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We study relaxations of entanglement-assisted quantum channel coding and
establish that non-signaling assistance and a natural semi-definite program-
ming relaxation —termed meta-converse— are equivalent in terms of success
probabilities. We then present a rounding procedure that transforms any non-
signaling-assisted strategy into an entanglement-assisted one and prove an ap-
proximation ratio of (1 — e~!) in success probabilities for the special case of
measurement channels. For fully quantum channels, we give a weaker (dimen-
sion dependent) approximation ratio, that is nevertheless still tight to char-
acterize the strong converse exponent of entanglement-assisted channel coding
[Li and Yao, IEEE Tran. Inf. Theory (2024)]. Our derivations leverage ideas
from position-based coding, quantum decoupling theorems, the matrix Chernoff
inequality, and input flattening techniques.

1 Introduction

1.1 Motivation

Channel coding lies at the heart of quantum information theory, focusing on the reliable
transmission of information over noisy quantum channels. The classical understanding of
this field is shaped by asymptotic capacity theorems for classical [46], classical-quantum |29,
45] and quantum channels [34, 48, 16, 6, 5|, which describe the maximum achievable
communication rates over many channel uses under different types of assistance (such as,
e.g., entanglement or feedback). More recent work has refined some of this understanding
by going beyond first order asymptotic limits and exploring, e.g., the small deviation regime
(for classical |50, 24, 41] and quantum channels [52, 15]), or the large deviation regime with
error exponents (for classical [18, 47, 23| and quantum channels [14, 4, 32, 44, 39]) as well
as strong converse exponents (for classical |2, 13| and quantum channels [59, 38, 22, 33|).
These refinements highlight the trade-offs between rate, reliability, and resources that arise
in practical communication scenarios. An even more recent development in channel coding
is the exploration of the true one-shot setting in a tight manner (see, e.g., [41, 10, 54, 36,
31, 3, 21, 55, 7| and references therein). This departs from the traditional assumption of
infinite channel uses |51|. Instead, it focuses on the performance limits when only a single
or finite number of uses are available. This approach opens the door to studying quantum
communication in even more realistic, constrained scenarios, providing new insights into
achievable rates and error behaviors.
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In our work, we explore quantum channel coding in the one-shot framework from an
algorithmic perspective and aim to provide a broader understanding of quantum channel
coding, both in the asymptotic and non-asymptotic regimes. In classical channel coding,
this idea was first introduced by [3], which provided a simple and efficient approximation
algorithm that returns a code achieving a (1 — %) approximation of the maximum success
probability attainable for a given classical channel. Notably, the approximation algorithm
corresponds to coding over the same channel with more powerful assistance called non-
signaling correlations. Moreover, in the classical setting non-signaling strategies are shown
by [35] to correspond to a natural linear programming relaxation —the so-called meta-
converse.! In the same spirit, using non-signaling correlations to design approximation
algorithms of the success probability has been applied to coding over classical-quantum
channels [21], multiple-access channels [20], and broadcast channels [19].

Although not discussed in [3], it is straightforward to see that the multiplicative con-
stant approximation (1— %) is already sufficient to deduce that the plain (unassisted) strong
converse exponent of a channel —i.e., the rate at which the success probability approaches
0 when the transmission rate is strictly above the channel capacity —is the same as when
non-signaling correlations are allowed. This allows for a connection between the strong
converse exponent and the exponent of composite hypothesis testing, a problem widely
studied and understood in the literature (see, e.g., [27]). This method can be seen as an
alternative way of reproving the strong converse exponent, a result already established by
[2, 13] (see also [42]). The advantage of this proof strategy is to discern between unassisted
(or shared-randomness) and non-signaling assisted strategies. As we discuss later, we apply
this method in the quantum setting as well.

In [21], the authors generalized the approximation results of [3] to the classical-quantum
setting. In that work, two approximations of the success probabilities are proven: one
is multiplicative, depending logarithmically on the size of the channel, and the other is
additive, which is only non-trivial when the sizes of the codes differ. It turns out that the
multiplicative approximation, while not as tight as the classical (1 — %) one proven in [3], is
still sufficient to show that unassisted and non-signaling assisted strategies have the same
strong converse exponent. This reduces the problem of finding the strong converse exponent
to the case where non-signaling correlations are allowed. Perhaps surprisingly, coding with
non-signaling correlations does not exactly correspond to the semi-definite programming
meta-converse bound (or composite hypothesis testing) for classical-quantum channels [36,
55], unlike in the classical setting [35]. Nevertheless, it can be shown that they have the
same strong converse exponents even for quantum channels.

Motivated by these approximation results and their powerful implications for large
deviation refinements, we pose the same questions in the quantum setting:

Are similar one-shot approzimation algorithms possible for quantum channel coding?
If so, are they sufficient to establish large deviation refinements for quantum channels?

In this work, we consider the problem of channel coding over quantum-classical and quan-
tum channels with entanglement assistance in the one-shot setting. From an algorithmic
perspective, as discussed in [3, 21, 20, 19, 8], our aim is to design efficient approximation al-
gorithms that, given a complete description of the noisy channel, return near-optimal codes
that maximize the success probability for a fixed number of messages to be transmitted.

The meta-converse is a versatile linear programming bound that implies many converse results for
channel coding [41]. The derivation and the formulation of the meta-converse use the hypothesis testing
framework: the channel at hand is tested against an arbitrary constant channel.
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1.2 Overview of findings

Following the works of [41, 35, 36, 3, 21|, we consider a natural SDP relaxation for channel
coding over quantum channels known as the meta-converse. This relaxation is closely
related to coding with non-signaling assistance [55]. We then investigate the relation
between the meta-converse, non-signaling and entanglement assistance in the one-shot
setting with a focus on the success probability. Moreover, we apply our one-shot findings
along with known results for the hypothesis testing problem to deduce optimal strong
converse exponents.

Non-signaling assistance and meta-converse. The meta-converse (MC) reflects some
constraints that any coding scheme should satisfy. The meta-converse success probabil-
ity is closely related to that of coding when the sender and receiver share non-signaling
(NS) correlations. For coding over a quantum channel N with a fixed number of messages
M, the non-signaling success probability, denoted SuchS(./\f , M), is the solution to the
following SDP program [36, 55]:

1
Suce™S (N, M)= sup 7T [Ars - (JA)rs]
PRARB
subject to pr € S(R), (1)
Ap =I5,

0<Arp <X Mpr®Ip.

The MC success probability, denoted Succ™® (N, M), is the solution to a similar pro-
gram to (1), except that it has the constraint Ap < Ip instead of Ap = Ip. Classically,
both programs are equal [35] and thus non-signaling correlations provide an operational
interpretation of the meta-converse introduced by [41]. However, in the quantum setting
(even for classical-quantum channels), these programs are in general not equal. Our first
result is a rounding inequality between the MC and NS success probabilities.

Proposition 1. Let N be a quantum channel and M > 1. We have that
1
SuccMC (W, M) > Succ™S (N, M) > (1 — M) - SuccMO(N, M). (2)

This proposition shows that, as the number of messages increases, the optimal success
probabilities for MC and NS strategies become increasingly similar. Since the approxima-
tion is multiplicative in terms of success probabilities, this rounding has a direct application
on the strong converse exponents. In words, the strong converse exponent is the rate at
which the success probability approaches 0 when the transmission rate is strictly above the
channel capacity. From Proposition 1, we deduce that characterizing the strong converse
exponent of non-signaling strategies reduces to analyzing the meta-converse. Moreover, the
meta-converse admits inherently a formulation in terms of the hypothesis testing problem.
The strong converse exponent of the (composite) hypothesis testing problem can be derived
from known results in the literature. More precisely, we can show using Proposition 1 and
the results of |22, 27]:

Corollary 2. Let N be a quantum channel and r > 0. We have that

: 1 NS ®n _nry __ s 1 MC ®Xn _nr
nlgrolo—ﬁlog Succ™ (O™ e™) = Jgngo—ﬁlog SuccV Y (N ™) (3)
= _i— « ) 4
sup 1 (7= Tira ) (4)
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where T, (N) denotes the sandwiched mutual information of the channel N and order «,
formally defined in (28).

In the following we show that the natural NS relaxation (1) provides an approximation
of the entanglement-assisted success probability. We observe that because of Proposition
1, similar results can be phrased in terms of MC instead of NS.

Quantum-classical setting. We begin our approximation results by the quantum-
classical setting as the classical and classical-quantum settings were studied by [3] and
[21] respectively. Moreover, the entanglement-assisted capacity of quantum-classical chan-
nels differs from that of the shared randomness and unassisted case |6, 5, 28]. For this
reason, we compare non-signaling assistance directly with entanglement assistance. It
turns out that in this setting, we are able to obtain nice approximation results that gen-
eralize exactly the optimal classical approximation results of [3| and relate the EA success
probability, denoted SuccP?, with its NS counterpart. N amely we obtain:

Proposition 3. Let N be a quantum-classical channel and M, M' > 1. We have that

SuccPA W, M) > M 1-— (1 — 1>M, Succ™S (N, M). (5)
b — M/ M )
In particular, when M' = M, we obtain
1
SuccEA N, M) > <1 — e> Succ™S (W, M). (6)

The proof of this proposition utilizes the position-based coding of [1] along with a
sequential decoder similar to [57]. The main advantage of the quantum-classical setting
is that the output system is classical, allowing the sequential decoder operators to be
significantly simplified, which enables a tight evaluation of the approximation error.

