographic fragment.

D Proof of Theorem 20
We now prove Theorem 20.

Theorem 20. Every polytopic GPT system is the
shadow of some fragment of a strictly classical (i.e.,
simplicial) GPT system of some dimension.

Proof. Consider an arbitrary polytopic GPT
system G—that is, any GPT system in which the
state space ΩG is a polytope and the effect space
EG is a polytope.23 As G is a proper GPT system
rather than a generic fragment, its states and effects
are tomographic for each other. For simplicity,
here we will work with the representation in which
states span a vector space V , effects live in the dual
space V ∗, and the probability rule is simply the
evaluation map. The wire labels in the diagrams
below describe these vector spaces instead of the
GPT systems and fragments, since we consider
maps that a priori might not be state/effect maps.

23In fact, the proof does not rely on the effect space being
a polytope.
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Because ΩG is a polytope, it has a finite set of
pure (extremal) states, {sλ}n

λ=1 ∈ ΩG, which we
order in some arbitrary way as s1,...,sn. Denote
the pure states of a classical (simplicial) system as
{λ}n

λ=1, a unit basis of Rn, and order them as well.
Then, consider the linear map L :Rn →V defined
by the action

L

λ

V

Rn
:=

sλ

V
, ∀sλ ∈ΩG. (84)

Since the classical states are linearly
independent—as they form a basis for Rn—this
linear map always exists. This transformation L
takes the classical pure states to the pure states
in ΩG, and so can be thought of as a classically
controlled preparation procedure with a setting
variable that ranges over all of the pure states in
the GPT system G. (Thus, it can be thought of as
a physical transformation.)

One can represent L in matrix form in an
intuitive way using the fact that {λ}λ is a unit basis
of Rn. Then, if sλ is the GPT vector representing
state sλ ∈ΩG in some basis, one has

L=

 s1 s2 ... sn

. (85)

Consider now the contravariant24 action of L on
the effects in the original GPT system:

e
V

7→
ξe
Rn :=

e

L
V

Rn

. (86)

As L is a physical transformation, it is both a state
map and an effect map, and so the ξe are necessarily
valid effects on a classical system.

We can use this map to define a fragment of the
simplicial GPT system Λ of dimension n, which
we call the Holevo fragment for G and which we
denote by hG. It contains all the states in the
simplicial theory’s state space, namely ω ∈∆, but
only contains the effects of the form ξe =e◦L for

24Diagrammatically, this just means one reads the
diagram top to bottom instead of bottom to top.

e∈EG. Diagrammatically 25:

hG :=

∆,

 ξe
Rn


e∈EG

,
Rn

Rn

. (87)

Next we will construct the GPT shadow S(hG)
of hG and show that it is equal to G.

For that, consider a right inverse of L, namely
L−1

r :V →Rn satisfying

L

L−1
r

Rn

V

V

=
V

. (88)

This map always exists, due to the fact that L is
surjective (i.e., any element v ∈V can be written
as L(w) for some w ∈Rn) and that all surjective
functions have right inverses. To see that L is
surjective, note that since G is a proper GPT
system, Span(ΩG)=V , so any vector v ∈V can be
written as

v =
∑

λ

rλsλ =
∑

λ

rλL(λ)=L

(∑
λ

rλλ

)
=L(w),

(89)

where the last equality follows from the fact that
the deterministic distributions {λ}λ live in Rn.

We now claim that we can define a shadow S(hG)
of hG by taking τ :=L−1

r , taking σ :=L, and taking
pS to be the evaluation map in V . With these
definitions, the shadow is

H :=


 L

ω

V

Rn


ω∈∆

,


ξe

L−1
r

Rn

V


e∈EG

,

V

V

.

(90)
It is not hard to see that H = G. That the

effect space of Eq. (90) is just EG follows from the
definition of ξe (Eq. (86)). That the state space of
Eq. (90) is just ΩG follows from the fact that the
extremal elements of the former are of the form
L◦λ, and hence are extremal elements of ΩG (by
Eq. (84)).

It follows that H is a valid GPT system.
Consequently, to prove that it is indeed a shadow
of hG, all that we need to demonstrate is that L

25The dashed box here is just the diagrammatic
representation of the evaluation map (the probability rule).
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and L−1
r are full state and effect maps, respectively.

Clearly, L is a full state map, since by ranging
over the extremal states inRn, one can reach every
extremal state in ΩG. Moreover, L−1

r is a full effect
map, since varying over ξe is the same as varying
e◦L over e, and L−1

r takes this to e.
Thus we see that H is indeed the shadow of

hG, and that it is indeed equal to G. That is,
H=S(hG)=G.

Since this construction is independent of any
particularities of the polytopic GPT system G, this
establishes Theorem 20.

In the rest of the section, we essentially provide
an alternative proof to the above, one which makes
use of the quotienting definition of a shadow, and
so is more explicit and may be more insightful to
some readers.

