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We explore indefinite causal order between
events in the context of quasiclassical space-
times in superposition. We introduce several
new quantifiers to measure the degree of indef-
initeness of the causal order for an arbitrary
finite number of events and spacetime configu-
rations in superposition. By constructing dia-
grammatic and knot-theoretic representations
of the causal order between events, we find
that the definiteness or maximal indefiniteness
of the causal order is topologically invariant.
This reveals an intriguing connection between
the field of quantum causality and knot the-
ory. Furthermore, we provide an operational
encoding of indefinite causal order and discuss
how to incorporate a measure of quantum co-
herence into our classification.

1 Introduction
Combining the indefiniteness of quantum theory with
the dynamical causal structure of general relativity
gives rise to the concept of indefinite causal order.
This idea was first explored in [1] and later devel-
oped into a concrete process by [2, 3]. Processes
that exhibit indefinite causal order are those to which
one cannot even assign a probabilistic, classical order.
The most studied process with indefinite causal order
is the quantum switch, a process wherein two oper-
ations are applied in a quantum controlled superpo-
sition of opposite orders. The quantum switch has
been implemented in optical experiments by prepar-
ing a photon in a superposition of paths [4–6] or po-
larizations [7], which function as a control for the
order of gate applications. On the theoretical side,
several causal witnesses [8, 9] and causal inequalities
[3, 10–12] have since been developed to certify differ-
ent types of indefiniteness of the causal order. The
process matrix formalism (e.g. [3, 8]), which offers an
abstract representation of processes in terms of su-
permaps, as well as several other diagrammatic rep-
resentations such as [13–23] have proven to be useful
tools to capture these ideas on a formal level.

While these works focus on the information theo-

retic aspects of indefinite causal structures, more re-
cent work has taken a closer look at how such struc-
tures might arise in the context of indefinite gravi-
tational fields [24–26] and to what extent they can
be embedded in a fixed spacetime background [19–
21, 27]. In [27], some of us formalised indefinite causal
order between two events in a general relativistic lan-
guage, extending the notion of event to superpositions
of two quasiclassical spacetimes and defining indefi-
nite causal order in terms of proper time differences
between two such events.

In the present work, we develop a powerful method
for quantifying the causal order between an arbitrary
finite number of events in a superposition of an arbi-
trary finite number of quasiclassical spacetimes. No-
tably, we establish an intriguing connection between
indefinite causal order and knot theory. This includes
a representation of indefinite causal order in terms of
different types of knots and their Alexander-Conway
polynomials. We find that some of the quantifiers of
indefinite causal order can be related to knot invari-
ants. More concretely, we show that this holds for
extremal cases, and conjecture with support from ex-
plicit examples that this generalises. The topological
protection of these quantities then immediately im-
plies the invariance of indefinite causal order under
quantum-controlled topology-preserving transforma-
tions, reproducing and connecting to various results
from the literature [27, 28]. More generally, we be-
lieve that this connection provides a promising tool
for analysing and categorising further structural prop-
erties of indefinite causal order using the well-studied
framework of knot theory.

This paper is organised as follows. In Sec. 2, follow-
ing [27], we review the notions of quasiclassical space-
times in superposition, events and their localisation,
and causal order as defined through proper time dif-
ferences, extending these concepts to N events and
M spacetimes in superposition. Next, we introduce
several different quantifiers for causal order in Sec. 3.
Sec. 4 establishes the connection of causal order to
knot theory by providing a diagrammatic represen-
tation of indefinite causal order between events. In
Sec. 5, we extend the operational encoding of causal
order first presented in [27] to the general case and
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in Sec. 6, we introduce several quantum mechani-
cal quantifiers that take measures of coherence into
account. Finally, in Sec. 7 we discuss our results,
connect them to existing literature, and provide an
outlook on open questions and future research direc-
tions.

Readers mainly interested in the connection be-
tween causal order and knot theory rather than the
physical understanding behind causal order in a su-
perposition of spacetimes, may choose to skip most of
Sec. 2, referring only to definitions 3 and 4, as well as
Sec. 6.

2 Events and Causal Order in a Super-
position of Spacetimes

2.1 Superposition of quasiclassical spacetimes
We work with superpositions of quasiclassical space-
times. Quasiclassical spacetimes, sometimes called
semiclassical spacetimes in the literature, are space-
times that are assigned a quantum state of the metric
field peaked around a classical solution. We would
expect such states to arise, at least in an approxima-
tion, in an appropriate limit to a full theory of quan-
tum gravity. More generally, their existence is implied
by two assumptions, the linearity of quantum theory
and the validity of general relativity in the regime un-
der investigation, since they can be regarded as linear
superpositions of quasiclassical solutions of Einstein’s
field equations. We do not, however, want to make
any concrete assumptions about the underlying the-
ory but rather take the existence of such states as a
starting point whose consequences we explore below.