Specifically, the NS program of the success probability (1) provides a quantum state

pr and an observable Ogrp = ﬁpél/zARBp;{l/Q such that

1
TY[ORB~URB]=SL1CCNS(N,M) and TY[ORB'UR(X)UB]:M; (7)

where opg = ng(JN)RBp}Q/Q = Nap(¢pra) and ¢dra is a purification of pr. We take

inspiration from the position-based coding of [1] and encode the message using its corre-
sponding position within a shared entangled state. The equalities in Eq. (7) will be used to
decode the message. More precisely, M’ copies of ¢pra are shared between Alice (holding
Ajq ... App osystems) and Bob (holding Ry - - - Ryys systems). To send the message m € [M'],
Alice applies the channel N4, _, 5 to the mt copy of her part of the shared entanglement.
To decode the message, Bob performs some measurements on systems R --- Ry B. By
Eq. (7), measuring the systems R,,B with the observable Og, g successfully detects it
(outcome ‘0’) with a success probability Suce™> (A, M), while measuring the systems R;B
with the observable Og, g for | # m falsely detects (outcome ‘0’) the message with proba-
bility ﬁ A natural strategy is to measure systems ;B for | = 1,..., M’ sequentially and
return the first detection (outcome ‘0’). To analyze this scheme, we use crucially the fact
that the operators {Og,p}| do commute when B is a classical system. In general (B can
be quantum), the operators {Og, B}l]\i /1 do not commute, and we are unable to prove an
approximation with a multiplicative error using the sequential decoder.
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A direct application of Proposition 3 is that EA and NS strategies achieve the same
strong converse exponent for quantum-classical channels. This along with the characteri-
zation of the strong converse exponent of NS in Corollary 2 gives the EA strong converse
exponent in the quantum-classical setting.

Corollary 4. Let N be a quantum-classical channel and r > 0. We have that

: 1 EA QXN nry __ s 1 NS ®n _nr
nlgrgo—ﬁlogSucc (N®" e )—nlggo—ﬁlogSucc (NE™ e (8)
a ~
—sup —2 (r — Tia(N)) .
ST, (r 1+ (N)) (9)

We will further generalize this result to the quantum setting in Corollary 7. However,
we are unable to achieve the same approximation ratios from Proposition 3 in the fully
quantum setting. The main challenge is that the analysis of the sequential decoder becomes
cumbersome when the channel output system is quantum and the sequential measurement
operators do not commute.

Quantum setting - Additive error. In the fully quantum setting, we can still use
the position-based coding from [1]. However, the sequential decoder is no longer easy to
analyze. To address the issue of non-commutativity of the operators, we can apply the well-
known decoder and inequality of Hayashi-Nagaoka [26]|, which lead to an approximation
with an additive error. Note that this decoder and inequality were used by [21] to prove
a similar approximation result in the classical-quantum setting, where a non-signaling
strategy is rounded to a shared-randomness one.

Proposition 5. Let N be quantum channel and M,M' > 1. We have the following
inequality between the entanglement-assisted and non-signaling success probabilities

Succ®A (W, M) > Succ™S (N, M) — 5“ﬁ,' (10)

This proposition shows that NS correlations do not help to increase the EA capacity
of a quantum channel [31]. Moreover, the additive error in (10) implies that EA and NS
have the same second-order asymptotics in the small deviation regime (which remains not
fully characterized in the quantum setting [15], even for NS strategies). However, this
approximation error is insufficient to conclude that EA and NS have the same error or
strong converse exponents.

Even in the classical-quantum setting, it is unclear whether EA and NS should have
the same error exponent. This is because NS (specifically, with activation) corresponds
to the sphere-packing bound [14, 11, 39|, while achievability results (such as those for
rounded strategies) so far seem to only imply the random coding bound at best [4, 32, 44],
which is only known to be optimal above a critical rate [32, 44]. Therefore, we focus on
investigating whether EA and NS share the same strong converse exponent. As we have
seen in the quantum-classical setting, a simple approach to compare EA and NS strong
converse exponents is by designing an EA approximation algorithm to the NS success
probability that achieves a (small) multiplicative error.

Quantum setting - Multiplicative error. Recall that the NS program of the success
probability (1) provides a quantum state pr and an observable Orp = ﬁp;{l/ 2ARBp}El/ 2
such that

Tr [Orp - Nassp(¢ra)] = Succ™ (N, M) (11)
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where ¢4 is a purification of pr. In the quantum-classical setting, we can use the position-
based coding [1] and the sequential decoder [57|. However in the quantum setting, the
operators {Op, B}{\il do not commute and the sequential decoder is hard to analyze. To
circumvent this difficulty, we draw inspiration from [21] and attempt to use the following
measurement, device:

M

1
{El = OR;B} where Z =

y (12

M
> Ors
=1

e}

The normalization Z ensures that Zf\il =; < I—a condition necessary for valid measure-
ments. Moreover, this normalization factor will contribute to the approximation error as
follows

SuccPA (W, M) > %SuchS(N’, M). (13)

The authors of [21] employ the matrix Chernoff inequality [53] to control a similar
normalization factor. In the quantum setting, however, applying the matrix Chernoff
inequality is insufficient to control Z with high probability. The reason is that it is unclear
how to utilize the constraint

1 1

Trr [pr - OrBl = —Trr [ArB] = i

I5; 14
m B; (14)

as it does not appear in this form in the standard matrix Chernoff inequality. To overcome
this obstacle, we consider a simplified setting where pp = ﬁﬂ]{ is the maximally mixed

state. Under this assumption, the constraint Trg [pr - Orp] = ﬁ]IB simplifies to

R
TI‘R [ORB] = ’]\}HB (15)
Furthermore, it can be expressed as
+ 1 1
Eyp~c(r) [URORBUR] = @HR @ Trg [Orp) = B (16)

where L(R) is any unitary 1-design probability distribution on U(R). Consequently, the
constraint Trg [pr - Orp] = ﬁﬂB implies

(17)

HEURNL’(R) [URORBUH HOO = %,

which is one of the key factors of the matrix Chernoff inequality. Conjugating the observ-
able Orp by the unitary Ug leads to the same success probability if the state Na_,g(dra)
is appropriately conjugated (see Eq. (11)). Since ¢4 is the maximally entangled state (re-
call that we assume ppg is the maximally mixed state and ¢r4 is a purification of it), we can
conjugate Na_,g(¢ra) with the unitary Ug by conjugating ¢ g4 with UX (a property of the
maximally entangled state) which can be performed by Alice before applying the channel.
Note that as opposed to the position-based coding, we only need one shared copy of the
maximally entangled state. This is crucial for bounding the dimension of the measurement
operators as this latter appears in the error probability of the matrix Chernoff inequality.
Applying a random coding with a unitary 1-design formed with Pauli operators was
used previously for the problem of entanglement-assisted channel coding (see e.g., |30, 32|).
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In order to handle the case of an arbitrary state prp we utilize the input flattening
technique from [32]. The idea is to decompose the input state as

Y 1
=1 j

where v is the number of distinct eigenvalues of pgr, {p; }}’:1 is a probability distribution,
and {H;};_, are orthogonal subspaces of R. With this in hand, we can sample from the
probability distribution j ~ {p; };’:1 and consider the problem as if we have prp = ‘TIJ.‘HH]-»
a maximally mixed state. Our approximation strategy builds on these ideas and chooses
the shared entanglement based on shared-randomness samples from {pj}gzl. Random
unitaries sampled from a unitary 1-design are applied depending on the corresponding
subspaces. Finally, a measurement device is formed depending on the shared-randomness
and random unitaries. This EA strategy is described in more details in Section 4.2 and
achieves the following performance.

Proposition 6. Let Ny, p be a quantum channel. Let pr € S(R) be an optimal quantum
state mazximizing the NS program (1). Let v be the number of distinct eigenvalues of pr.
Assume that log |A| > €2. We have

1
EA NS
M) > . M). 1
Succ™ (W, M) 2 2vlog (2ve? M (dim A)? dim B) Succ (N, M) (19)
In the finite block-length regime, we then find
1
SuccPAWE™ ") > —— . SuccNS (VB ™), 20
( )2 s ( ) (20)

which also explains why this multiplicative error is not harmful is terms of strong converse
exponent. To obtain the previous inequality, we use symmetry arguments and show that
a near-optimal quantum state maximizing the NS program (1) is the de Finetti state [12]
for which we have v, = poly(n) [27]. This allows us to deduce the EA strong converse
exponent from the NS one (Corollary 2).