First we prove that L−1
r identifies effects that

are not distinguished by the states in Ωh, and that
L identifies states that are not distinguished by
the effects in Eh. For the case of L−1

r , it should
identify effects ξ ∈ Eh that are not distinguished
by the states in the fragment; since the fragment
contains all states in the simplex ∆, L−1

r should not
identify any two different effects. Indeed, consider
two Holevo effects ξe and ξ′

e′ in Eh. Then:

ξe

L−1
r

Rn

V

=
ξ′

e′

L−1
r

Rn

V

⇐⇒

e

L

L−1
r

Rn

V

V

=

e′

L

L−1
r

Rn

V

V

(91)

⇐⇒ e
V

= e′
V

. (92)

That is, two effects in the Holevo fragment are
mapped to the same effect in the purported shadow
(i.e., mapped by L−1

r to the same effect) if and only if
they came from the same effect e=e′ in the original
theory. But for e=e′ one has ξe =e◦L=e′◦L=ξ′

e′ ,
and so

ξe

L−1
r

Rn

V

=
ξ′

e′

L−1
r

Rn

V

⇐⇒
ξe
Rn =

ξ′
e′

Rn (93)

so no distinct effects in h(G) are mapped to the
same effect in the shadow H by the action of L−1

r .
Now, for the case of states, L must identify those

states in ∆ that are not distinguished by the effects
in h(G). Let us show this is indeed the case. First,
we have that for all ξ ∈Eh,

ξe

ω
R

n =
ξe

γ
R

n =⇒

e

ω

L
V

R
n

=

e

γ

L
V

R
n

, ∀e∈EG.

(94)
Above, the condition ∀e ∈ EG follows from the
fact that {e◦L}e∈EG

=Eh, given the definition of
the Holevo fragment h(G). Now, since G is
tomographically complete (as it is a proper GPT
system), we get

e

ω

L
V

R
n

=

e

γ

L
V

R
n

, ∀e∈EG =⇒ L

ω

V

Rn
= L

γ

V

Rn
(95)

showing that all states that are not distinguished by
the effects in h(G) get identified by L. This implies
that KerL[ph]⊆Ker[L], where ph is the probability
rule of the Holevo fragment (the evaluation map).
In other words, all states that are not distinguished
by the effects in h get mapped to the same state
by the map L.

Finally, note that the probabilities predicted by
H are the same as those predicted by h(G), since

ξe

ω

L−1
r

L
R

n

R
n

V =

e

ω

L

L−1
r

L

R
n

V

R
n

V

(96)

=

e

ω

L
V

R
n

(97)

=
ξe

ω
R

n . (98)

In the first and last equality, we used that ξe =e◦L
and in the second equality we used that L−1

r ◦L=
1V .

This also implies that any two states that are
distinguished by the effects in h should be distinct
in ΩH. This means that Ker[L] ⊆ KerL[ph] which
then implies Ker[L] = KerL[ph]. By the universal
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property of quotienting, L = L̃◦ ∽, where ∽ is
the quotienting relation of Def. 17, and L̃ is some
injective map. What is important here is that if
L(ω) ̸=L(γ), then there exists some effect f ∈EH
that distinguishes them. Therefore, the left kernel
of pH is trivial. Given that the right kernel is
also trivial, the evaluation map pH is tomographic.
Therefore, H is indeed a shadow of h(G).

We now prove that H=G. We start by showing
that the state space ΩH of the shadow is equal to
ΩG and that the effect space EH of the shadow is
equal to EG. First, note that all states ν ∈ΩH can
be written as L(ω) where ω ∈∆. Since a classical
state ω ∈∆ is always a convex combination of the
deterministic ones, {λ}λ ∈∆, we get

ν
V = L

ω

V

Rn
=
∑

λ

αλ
L

λ

V

Rn
=
∑

λ

αλ
sλ

V ∈ΩG,

(99)
where {αλ} are coefficients of the convex
combination. This tell us that every ν ∈ΩH belongs
to ΩG. Now, any ω ∈ΩG is a convex combination
of the pure states {sλ}λ, so

ω
V =

∑
λ

βλ
sλ

V =
∑

λ

βλ
L

λ

V

Rn
= L

γ

V

Rn
∈ΩH,

(100)
where we have defined

γ
Rn

:=
∑

λ

βλ
λ

Rn

. (101)

This shows that every ω ∈ΩG is also an element of
ΩH . Putting both facts together gives ΩH =ΩG.