This requires us to start from the following physical
axioms that ought to be verified in the appropriate
regime of generic theories of quantum gravity:

Axiom 1. Classical gravitational fields are described
by general relativity (GR), i.e. ∃ pseudo-Riemannian
manifolds {(Mi, g

(i))}N
i=1 for N ∈ N ∪ {∞} such that

each g(i) is a solution of the Einstein Field Equations
(EFE).

Axiom 2. There exist quasiclassical quantum states∣∣g(i)〉, associated to the classical metrics g(i).

We can now formally work with quantum superpo-
sitions of quasiclassical gravitational fields. Such a
scenario could conceivably arise, for example, when
the gravitational source is placed in a quantum su-
perposition of macroscopically distinct locations [29–
34]. Taking this as our underlying assumption, we can
formalise the superposition of different gravitational
fields as follows.

Axiom 3. For a quantum system M with Hilbert
space HM and a position basis labelled {

∣∣x(i)〉
M

},

which sources a gravitational field, the combined state
of metric and quantum system takes the form

|Φ⟩ =
∑

i

αi

∣∣∣g̃(i)
〉

=
∑

i

αi

∣∣∣x(i)
〉

M

∣∣∣g(i)
〉

(1)

with αi ∈ C, such that g(i) is fully fixed by the matter
distribution localised at x(i).

The states
∣∣x(i)〉 of the position basis of the source

M should be regarded as coherent states, to which one
can approximately assign not only the position x(i)

but also fixed, say zero, momentum. To simplify the
notation, we use

∣∣x(i)〉 for these states, however, they
should not mistaken for states in which the position
is infinitely sharp. The states (1) are, of course, not
the most general case for a quantum superposition of
gravitational fields. For example, one might want to
consider superpositions of different vacuum solutions
as well. Nevertheless, for the purpose of this work,
it will be enough to restrict ourselves to states of the
form (1), which allows us to state more clearly the
following axiom.

Axiom 4. Macroscopically distinguishable gravita-
tional fields are assigned orthogonal quantum states,
that is, 〈

g̃(i)
∣∣∣g̃(j)

〉
= 0 if x(i) ̸= x(j). (2)

This axiom draws its relevance from the fact that
different classical solutions of the Einstein field equa-
tions are macroscopically distinguishable.

2.2 Events and causal order in a superposition
of quasiclassical spacetimes
Let us next consider the notion of event in such a
superposition of quasiclassical spacetimes. In order
to define events in a coordinate-independent way, we
follow [27] and define them in terms of worldline co-
incidences. More precisely, let us consider two world-
lines on a spacetime (M, g). We assume that these
worldlines cross exactly once: this defines an event E .

Definition 1 (Event). The crossing of two worldlines
within a spacetime (M, g) at a spacetime point pE ∈
M defines an event E .

Next, let us consider a superposition of two space-
times (MA, gA) and (MB, gB). We denote by EA and
EB the same physical event – that is, the crossing of
the same worldlines – in the respective spacetimes.
This definition of event is consistent with (although
not equivalent to) the notion of an event as a CP
map in the context of the process matrix formalism
[3, 8]. To fully establish the connection, one would
have to understand the worldlines as the worldlines
of laboratories, at the intersections of which a CP
map is implemented in a way that does not distin-
guish between the different branches of the superpo-
sition. Moreover, note that this operational identifi-
cation of events is independent of their location on
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the spacetime manifold. Nevertheless, one may want
to find a representation such that the same events are
also located at the same spacetime points pA

E ∈ MA
and pB

E ∈ MB – that they are localised across the
branches of the superposition. In the presence of
diffeomorphism-invariance, however, the question of
whether two points across the branches of a superpo-
sition are “the same” or “different” is non-trivial. In
this case, spacetime points do not have any intrinsic
physical meaning [35–39]. In particular, they can be
arbitrarily reshuffled by applying, in general, different
diffeomorphisms in each branch of the superposition.
As a consequence, whether two events are associated
to the same or different manifold points across the
superposition can change under a such a transforma-
tion. To resolve this issue, we follow [39] and identify
spacetime points across a superposition by physical
field coincidences. Let us therefore assume the ex-
istence of sufficiently many functionally independent
physical fields in the following axiom.

Axiom 5. For each d-dimensional spacetime
(MA, g

A) ∃ d functionally independent fields χA
(A)

for A = 1, ..., d such that they define a bijective map
UA → Rd in some open subregion UA ⊂ MA of
interest.

The bijectivity condition of axiom 5 requires that
these fields do not repeat their values, i.e. that they
are neither homogeneous in space nor periodic in time
within the region of interest. We can now use the d
independent fields to construct a map between two
different spacetimes and thereby identify spacetime
points in a coordinate-independent manner.