Corollary 7. Let N be a quantum channel and r > 0. We have that

s 1 EA ®n _nry _ 1; 1 NS ®@n nr
lim —ElogSucc (N®" e )—nh_gn —ElogSucc (N ™) (21)
= -7 : 22
ig% + « (T 1+Q(N)) (22)

This tight characterization of the strong converse exponent in the quantum setting was
first established by [33]. Moreover, [33] was the first to introduce the flattening technique
for this problem. While our proof also employs this technique, its structure is significantly
different from that of [33]. In particular, our proof relies on the relationship between EA,
NS, and MC success probabilities, providing deeper insights into the connection between
composite hypothesis testing and entanglement-assisted coding.

1.3 Notation

The set of integers between 1 and n is denoted by [n]. Finite dimensional Hilbert spaces
are denoted by A, B, ... and their corresponding dimensions are written as |A|,|B|,....
The set of unitary operators on the space A is denoted by U(A). A positive semi-definite
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operator is denoted by p = 0. Moreover, p = o stands for p — ¢ = 0. For a Hermitian
operator p with spectral decomposition p = >, \;II;, we denote by p = Y, max{\;, 0}II;
its positive part, and p~! = D0 N 1, its Moore-Penrose generalized inverse.

Quantum states are positive semi-definite operators with trace 1. The set of quantum
states on a Hilbert space A is denoted by S(A). Let {\z)}ﬁll be the canonical orthonormal
basis of A. The maximally mixed state over A is 14 = ﬁHA The maximally entangled
state over A is

. 141

¥)ea = s = ﬂlm > in @1 (23)

where R ~ A.
A quantum channel Ny, is a completely-positive, trace-preserving map from S(A)
to S(B). The Choi matrix of Ny, p is

Al

(Jn)re = Nasp(lwiwlra) = Y 18) (il @ N(10) () 5. (24)

i,j=1

A quantum-classical or measurement channel N4_, x is a quantum channel where the out-
put system X is classical.
A measurement device is a POVM (positive operator-valued measure), consisting of a set
of positive semi-definite operators that sum to the identity operator I. Measuring a quan-
tum state p with a POVM M = {M,},cx returns the outcome x € X with probability
Tr [pMy].

The sandwiched Rényi divergence [37, 58] between p = 0 and o = 0 of order o > 1 is
defined as follows

1
a—1

Dy (pllo) = log Tr [(U%pa%>a} (25)

if p < o (i.e., the support of p is included in the support of o). Otherwise, we set
D, (pllo) = +o0o. It extends continuously for o = 1 to the Umegaki relative entropy, given
by

D (pllo) = Tr [p(log p — log o)] . (26)

The quantum hypothesis testing relative entropy is defined as
D3 (pllo) = —log min {Tr [0O] ‘0 <O Tr[pO]>1-— 5}. (27)

For a quantum channel N4_, g, the channel’s sandwiched Rényi mutual information of
order a > 1 is defined as [22]

I, = inf  Dq (p%(J 12 . 28
A (" i on o o) (28)

Let 0 be a Hermitian operator with spectral projections Ily,...,II,, where v is the
number of distinct eigenvalues of o. The pinching channel associated with o is defined as:

Po(:) = zv:Hz‘(')Hz'- (29)

The pinching inequality [25, 51] states that for any positive semi-definite operator p,

p<v-Polp). (30)
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2 Quantum channel coding

In this section, we define the task of quantum channel coding using entanglement-assisted
or non-signaling strategies. Then we study the relation between non-signaling assistance
and the meta-converse.

2.1 Entanglement-assisted channel coding

We follow [56] and define an (n, M) entanglement-assisted code as follows. Alice and Bob
share a pure quantum state V) p_ where Alice holds E4 and Bob holds Ep. Let [M]
be the set of messages to be transmitted. To send a message m € [M], Alice applies an
encoding channel £, 4m to her part of the shared entangled state |¥)XV|g, g, depending
on the message m. Then the global state is

ER s am (YN E,Ep) - (31)

Alice transmits A over n iid copies of the channel N, leading to the state

—B>
NG (€8 (9 W] 41,) ) - (32)

Upon receiving systems B", Bob performs a POVM {=73, Ep }M_, on the channel output
B™ and his part of the shared entanglement Ep in order to decode the message m that
Alice sent. Bob returns the outcome of this measurement. Let

C = (19}, » {ER st Yot {Z By e ) (33)

The probability of Bob correctly decoding Alice’s message m is
Stucce (N, M, m) = T [ s, N e (EBycon (WX Imams))] - (39

The average success probability for the coding scheme C is

1 M
Succe (N, M) =+ >~ Tr EB e N o (EB ot (Vi 55)) - (35)
m=1

The rate r of communication is 1
r = —log M, (36)
n

and the code C has ¢ error if Succe(N®", M) > 1 —e. A rate r of entanglement-assisted
classical communication is achievable if there is an (n, e"("~9)) entanglement-assisted clas-
sical code achieving a success probability 1 — e for all € € (0,1), § > 0, and sufficiently
large n. The entanglement-assisted classical capacity CFA (NV) of a quantum channel N is
equal to the supremum of all achievable rates.

Finally, the one-shot entanglement-assisted success probability is given as the optimal
average success probability over all EA (1, M) codes

Succ®A W, M) = s%p Succe (N, M). (37)

The one-shot entanglement-assisted error probability can be defined as follows

ePAW, M) =1 — SuccPAW, M). (38)
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2.2 Non-signaling assisted channel coding

The computation of the optimal entanglement-assisted (EA) success probability in (37)
is notoriously difficult, as it requires optimization over shared entangled states, encod-
ing channels, and decoding measurement devices, all of which can involve systems with
unbounded dimension. A natural relaxation of this optimization is obtained by allowing
more powerful correlations known as non-signaling [36]. Strategies using this assistance
encompass entanglement-assisted strategies, though communication cannot be achieved
using non-signaling correlations alone.

A non-signaling assisted code corresponds to a superchannel which is non-signaling
(does not permit communication by itself) from the encoder to the decoder and vice-versa.
More precisely, a non-signaling channel between Alice and Bob whose input systems are
A;, B; and output systems are A,, B, has a positive semi-definite Choi matrix J4, 4,88,
satisfying (e.g., [17]):

Ja;B;B, = 14, ® JB,;B,, (A B), (39)
JAiAOBi = JAiAO ® 1Bl7 (B - A) (40)

Let NS be the set of non-signaling superchannels. The optimal non-signaling success
probability of a quantum-channel N for sending M messages is

1 M
Succ™ (N, M):SSESM% (m| THN)(Im)m]) [m), (41)

where TI(N) is the effective channel. The non-signaling error probability of a quantum-
channel NV for sending M messages can be defined as follows

eNS(W, M) =1 — Succ™S(WV, M). (42)

It is known that the success probability (41) is the solution of the following SDP program
[36, 55]

1
Succ™S(NV, M) = sup MTI"[ARB(JN)RB]

PR:ARB
subject to pr € S(R),
Ap =15,
0=<Arp < Mpr®lp, (43)

= sup Tr [Ar(JIN)RB]

PRARB

subject to pr € S(R),

Ap Ig,

1
M

0<Arp < pr®IpB. (44)
Unlike the entanglement-assisted success probability (37), the non-signaling success

probability is computationally accessible. Furthermore, since entanglement-assisted strate-
gies are non-signaling, we have the obvious inequality

Succ™S(NV, M) > Succ®A (W, M). (45)

One of the goals of this paper is to design approximation algorithms that achieve a reverse
type inequality of (45) with as small an (additive or multiplicative) error as possible.

Accepted in {uantum 2025-10-01, click title to verify. Published under CC-BY 4.0. 10



2.3 Non-signaling value and meta-converse

In the previous section, we observed that non-signaling strategies are useful for approxi-
mating the entanglement-assisted success probability of coding over quantum channels. It
turns out that the non-signaling success probability is closely related to the well-known
meta-converse [41, 35, 36, 55]. In fact, they are even equal in the classical setting [35]. The
meta-converse error probability for one-shot coding over a quantum channel A/ and with
a communication size M is [36]

EMC(/\/, M) = inf {5 € [0,1] ‘ sup inf D% (p}{Q(JN)RBp}{QHpR ® UB) > log M}
pRES(R) oBES(B)

(46)

It is known that the meta-converse success probability is the solution of the following SDP
program [36, 55]

1
SuchC(J\/, M) = Sup —Tr [ARB(JN)RB]

PR:ARB M
subject to pgr € S(R),
Ap <15,
0<Arp <X Mpr®1p. (47)

Observe that the difference between the meta-converse program (47) and the non-signaling
program (43) for the success probability lies in the constraint Ap < Ip versus Ap = Ip.
This implies that SuccMC(N, M) > Succ™ (N, M), since the meta-converse allows for
a looser constraint on the measurement operator Ap. The authors of [55] show that
the meta-converse corresponds to non-signaling correlations assisted by 1-bit of perfect
communication (known as activation). In the following we provide a reverse inequality
between the meta-converse and non-signaling success probabilities, achieving this with a
multiplicative error and without the need for activation.