Now, let us turn to the effects. First, using
Eq. 88, any e∈EG can be written as

e
V

=

e

L

L−1
r

Rn

V

V

=
ξe

L−1
r

Rn

V

∈EH. (102)

Conversely, for every effect f ∈EH in the shadow,
there is (by Eq. 90) a unique effect e ∈ EG in the
original GPT system such that f = ξe ◦ L−1

r , so
we denote the shadow effects as fe. Given the

definition of ξe as e◦L, this implies that

fe
V

=
ξe

L−1
r

Rn

V

=

e

L

L−1
r

Rn

V

V

= e
V

∈EG, (103)

which proves that f ∈EH =⇒ f ∈EG. This proves
that EH =EG and that fu =u.

In addition to having identical state spaces and
effect spaces and unit effects, the probability rules
for H and G are identical, so they are in fact
identical GPT systems.

E Proof of Theorem 22

We now prove Theorem 22.

Theorem 22. Consider the data table generated by
some GPT fragment. The output of theory-agnostic
tomography (as in Definition 21) applied to this
data table is the GPT shadow of the GPT fragment.
That is, for all fragments f we have that STA(f)=
GDf

is a valid shadow of f .

Proof. Note that in this proof, the diagram wires
are labelled by the domain (codomain) of the map
instead of by the GPT systems and fragments.

In theory-agnostic tomography, one factorizes
the matrix of empirical data D ∈ Mm×n(R)
generated by the states and effects in one’s fragment
f by finding the smallest integer k such that there
exist E ∈Mm×k(R) and S ∈Mk×n(R) satisfying

D

Rm

Rn

=
S

Rm

Rn

E
Rk . (104)

Consider now the states Θ := {s1, ... ,sn} and
effects Φ := {e1, ... , em} defining26 the original
(unknown) fragment f , and define a map d :Θ→Rn

mapping every si ∈Θ to one of the n orthonormal
basis vectors in Rn:

d

si

Rn

Θ
:=

i

Rn

. (105)

26Recall from Section 6.1 that these may just be taken to
be the convexly extremal states and effects in the fragment.
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Note that this map has a set (Θ), not a vector
space, as its domain; consequently, one cannot
speak about whether or not it is linear. The map
D ◦ d : Θ → R

m therefore takes states in Θ to
columns of the data table D.

Due to the minimality of k, the process E must
admit of a left-inverse, i.e., there is E−1

l such that

E

Rk

Rk

E−1
l
Rm =

Rk

. (106)

Consequently, let us define the map

Rk

Θ
σ̂ :=

Rk

Θ

D
Rm

Rn

d

E−1
l

=
S

Θ

Rk

d
Rn , (107)

which takes states si ∈Ω to columns of the matrix S.
We now define a map σ, which (as we will show

later) is the linear extension of σ̂, acting on Span[Θ].
For each vector s∈Span[Θ], pick one specific linear
combination s=

∑
iαisi of that vector in terms of

the states si, and define the action of σ by

σ

si

R
k

SΘ∑
iαi

:=
∑

i

αi
σ̂

si

R
k

Θ
, αi ∈R, ∀i (108)

In principle, this map could be non-linear, as
it might depend on the particular choice of
decomposition for each vector s. However, below
we will show that it forms part of a valid shadow
map taking f to GDf

, so by Lemma 26, it is indeed
linear.

Similarly to what was done for the states, one
can define a map d′ taking effects ei ∈Φ to one of
the m orthonormal basis vectors in Rm, such that
the composition d′ ◦D maps the effects ei ∈ Φ to
rows of the matrix D:

d′

ei

Rm

Φ
:= i

Rm
. (109)

And by minimality of k, the map S must admit of

a right-inverse, S−1
r , such that

S

Rk

Rk

S−1
r

Rn =

Rk

. (110)

So, analogous to the above, we define the map

Rk

Φ

τ̂ :=

Rk

Φ

D
Rm

Rn

d′

S−1
r

(111)

which takes effects ei ∈Φ to rows of the matrix E.
Finally, we define the linear extension of τ̂ , namely
τ : Span(Φ) =: SΦ → Rk, just as we did for the
map σ above. (Here too, defining τ by a particular
choice for the decomposition of each vector in its
domain might give the appearance that the map
could be nonlinear, but we will justify below that
it is in fact linear.)

It now follows that σ(Conv[Θ]) and τ(Conv[Φ]),
together with the evaluation map on Rk,
constitutes a shadow for the fragment f that
generated the data table. Indeed, the evaluation
map in Rk is tomographic, due to minimality of
k, and the probabilities of f (encoded in D) are
reproduced:

si

ej
SΦ

τ

σ
R

k

SΘ

=

si

ej
Φ

d′

d

R
m

Θ

R
n

D =

i

j
R

m

D
R

n

= D(i,j). (112)

Since σ and τ constitute shadow maps, Lemma 26
tell us that they are linear. Therefore, the
particular choice of linear combination for a vector
s∈Span[Θ] in terms of {si}, made when defining
σ, is irrelevant (and similarly for τ).

Therefore, we have established that the output
of theory-agnostic tomography applied to the data
table generated by a GPT fragment gives the
shadow of that fragment as its output.
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