Proposition 8. Let N be a quantum channel and M > 1. We have that
1
SuccMC(N, M) > Succ™S (N, M) > (1 — M) - SuccMC (N, M). (48)

Proof. The NS and MC programs are stated in (43) and (47) respectively. The inequal-
ity SuccMC(NV, M) > Succ™ (N, M) is clear. Let us prove the remaining inequality
Succ™S (N, M) > (1 — ﬁ) - SuccMC(N, M). To this end, we consider (pr, Agp) an op-
timal solution of (47) with size M — 1. We construct Ay = Arp + pr @ (Ip — Ap) that
satisfies:

Agp = ArB = 0, (49)
Ap =Ap+ (Ip —Ap) =15, (50)
Arp =Arp +pr® (Ip — Ap) (51)
< (M —-1)pr@Ip+pr®Ip (52)

= Mpr ® Ip. (53)
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So (pr,ARp) is a feasible solution to the program (43) of size M. Hence, we have

Succ\S (W, M) > T [N - () s (54)
> LT [Ans - (Jn)ns] (55)
_ MJ\; L SuecMOW, M - 1) (56)
> <1 _ ;4) - SuccMC(W, M), (57)

where we used in the last inequality SuccM®(N, M — 1) > Succ™C(N, M) that can be
easily checked with the following formulation obtained from (47) by making the change of
variable Agrp + ﬁARBZ

SuccMC(N, M) = sup  Tr[Arp(Jn)rB]

PrR.ARB
subject to pr € S(R),
1
AB < MI[Bv
0<xArp <X pr®Ip. (58)

O]

Proposition 8 demonstrates that as the number of messages grows, the optimal success
probabilities for MC and NS strategies converge. Since the approximation is multiplicative
with respect to success probabilities, this rounding result has a direct implication in terms
of the strong converse exponent. The strong converse exponents for the meta-converse and
non-signaling error probabilities are defined as follows:

1

EMO(W,r) = h_}m —— log SuccMC(NE", ), (59)
n—oo n
1

ENS(N 1) = lim ——log SuccNS (M@ e, (60)
n—oo n

Using Proposition 8 we immediately deduce that the meta-converse and non-signaling
strategies have the same strong converse exponent:

Corollary 9. Let N be a quantum channel. For all v > 0, we have that
EMO(N, 1) = ENS(W 7). (61)

The meta-converse (46) corresponds to the problem of composite hypothesis testing.
We deduce the achievability strong converse exponent of the meta-converse from the one
established for composite hypothesis testing by [27]:

Proposition 10. Let N be a quantum channel. For all r > 0, we have that

1
EMC(N ) = nlggo - log SuccMC(NER enr) (62)
a ~
< zlépo - (7“ - Il+a(./\/)> . (63)
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Proof. We have that from Proposition 19:

Succ™C(NV, M) = sup  sup {Tr [p}{Q(JN)RB,O}g/? : 0} ( sup Tr((pr @ 0p)0) < 7 ¢
pRES(R) 00T opES(B)
So, we have for n € N

SuccMC(NEn, T
®n 1/2

1/2
= sup sup {Tr [pR/n (JN) prgnPpn - O}
prn €S(R™) 0<OKI

sup Tr[(pgpr ® opn)0] < e_m}
opn€S(B™)

UanelgIan) Tr [(p%n ® O'Bn)O] < e—nr}

> sup sup {Tr|(py *(Jn)mmpy )" - O]
pRES(R) 0<O<I

(64)

where we choose the state to be iid, i.e., pgn = (pr)®". From the strong converse result
for the composite hypothesis testing problem of [27, Theorem 14] we deduce that:

1 n
— Zlog sup {Tr [(p}{/z(JN)RBP}{/Z)(@ 'O}

sup Tr {(p%” ® aBn)O] < e”r}

n 0<0O<I opn€S(B™)
(65)
_ inf I~ N 1/2 1/2 .
o ST, (7’ oot Do (IN)rBpR PR ® 05) (66)
Hence, we get
1
lim sup —— log SuccMC (N ®" ) (67)
n—o0 n
< inf — inf  Daa(p¥?(J 12 68
< s (7“ oo D (P " (IN)RBPR " |lPR ® OB) (68)
_ ~Tiee
W, (r = iraV)), (69)

where the last equality can be proven using Sion’s minimax theorem (see [33, Eqgs. (100)—

(102))).
O

On the other hand, the converse strong converse exponent is proven by [22]| for
entanglement-assisted strategies.

Proposition 11. Let N be a quantum channel. For all r > 0, we have that

EMON,r) = nli_)rgo—%log SuccME(N @™ ) (70)
(87 ~
> sup 1 (7“ — Il+a(f\/)) . (71)

This result is stated in [22] for EA strategies. By inspection, the proof applies for
the meta-converse as well. For the reader’s convenience, we include a detailed proof of
the converse result of the meta-converse strong converse exponent in Appendix C. By
combining Corollary 9, Proposition 10, and Proposition 11, we deduce the NS and MC
strong converse exponent.

Corollary 12. Let N be a quantum channel. For all v > 0, we have that
EMC(W ) = ENS(W,r) = sup a - (r - f1+a(N)) : (72)

a>0
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3 Approximation algorithms in the quantum-classical setting

In this section, we consider the restricted class of quantum-classical channels with classical
output system. We are able to prove approximation results that relate the entanglement-
assisted and non-signaling success probabilities.

Proposition 13. Let N be a quantum-classical channel and M,M' > 1. We have the
following inequality between the entanglement-assisted and non-signaling success probabil-
ities

SuccPAW, M) > L 1—(y-1)M,smw%NA@ (73)
) — M, M ) *
In particular, when M' = M, we obtain
1 M
SuccPA (W, M) > <1 - (1 - M) ) Succ™S (N, M) (74)
1
> (1 - e) SuccNS (W, M). (75)
Moreover, when M' = o(M), we have that
M’ M’
EA / NS
Succ™ (N, M') > (1_2]\4+0(M>> Suce ™ (N, M). (76)

This result extends the classical rounding results from [3| to the quantum-classical
setting with entanglement assistance while maintaining the same approximation guar-
antees. Additionally, [3] proved that similar approximation ratio (between shared ran-
domness and non-signaling success probabilities) is optimal for classical channels. Since
SuccNS(N, M) > SuccPA (W, M) > (1 — é) Succ™ (N, M), we conclude that EA and NS
have the same strong converse exponent. Therefore, by Corollary 12, we obtain the follow-
ing characterization of the EA strong converse exponent.

Corollary 14. Let N be a quantum-classical channel. For all v > 0, we have that

ERMN, ) = ENS(W,7) = sup 1

a>0

aanimMW. (77)

Proof of Proposition 13. Let (Arp,pr) be an optimal solution to the NS success prob-
ability program (44). Let M’ be the size of the messages to be transmitted with an
entanglement-assisted strategy. We consider the following scheme inspired from the
position-based coding of [1] and the sequential decoder of [57]:

Shared entanglement. Let |¢) pp = p}f |w) pr be a purification of pr where R’ ~ R.
The shared entanglement state is

M/
Q) dr.ry,» (78)
m=1

where R} --- R, systems are held by Alice while R --- R systems are held by
Bob.
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Encoding. To send the message m € [M'], Alice places the system R/, in A" and traces
out the rest of her part of the shared entanglement. In other words, she applies the
map idrr a0 @ Q) Trg, []. The resulting state is

TRy Ry Ry A (M) = idpy, a0 @ Q) Trpg [®l]\£1 ¢RZRJ =op,a ® Q) pr-  (79)
l#m l#m

Transmission. Alice transmits A’ over the channel N4/_, 5. The global state is then

CRiRo-Ryp B(M) = Nar 5 g(0R, Ry Ry ar (M) = Nar g (DR, 0) @ Q) pr,- (80)
l#m

Decoding. Since (Agp, pr) is a solution of the program (44), they satisfy 0 < Arp <
pr ® Ip, thus we can define the observable

0<Ogrp = Pj_gl/ZARBP;gl/z < IrB. (81)

Bob performs the measurement:

M/

{ERlRQ...RM,B(m)}mzlU{EEIRQ,“RM/B} s With (82)
ERRy-Ryy B(M) = \/H —ORryB-- \/11 - ORm,lBORmB\/H —OR,, 1B \/]1 — OR; B,
(83)
M/
Bk Ro-Ryy B = IR Ro Ry B — O ERyRo Ry B(M). (84)
m=1

This measurement corresponds to sequentially measuring R;B using the POVM
{ORr,B,1—Og,p} fort =1,2,... and returning the first index ¢ for which we get the
first outcome (corresponding to the observable Og,p). Note that the last operator
in (82) can be written as

ERyry B =1—\/I=Or,p -\ /I-Or,,_ 5B(I-Or,,B)\/1-OR,,_ B \/I-Or,B,
(85)

which shows that it is indeed an observable (using 0 < Ogrp < Igrp) and the set
(82) is a valid POVM. If we observe an outcome corresponding to the operator
E}*{l Ro--Ry B WE return 0. Since B is a classical system we have that

Vi 7é l/ : ORZBORVB - ORZ/BOR1B7 (86)

thus the measurement operators can be written as

ER Ry Ry B(M) = \/]1 —ORr,B- "~ \/]1 - ORm,lBORmB\/H —OR,,_\B""" \/H —ORr,B
(87)

= (H—ORlB)"‘(]I—ORm,lB)ORmB- (88)
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Analysis of the scheme. The success probability of decoding the m™ message can

be calculated as follows:

Succ(NV, M, m) (89)
=Tr [CRlRQA..RM,B(m) . ERIRQ...RM,B(TTL)} (90)
=Tr (NasB (9r,4) @ Q) pr,- I—Or,B) -+ (I—Or,,_,B)OR,,B (91)
i l#m
. 1/2 1/2
=Tr pRmNA’%B (meA’) PR, @ ® PR; - (I - ORlB) (= ORm,lB)ORmB (92)
L l#m
=Tr [(J )R8+ (PRy — ARy B) * (PR,—1 — MRy B)AR,,B] (93)
= Tr [(JN) R (]IB —Agp)---(Ip — AB)AR,, B (94)
= (1 - ) Tr [(JN) BB - AR, B] (95)
-1
(1 _ M) SuccNS (A, M), (96)
where we used Ap = 3;1p and Tr [(Jx)rB - ArB] = SuccNS(N, M).
Hence, the average success probability of this scheme can be calculated as follows:
/ 1 M 1 m-l NS
Z Succ(N, M',m) = M’ (1 — M) Suce™ (N, M) (97)
M 1\M NS
=17 (1 - (1 - M) ) Succ™ (N, M). (98)
Finally we deduce the desired bound on the EA success probability:
SuccPA (W, ﬁ mz Succ(N, M, m) (99)
M/
% < 1 - — ) Succ™ (N, M) (100)
O

The optimality of Proposition 13 remains unclear, as entanglement-assisted strategies
are more challenging to manage compared to shared-randomness strategies (e.g., |40, 9,
8]). Moreover, we are unable to establish similar approximations as in Proposition 13 in
the fully quantum setting. The main challenge is that, in the quantum setting, we can
no longer simplify the measurement operators as done in (88). Consequently, the analysis
of the sequential decoder (82) becomes non-trivial and does not yield the exact success
probabilities as in (96). In the next section, we present alternative approximation results
for channel coding in the quantum setting.

4 Approximation algorithms in the quantum setting

In this section, we explore approximation algorithms for channel coding in the general
quantum setting. Our objective is to design algorithms that approximate the entanglement-
assisted success probability. We begin by presenting a simple approximation with an
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additive error in Section 4.1, followed by a more involved approximation that achieves a
multiplicative error in Section 4.2.

4.1 Approximation with an additive error

Our first attempt at designing approximation algorithms uses the same shared entangle-
ment and the position-based coding [1, 43|, similar to what we have done in the quantum-
classical setting in Section 3. However, to deal with the non-commutative difficulty that
arises in the quantum setting, we use the well-known decoder and inequality of Hayashi-
Nagaoka |26].

Proposition 15. Let N be quantum channel and M, M’ > 1. We have the following
inequality between the entanglement-assisted and non-signaling error probabilities

ePAW, M) §2€Ns<N,M)+4MJw_1. (101)

Moreover, we have the following inequality between the entanglement-assisted and non-
signaling success probabilities

SuccPA (W, M) > Succ™S(N, M) — 5“ﬁ,' (102)

This proposition is similar to what was achieved for classical-quantum channels using
shared-randomness strategies by [21]. Additionally, it implies that non-signaling correla-
tions do not allow to improve the entanglement-assisted classical capacity of a quantum
channel [31]. Finally, for an approximation in terms of error probabilities, the additive
error O(%/) seems to be unavoidable. This can be seen by the optimality proof in the

classical setting of [3]. In terms of success probabilities, the additive error O( %’) is
not sufficient enough to deduce optimal strong converse exponents. For this reason, in
the next section, we explore more involved approximation algorithms that achieve small
multiplicative errors.

Proof of Proposition 15. Let (Arp, pr) be an optimal solution of the NS success proba-
bility program (44). Let M’ be the number of the messages to be transmitted with an
entanglement-assisted strategy. We consider the following scheme inspired by the position-
based coding of [1] and Hayashi-Nagaoka decoder [26]:

Shared entanglement. Let |¢)pp = p}{z |w) g be a purification of pr where R’ ~ R.
The shared entanglement state is

M/
Q) dr.ry,» (103)
m=1

where R} --- R, systems are held by Alice while R --- R systems are held by
Bob.

Encoding. To send the message m € [M’], Alice places the system R/, in A’ and traces
out the rest of her part of the shared entanglement. In other words, she applies the
map idrr, a0 @ Qs Trpy [-]. The resulting state is

M/
TRy RyRyp A/ (M) = idpy ar ® Q) Trp [®¢RZR§] =R © Q) pr,-  (104)
l#m =1 l#m
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Transmission. Alice transmits A’ over the channel N _, g. The global state is then

CRiRo--Ryp B(M) = Narsp(0R, Ry ar (M) = Narsg (DR, 40) @ Q) pr,- (105)
l#m

Decoding. Since (Agp, pr) is a solution of the program (44), they satisfy 0 < Arp <
pr ® I thus we can define the observable

0<OgrB = p;gl/QARBpélm < IgaB. (106)

Bob performs the measurement [26]

_ , ~1/2 , 12 M
{:R1R2~--RM/B(m) = (2%1 OR;B) OR,,B (2%1 ORlB) } . (107)

m=1

Analysis of the scheme. We rely on the following inequality [26] valid for all 0 <
A< B>0andc>0:

I—(A+B) Y2AA+B)™ 2 (1+c)I-A)+2+c+cHB. (108)

Using this inequality, the error probability of decoding the m'™" message can be controlled
as follows:

(N, M',m) = Tx |Cry oy m(m) - (1= E(m) Ry iy ey (109)

< (1+0)Tr [Crymy5(m) - (1= O, )] (110)

+(2+ e+ T [Cryrty (1) (Zipm Ony)| (111)

Recall that |¢) p4 = p%z |w) pas- The first term (110) can be simplified as follows:

Tr |:CR1R2~--R1M/B(m) . (]I - ORmB):| =1-"Tr o
l#m m

Naop (9r,a) © Q) pr, - ARmB] (112)

A
=1-Tr {P}{/jNA’aB (wg,, ') }{j : % (113)
=1-Tr[(JN)RwB - AR, B] (114)
= NSV, M). (115)

The second term (111) can be calculated as follows:

v |Gt Rty B(M) - (St Ore)| = Tt

Nasp (DR, a1) © Q) pry - (Xim Amz )]

PR,
l#m
(116)
=it Tt N B (par) - AB] (117)
=D 11 [NA’—>B (par) - ﬁﬂB} (118)
M -1
= (119)
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Hence from (110), (111), (115) and (119) we deduce that the average error probability is
bounded as follows:

M’ /
M -1
eEAWN, Z N, M',m) < (1+e)eNSW, M)+ 2+c+ch) i (120)
In particular for ¢ = 1 we deduce
M —1
BAW, M) < 2eNS(W, M) + 4 T (121)
In terms of success probability we have that from (120):
EA / NS NS M -1
—e BN, M) >1-ePWN,M)—ce >N, M) — (2+c+c ) VA (122)
Then, if M’ < M, we choose ¢ = \/%’ < 1 and obtain
M’ M’
Succ®A (W, M) > Succ™S(N, M) — 2 T 3M (123)
M/
> SuccNS (N, M) -5 (124)
M
If M' > M, this inequality holds trivially. O

4.2 Approximation with a multiplicative error

In this section, we focus on obtaining an approximation of the entanglement-assisted suc-
cess probability with a small multiplicative error in the quantum setting, as similar results
in the classical, classical-quantum, and quantum-classical settings have already been es-
tablished in [3, 21], and in Section 3, respectively. To this end, we round a non-signaling
strategy to an entanglement-assisted one. The program of the non-signaling success prob-
ability (44) can be written as

SuchS(./\/, M) = sup sup {Tr[ARB - (JN)RB] ’AB = ﬁ]IB, 0=<AgrB < pr ®]IB}

prES(R) ArRB
(125)
= sup Succ™ (W, M, p), (126)
PRES(R)
where we introduce Succ™ (N, M, p) for pr € S(R) defined as:
Suce™S(N, M, p) = sup T+ [Ars(Jn) o]
ArB
) 1
subject to Ap = M]IB,
0<Arp <X pr®Ip. (127)

We have the following rounding result of the non-signaling success probability in the quan-
tum setting.
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Proposition 16. Let Na_,p be a quantum channel, pr € S(R) be a quantum state and
M > 1. Let v be the number of distinct eigenvalues of pr. Assume that log |A| > €. We
have that

1

_ NS
SuccPA (W, M) > S0Tog Qv M| AT |B]) Succ™> (N, M, p). (128)

This approximation of the success probability is not as clean as the one established for
quantum-classical channels in Proposition 13. However, since the multiplicative error in
Eq. (128) depends logarithmically on the size of the channel N, the communication size,
and the number of distinct eigenvalues of the state pr, we will see in Section 4.3 that in
terms of the strong converse exponent, this approximation is largely sufficient.

To prove Proposition 16, we combine ideas from the classical-quantum rounding result
of [21], coding using the decoupling technique [30, 33|, position-based coding [1], and the
flattening input state technique [33].

Proof of Proposition 16. Let A’ ~ R ~ A. Write R = @®;-1 R; and

v v
pr =D NTg = Drilr;, (129)
j=1 j=1
where {);}; are the distinct eigenvalues of pg, {H{Q}j are orthogonal projectors onto the
Hilbert spaces {R;};, 1g; is the maximally mixed state on Rj;, i.e., 1g;, = = I |Hj and
pj = |Rj| A

Let £(H) be any unitary 1-design probability measure on U(H), i.e, for all Xy
Eyecm) {UHXHICUH =1y ® Xk. (130)

Sampling uniformly at random from the set of Pauli operators is an example of a unitary
1-design.

Denote by W4 = [UYW|s4 the maximally entangled state on AA’. Concretely, if
{\xz)} _ is an orthonormal basis of A consisting of the eigenvectors of p, |¥) 4 4, is defined

14|

Consider the following rounding scheme illustrated in Figure 1.

Shared entanglement and classical randomness. Let ji,...,75um id {pj};, Ur ~

L(Rj,),..., Uy ~ L(Rj,,) and we write j ~ p,U ~ L. This forms the shared-
randomness, and the shared entanglement is given by

v
QWi (132)
j=1

where A! ~ ... ~ AV ~ R systems are held by Alice while B'~...~B"~R
systems are held by Bob. For j € [v], A;. is the j'" subspace in the decomposition

of AV = @}, A{ , and similarly, Bj: is the j*™ subspace in the decomposition of
Bl = @j_, Bj.
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Figure 1: lllustration of an entanglement-assisted protocol achieving the performance of Proposition
16. Wavy lines: Represent the shared randomness. Thick lines: Represent the shared entanglement.
Arrow: Indicates the time progression of the protocol. Depending on the message m and the shared
randomness, the system A;m is swapped with A’. Then, the unitary channel U,,(-) = U}, (-)U, (which
depends on m and the shared randomness) is applied before the transmission of the system A’ through
the channel M4/, g. In order to decode the message, a measurement (which depends on the shared
randomness) is performed on the systems Bj} --- BYB yielding the outcome m’.

Encoding. To send the message m € [M], Alice first applies the unitary Up,(-) =
Ul (U, on AJ", then she places A7 in A’. The resulting state in the G ten-
sor factor of the shared entanglement tensor product is

Unm,
Jm - Im Jm*im
Adm A7 ;
—  lAim— A <(Um)B§m \I/Bj.'mA;m <Um)Bjm> s (135)

where we used the property of the maximally entangled state Ug; @ U 45 |V) gj 45 =
|W) 5j 47> and L gjm_, v is & unitary channel since 4™ ~ R ~ A’. Note that the state

WU pim 4im OL BJ"’AJm can be considered as a matrix on B]mA]m by inclusion (i.e.
Jm - Jm

by padding zero block matrices). Next, Alice traces out her remaining part of the
shared entanglement and the global state is then

O’Bl,,,BuA/(m) = (Um)B;m L Aim s Al (\I/BgmA;:m) . ((J]L )B]m &® ® \I/Bs (136)
" " s€\jm

= (Um)BJm “lAim A (\IlBijjm) . ( B]m &® ® ].Bs. (137)
Jm

IJm - Im SG[U]\]m
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More precisely, by denoting Vy,(-) = Up,(-)USL,, the encoding channel is

,T%...Ag_),q/ () = laim s Ar © (Z/l )AJm_m;z ) ® ® Tr(Bg)’ H (138)
s€[V]\jm

= (Vi) gim_, im © Laim a1 (-) & & Trssy [, (139)
"o s€[0]\jm

and the global state can be written as

v
AL Ay A7 (@ ‘I/BJ]AJI) (140)

= lpAim A © (Vm)B;Z%Bgm( BJmA]m ® Tr (Bs) |:\IJB§(B§)’:| . (141)

Jm JIm SG[U]\]m

Transmission. Alice transmits the system A’ over the channel N 4/_,g. The global state
becomes

Cpro.prp(m) = Vi) gim_, gim © Narsp © taim a0 (‘I’Baijim> ® @ 1z
Im Im IJm Im SE[U]\jm
(142)

Decoding. Let Agp be an optimal solution to

Succ™¥ (N, M, pr) = sup {rﬁ” [Ars - (Jv)rB] |AB = 1B, 0 < ArB < PR ®]IB} :

ArB
(143)
Bob performs the measurement
M i umll™t Hi U M M M i umll™t . Hd U
|=t0iv@)| oty 1= il S 00V )| - 09U m)
m=1
(144)
J, U |B;:nn 7 T
with 0% o, p(m) = =2 (Upn) i IV A i p10p55, (U m) pim @ QR Ips.
Pim " selo]\jm
(145)
Recall that, for s € [v], B* = @j_; Bj, and Hg’;m is the orthogonal projector onto

the Hilbert subspace Bj:; of B/m. 0%Y(m) should be viewed (by padding zero blocks
when necessary) as an operator on the space B'B?--- BB so the dimension of 0%V (m)

1R M M il iU ~

is |R|V - |B|. Note that >, _; Hzlzl o7 (l)” - 0%%(m) < I which confirms that (144)
o0

is a valid POVM. If Bob observes an outcome ‘m’’, corresponding to the measurement

. -1
operator HZf\il O3 Y(1) H -0%Y(m/), he decodes the message and returns m’. Otherwise,
oo

if the outcome corresponds to I — S-M_, Hzlj\il 03U H - 09U (m), Bob returns 0.

Let us analyze this scheme. Denote by Z the random variable Z = Hzn]\le o3v H
The success probability of sending the message m € [M] conditioned on (j1,...,7) and
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(Ur,...,Up) is:

Succ(N, M, m) (10
U
RN — )
|B]m| im
= Zope 1T {(Um)ij,’ZHJBJm AB]mBHBJm(UL)BZ:Z .(Um)BgﬁNAqBOLAjm_)AI (\I/ngA]m)(U;)B%]
(148)
= Zp; mT |:HJBJ'm ABJWLBHBJm Narsp o taimsa <|B§Z| .\I’Bng;z)} (149)

= Zp]m |:H‘]B]m ABJm BHBJm NA,—>B o [‘Aj"L — A’ (‘B]m ‘ H]BJm \I/Bjm Aim H‘]B‘ﬂjlm):| (150)

©) m jm
= Zn; mTf [HJBJmABJmBHBJm " NarB 0 Laim s a (\B] |- \IIBJ'mAJ'm)} (151)

= |Bim| - I U 5 Ajm L1 m proved below; in (b)

where in (a) we used ]Bjm] . Bim Bim

Bjm Ajm

we used that H%";m

To prove |B§Z | ¥

is a prOJector onto B]m that commutes with Na/ s 5 0 L gjm_yar-

pgim gim = 155, we note that for a basis element |z)
m im

BJm ’
of B/m (an eigenvector of p), we have either Hg}m |z) =0 or Hg’;m |z) = |x) in which case
|z) € Bj: Slo)

|R|
B T05,, W i i T, = 10, D ) (] i © i) (2] T3, (153)
1,7=1
= Z ‘x2> <xj|Bim ® ’xz> <xj’Ajm (154)
.. Im Im
REDE
xi,aijB;:Z’
= [BI" | W i gim- 155
|Bjn | Bim Alm (155)

Let G = {Z < log(2vMe"|R|?|B|)} denotes the ‘good’ event that Z is bounded. We
have that from (152):

Ejop,u~c [Succ(N, M, m)] (156)
> Ejpu~r [SHCC(N M,m)-1(G)] (157)
=Ejpu~c |z Tr {H]BJmABJmBHBJm (JN)BJmB] '1(g)} (158)
[ 1 1
> Eijpumr | — - ST [TE7 A gin g1 (JN) pimp | - 1
= B UL | Jog(2uMe | RIY B]) * (155, Ao 115, - () 5] (g)]
(159)
= E; RS ! T [T, A i 1, + () o 5 (160)
U Tog G [RPIB]) L B W )Bin
1 1
—Ejpu~ - Tr Apgjm I mp| - 1(G%)] .
j~p,U~L [p]m 10g(20Me”|R|”\B|) |: B]m Bim Bl Bim (JN)BJ B} (g )]

(161)
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The expectation (160) can be lower bounded as follows:

1 1
Eipvu~ -Tr Apgim gl im 162
j~p,U~L [p] log(2vMe*|R|*|B]) { Bjm Bim B Bim (JIN) B B” (16 )
1 . ,
I, ARBIl%, - (J 163
JZI oy gty [Tt (s 1o
1 . )
= - I, ArpIlY, - 164
log(2vMe?|R|V|B|) r[]z:l rArslly - (Jx)rs (164)
1 1
> -—-Tr[Agp - (J 165
Z gl BB o AR U )Rs] (165)
1 1
— - = - Succ™S (N, M 166
log oM RFB) v e N2 M), (166)
where we used B/ ~ R and in the inequality we used the pinching inequality (30)
v - Z H%ARBH% =v- Pp(ARB) = App. (167)

J=1

To bound the expectation (161), we use concentration of random matrices as in [21]. Since
ARrp is a solution to the program (143), we have Arp < pr ® Ip so H ABMBHBJm <
pjmlBJm ® I thus

im

1 1
EjpUu~ CTr [T A gy, I mp| - 1(G° 1
p,U~L Djnm 10g(2vMe”|R|U|B|) [ Bim AYBim B Bim (JN)BJ B} (g )] (68)
1
< Eip~r |Tr |1 55, @15 - imp| - 1(G° 1
= log(211Me“|R\“]B|) j~p,U C|: r B;m ®lp (JN)BJ B} (g )] ( 69)
1
= Eip e |Tr (1 nim - Igim | - 1(G€ 170
e aTATE e [ [Lagy e 1067 1o
1

= Tog@uMe|RP|B]) | i~rU~E [ bz 09V )| > tos(2omet BI"IBY]. (71)

where we recall the definition of the random matrix 0% 31 gog(m):

jm
U B

OJ BvB(m> = # : (U )B HBJmAB]mBHBJm L)Bjm ® ® Ips. (172)

Pim s€[0]\jm

Moreover, HBJm AB]mBHB]m Dim 1B§m ® Ip implies
U |BIm|
O] B“B(m) = p;i:: : (U )B HBJmABJmBHBJm TTTL)Bjm ® ® Ips (173)
s€[V]\jm
< B - (U m) pim Lgim @Lp(Uh) pom @ QLo (174)
s€[V]\jm
=Im ®lp® K Ips (175)
" s€[0]\jm
<Ipim® & Ip®Ip (176)
s€[V]\jm

=Ipi.p ®1Ip, (177)
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and thus 0 < Apuin(O7V(m)) as well as Apax(09Y(m)) < 1 = L. Furthermore, the
expectation of the random matrix 0%V (m) can be controlled as follows:

Ejrpu~r [021({. B B(m)} (178)

|BI™| :
Z Pim B (Bim) [pfm (Um) g U5 A i U (U) im @ @) HBS]

Jm=1 s€W]\Jm
(179)
= Z lB]m ®Tr ]B]'”] HB]mABJ,,LBHBJm ® ® HBs] (180)
Jm=1 s€[V]\Jm
Jm—l s€[V]\jm
Jm=1 s€[v]\Jm
v
Hence, we deduce that fpimax = Amax (Z%:l EjpU~c [O%JH.BvB(m)D <
Amax (VIg1..ge @) = wv. Therefore by the matrix Chernoff inequality (L = 1

and fimax < v) (see [53, Theorem 5.1.1] reproduced in Theorem 22) we have for
v = (14 d)pmax = log(2vM|R|?|B|) that

el

Hmax
PjpU~r [H Y 03 Y(m)|| > (1+ 5)umax] <|B'...B'B| - ((1+5)1+5> (184)

R["|B|exp(—7) (185)
- Succ™S (N, M, p), (186)

where we used in (a) pmax < v and the inequality vlogy — v — yIn(v) > ~ valid for all
v > €?v (this is implied by the choice of v and the assumption log|A| > €?); in (b) we
used Succ™3(N, M, p) > ﬁ and we choose v such that

1 1 1
v o < . . > v .
[RP|Blexp(—) < 5 -+ 2 ¢ > log(20M|RI"|B) (187)
Consequently, from (166), (171), and (186), we have that
Eij’Uwg [Succ(/\/, M, m)] (188)
1 NS 1 NS
> . M, p) — . M
2 SToaonerRpiE) e W Me) = o e rpE e Vo Map)
(189)
1 NS
= . M, p). 1
SoToaode BB e N Mop) (190)
Finally since R ~ A we conclude that:
M
SuccPA (W, M) > — Z impUnc [Suce(N, M, m)] (191)
B 1
- Succ™S (N, M, p). (192)

>
~ 2vulog(2vMev|AlY|B])
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4.3 Application: strong converse exponent for coding over quantum channels

In this section, we apply the approximation result with multiplicative error obtained in
Section 4.2 to establish the entanglement-assisted strong converse exponent in the quantum
setting. To this end, we show that the coding strong converse exponent is the same for
entanglement-assisted and non-signaling strategies.

Proposition 17. Let N be a quantum channel. For all v > 0, we have that
EBAN,r) = ENS(W 7). (193)

As a direct corollary of this proposition and the exact characterization of the non-
signaling strong converse exponent in Corollary 12, we can conclude the entanglement-
assisted strong converse exponent.

Corollary 18. Let N be a quantum channel. For all r > 0, we have that

«

EFAN,7) = su
( ) azpol—l-a

(r - fHa(N)) . (194)

We note that [33] is the first to prove this result. Our proof strategy differs significantly
and may be of independent interest.

Proof of Proposition 17. We first reduce the problem to a permutation invariant state
pr in the non-signaling program of SuCCNS(N®",M, prr) (127). Next, we reduce the
problem to the case where ppn = p‘lgi is the de Finetti state [12]. Finally we apply the
rounding result proven in Proposition 16.

Reduction to permutation invariant states. By Lemma 21, the optimization in

Succ™S(WE" M) = sup  Tr [Agngn - (Ja) 5] (195)
prn,ARnpn

subject to  prn € S(R"), (196)

Apn = 371, (197)

0 < Agnpr < prn @ lIpn. (198)

can be restricted to permutation invariant states pgn. We denote the set of permuta-
tion invariant states over R®" by S, (R). We note that similar symmetry arguments were
used by [36, 31] to reduce the NS programs of the coding size and fidelity.

Reduction to the de Finetti state. Let g(n,d) = (”“ffl) < (n+ 1)1 Any
permutation invariant state pgn € S,,(R) satisfies pgpn < g(n, |R|)p%. where pif is the de
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Finetti state from [12] and stated later on in (208). So, we find

SuccNS(NE" M) (199)

= sup  sup {Tl“ {AR”B” ()5 } ‘ Apn = 371pn, 0 < Apnpn < ppe ®@ HBn}
prn€Sn(R) Apn pn

(200)

< sup {Tr [ARan ()G } ‘ Apn = LTpn, 05 Agnpn < g(n, |R)pE ®H3n} (201)
Ran
RTLBn

(202)

= g(n, |R|) - Succ™> (N g(n,|R|) M, pTF) (203)

<g(n,|R|)- sup Succ™*(N®", g(n,|R|)M,p) (204)

pRnES(R™)
< g(n,|R]) - Succ>(N®", g(n, |R|)M). (205)

Hence, the non-signaling success probability SuCCNS(N ®n M) is comparable to
Succ™MS (V& M, pIF):
1 NS/ A/® ®
m Succ (N n, M) ~ g(n |RD SUCC (N n |R|)) (206)

< SuccNS(NE" M, de) S Succ¥S (N, M), (207)

In particular to round the NS success probability it suffices to consider pr = p‘}%F in the
NS program (44) albeit with a rounding loss of TOLIED | T

Application of the rounding protocol of Proposition 16. Note that the de
Finetti state can be written as [27, Lemma 1]:

rRor, = P mTr ] (208)
)\EYan‘

where Y), g is the set of Young diagrams of size n and depth |R| that satisfies |Y), |p| <

(n + 1)IE-1 {I\}aev,, 5 are orthogonal projectors and {pi}iev,

tribution. We can then apply Proposition 16 for N®" M = ™" pg = deF and v = |V}, |||
to obtain:

is a probability dis-

SuccPA(NE™ enr) (209)
1
> S NS N®n7€nr, dF 210
" 2|Y,, 5| log(2|Y, g lenrelYninil| AP Vuinil| B ( = 210
1
v AN - Suc
29(n, |A])|Yy 4| 1og 2]V, 4 [ eV miall| AW jall| By

NS(./\/’®H,€W'T), (211)

where we used (207) and R ~ A in the last inequality. Note that using g(n,|A|) =
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(T < (A DA and (Y, ] < (04 )T we have

1

~log [29(n, |A[Yy, 1] log (20Yy, e el A Yeial B | (212)
log 2 1 1

< B2 4 (A ¢ |a) - B Y (213)

+ %log [log(2) + (JA] = 1) log(n + 1) + nr + (n+ 1)4llog(e| A]) + nlog(|B])} (214)

log(n + 1)
n

<TB2 (P 1141 -2) + CloglO((n + 1)) (215)

log 2 1 1 1 1
<1082 4y ja - )T | o leslnt) (216)
n n n n—o00
Hence, we find
SuccNS(NE™ ") > SuccPA(NWE, ") > e (M) L SuceNS (B e, (217)
Finally, we get
1
ERAWN 1) = lim ——log SuccPA(NEn, e (218)
n—oo
1
= lim ——log SuccNS (M@ ey = ENS(N, 1), (219)
n—oo N,

5 Conclusion

We explored entanglement-assisted quantum channel coding from an algorithmic point
of view. We developed approximation algorithms for the entanglement-assisted success
probability using non-signaling relaxation in the quantum-classical and in the quantum
setting. As an application, we provided an alternative proof for the characterization of
the entanglement-assisted strong converse exponent. The achievability proof proceeds by
connecting the entanglement-assisted (EA), non-signaling (NS), and meta-converse (MC)
strong converse exponents. The latter is then deduced from the inherent relation between
the meta-converse and composite hypothesis testing. While this technique worked effec-
tively for strong converse exponents, it remains unclear whether the EA, NS, and MC
error exponents are equal. Moreover, obtaining tight approximation bounds in the fully
quantum setting remains an open problem.
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A Dual formulation of the meta-converse

Proposition 19. Let N be a quantum channel.
success probability satisfies:

SuchC(./\/, M)= sup inf Tr {(p%Z(JN)RBp}{Z — Mpr® ZB)+] + Tr[Z5] (220)
prES(R) 7570
= sup sup {Tr [p}%/Q(JN)RBp%Q . O} sup Tr[(pr®op)0] < ]\1/‘,}
prRES(R) 0O<I op€S(B)
(221)
= su inf  su T [ p2 (T V2 ol | v ®op)0] < Lt
s inf P A o (nrsoil? - O] | e ((or @ 05)0] < 47}
(222)
Proof. The first equality was proven in [39, Proposition 6.1]. Let us prove (221). We have
that
SuccMC(W, M) = sup inf Tr [(p}%/Q(JN)RB,OE/Q —Mpr® ZB)+] + Tr [Z5] (223)
prES(R) 7570
= sup inf sup Tr [(p}f(JN)RBp}{/Q —Mpr® Zp) - O} + Tr [Zp]
prES(R) ZB700<0<1
(224)
= sup sup inf Tr [(p}%/z(JN)RBp}%/Q —Mpr® Zp) - O} + Tr[Zg],

pRES(R) 05012570

The optimal one-shot meta-converse

(225)

where we used Sion’s minimax theorem (see Lemma 20) in the last equality. By writing
Zp = 0as Zg = zop where z = Tr[Z] > 0 and op € S(B) we have

SuccMC(N, M) (226)
= sup sup inf Tr {(p%Q(JN)RBp}Z/Z — Mpr® Zp) - O} + Tr[Z5] (227)
pRES(R) 0<O<1 2870
_ . 1/2 1/2
= sup sup infTr [(pR (JN)RBPR ) -O} +2z|1-M sup Tr((pr®og)- O]
prES(R) 0501270 opES(B)
(228)
= sup sup inf Tr [(p}{Q(JN)RBp}{Q) : 0} (229)
pRES(R) 0<0<I 270
sup, pes(p) Trl(pr®0R)-O]< 47
+z (1 —M sup Tr{(pr®oB)- O]) (230)
oB€S(B)
1/2 1/2
= sup sup T (o () rBp ") - O] (231)
prRES(R) 0<O<I
sup, es(p) Trl(pr®0E)-Ol< 57
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The proof of (222) is similar:

SuccMC (N, M) (232)

= su su inf inf Tr [(pY2(J 2 o +2z(1—-MTr ® -0
pRESIzR)MogMBeS(B)ZW [( SA ] ( (pr®os)-O))

(233)
= sup inf sup inf Tr [( 12 (JN)RBp}%/Q) : O} (234)
prES(R) oBES(B) 0<0<I 270

Trl(pr@0s)-Ol< 4

2 (1= MTr[(pr ® o) - O)) (235)

= su inf su T [(pH2( 12y 0. 236

pRGSIgR)f’BGS(B) 0<OI-)<]I {(pR (N)RBpR ) } (236)
Tr[(pr®0oR)-Ol< 47

O

B Technical statements

Lemma 20 ([49]). Let X be a compact convex subset of a linear topological space and 'Y
a convex subset of a linear topological space. If f is a real-valued function on X XY with

o f(z,-) is upper semi-continuous and quasi-concave on Y, Vx € X, and
e f(-,y) is lower semi-continuous and quasi-convexr on X, Vy € Y
then

min sup f(z,y) = sup mln flx,y). (237)
2€X yey yey =€

Lemma 21. Let n, M € N and N be a quantum channel. The optimization in

SuccNS (N M) (238)
= sup sup {TI' {AR”B"'(JJ\/’ :| ’AB”—M]IBTH()#AR”B" < PR» ®I[Bn}
pRnES(R") Agnpgn
(239)

can be restricted to permutation invariant states prn.

Proof. Define the linear objective function f(Agrp,pr) = Tr[Arp - (Jx)rB] and the set

C={(Agrp,pr)|AB = ﬁ B, 0 < Arp < pr®IB, pr € S(R)}.

C is a convex set, indeed take (Arp,pr) € C and (C'rp,or) € C and A € [0, 1] we have
that

e M+ (1= ND)p=Mp+ (1 - N5 =AbIg+ (1 - N Lz = L,
e 0 Mprep+ (1 =-NTre=xMr@Ip+ (1 —-Nogr®Ip=(Apr+ (1 —=Nor)®Ip,
e M\on+ (1—Nog € S(R)
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so A(Arp, pr) + (1 = A)(Trp,0R) € C.
Let n € Nand 7 € &,. Let Uj}. be the corresponding permutation unitary on HE™,

With n uses of the channel NV, define f,,(Agnpn,prn) = Tr [ARan . (JN) } We have
that

In(Ufen Mg (U ), U o (UFn)T) = T [ Uy A (U )+ ()35 ] (240)
= Tr [Apnpn - (Ui ) (V) 50U R | (241)
=Tr [Apnpn - (In) 55 (242)
= fo(ARnBn, prn). (243)

Moreover (U, gnArnpn (U gn)T, Uk pre (UR:)T) € C as
o (UZnpnArrpr(Upngn))pr = UfaApn(UR)T = Uk 371 (UR)T = £51pn,

¢ 0= URugnApripn(Ukign)t S URiUBw (prn @ Ipn ) (URa) (U ) = URupre (UR)T
HB"a

o Ukpre(UE)T € S(R).
Hence, the function f, achieves its supremum over C at a permutation invariant pair

(ARan’ pRn) O]

C Converse result for the meta-converse strong converse

Here, we prove Proposition 11 which we restate.

Proposition (Restatement of Proposition 11). Let N be a quantum channel. For all
r > 0, we have that

1 ~
EMO(N,r) = nlgrolo - log SuccMC(NER ey > ig% . i - (r - Il+a(N)> . (244)

Proof. From Proposition 19 we have that the meta-converse success probability satisfies:

SuccMC(WV, M) = su inf  sup {Tr[pY3(J : Tr[(pr ® 08)0] < 2 t.
( ) pResI()R)GBGS(B)%ogH{ {PR ( N)RBPR ] ) pr®0pB)0] < M}

(245)

Denote by prp = p}%/Q(JN)RBp}%/Q. Let @ > 0 and 0 < O < I be an observable such that
Tr[(pr ® 0B)0] < ﬁ By the data processing property of the sandwiched Rényi diver-
gence applied with the measurement channel () = Tr [(-)O] |0)0] + Tr [(-)(I — O)] |1X1]:

Dita(prallpr © 08) > Diya(K(prs)|IK(pr © 05)) (246)
> o (Trlprs0] " Trl(pr©05)0 ) (247)
> 2% o5 (Tx [prsO)) + log(M), (248)
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where we used Tr [(pgr ® 05)O] < 17 in the last inequality. Hence, for all a >0

SuccMC(NV, M) (249)
1/2

= su inf  su Tr J 1/2-0 Tr ®op)0] < L 250
pReSI?R)aBeS(B)MoIiH{ i (In)reoR” - O] | Trl(pr @ 08)0] < (250)

. o’ ~ 1/2 1/2
< f ——— [log(M) — D114 J 251
_pRseth?R)aBlerg(B)exp< o [log(M) = Dusa (P> (In)rBPY HPR®UB)D (251)
(8% ~
= exp (1 [log(M) = T (V)] ) (252)
Therefore

SuccMC (N ey < é%% exp <— . i

[ = Tia W ®”)D (253)

- [r —Tiya WV )D : (254)

. Q@
= inf exp (—n
a>0 1+

where we used the additivity of the sandwiched channel mutual information I 1+a (N®) =
nli+o (N) [22]. Finally

1
—— log SuccMC(NE", ") > sup
n >0l +

(r=TrraW)) (255)

and the proposition follows by taking n — oc. O

D Matrix Chernoff inequality
The following theorem is part of [53, Theorem 5.1.1].

Theorem 22. Consider a finite sequence { Xy} of independent, random, Hermitian ma-
trices with common dimension d. Assume that

0 < Amin(Xg) and Apax(Xp) < L for each indez k.

Introduce the random matriz

Y =Y X;.
k

Define the maximum eigenvalue pimax of the expectation E[Y]:

Hmax = )\max(]E [Y]) = Amax (ZE [Xk]> .
k

Then

k) /Jfrnax/L
P Amnax (V) > (1 + 0) pmax] < d | —— ]

(14 6)t+o
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