Definition 2 (Comparison map). The comparison
map CAB

χ : UA → UB associates to each point p ∈
UA ⊂ MA a unique counterpart q = CAB

χ (p) ∈ UB ⊂
MB where

CAB
χ := (χB)−1 ◦ χA. (3)

Given a superposition of an arbitrary numberM of
spacetimes, we can define a comparison map between
any pair of spacetimes. The relation between these
comparison maps is depicted in Fig. 1. In general,
the χ-fields can be chosen freely as long as they sat-
isfy the above bijectivity condition. Here, we choose
the χ-fields such that for each event, the points asso-
ciated to the spacetimes are identified with one an-
other. This way, we ensure that the same events, in
the operational sense, are also associated to the same
spacetime points across the branches in superposition.

Next, let us define the causal order between two
events in a given spacetime. To this end, consider now
three timelike future-directed worldlines γ0, γa, a =
1, 2, where γ0 can be seen as the worldline of some test
particle and intersects γ1 and γ2 respectively exactly
once. We denote the event defined by the crossing of
γ0 with γa by Ea. We parameterise γ0 by the proper

time of the test particle and define the proper time τa

associated to the event Ea by

τa =
∫ pEa

pinit

ds

c
=
∫ pEa

pinit

√
−gµνdxµdxν

c
, (4)

where pinit denotes an arbitrary initial point of the
test particle’s worldline.

For two distinct points pE1 and pE2 we have that
τ1 ̸= τ2. Let

∆τ = τ2 − τ1 = s|τ2 − τ1| (5)

so that
s = sign(τ2 − τ1) (6)

is the causal order of the events, with s = 1 if E2
lies in the future of E1 and s = −1 if it lies in the past.

Given N timelike future-oriented worldlines γa,
a = 1, . . . , N that each cross γ0 exactly once, defining
N events Ea, this notion of causal order straightfor-
wardly extends to all pairs of any finite number of
events.

Definition 3 (Causal order between two events).
The causal order between events Ea and Eb of a space-
time (M, g) is

sM
ab := sign(τb − τa) (7)

where τa and τb are the proper times corresponding
to the crossing points γ0(τa) = pEa

and γ0(τb) = pEb
,

respectively.
Proposition 1.

sM
ab = −sM

ba = sM
[ba] (8)

where brackets denote antisymmetrisation.
Proof.

sM
ab = sign(τb − τa) = −sign(τa − τb) = −sM

ba (9)

This can be extended straightforwardly to an arbi-
trary finite numberM of spacetimes in superposition.
We denote these events by EX

a where X = A,B, . . .
denotes the different branches of the superposition,
while a = 1, . . . , N labels the different events in each
of the branches respectively. Note that for given a, all
instances EA

a , EB
a , . . . refer to the same physical event

– that is, the crossing of the worldlines γ0 with γa

– in different branches of the superposition. Given
the causal order between any two events in a given
spacetime, we can arrange the events in an ordered
set.

Definition 4 (Ordered collection of events). The or-
dered collection of events of a spacetime (MX , gX ) is
the totally ordered (countable) set

SX := {EX
1 ≺ EX

2 ≺ ...} (10)

where the total order ≺ is given by EX
a ≺ EX

b if sX
ab =

1.
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(
MA, g

A, χA
(A)

)

(
MB, g

B, χB
(A)

)

(
MC , g

C , χC
(A)

)

p

q

r

Rd

χ
χB

χC

χA

CAB
χ

CBC
χ

CAC
χ = CBC

χ ◦ CAB
χ

Figure 1: A strategy to identify points p ∈ MA, q ∈ MB, and r ∈ MC across a superposition of three spacetimes. Following
[39], we identify those points at which a chosen set of reference fields χ takes on the same values, that is, points for which
χA(p) = χB(q) = χC(r) = χ ∈ Rd.

The information of causal orderings is thus entirely
encapsulated in the collection of all ordered collections
of events over all spacetimes, that is, in S := {SX }X .
In general, SX can differ across different spacetimes
(MX , g

X ) – although the number of events contained
in this set will always be the same, their ordering can
vary. This will, in general, give rise to an indefinite
causal order. In the next section, we look at different
ways of quantifying this indefiniteness of causal order.
Let us note that the following discussion, while moti-
vated by the understanding of events as crossings of
worldlines in a superposition of quasiclassical space-
times, also applies more generally to processes with
quantum-controlled causal order, which give rise to
a superposition of ordered collections of events SX .
In this case, the index X could refer to any other
(ancillary) degree of freedom that distinguishes the
branches of the superposition, such as the path [4–6]
or polarization [7] of a photon.

3 Causal order quantifiers

3.1 M = 2 spacetimes, N < ∞ events
For now, we consider a superposition of two space-
times (MA, gA) and (MB, gB), i.e.

|Ψ⟩ = c1
∣∣g̃A〉+ c2

∣∣g̃B〉 (11)

where c1, c2 ∈ C, |c1|2 + |c2|2 = 1. We start with the
case of finitely many events, the same number N in
both spacetimes.

Definition 5 (Pairwise causal order). For two space-
times (MA, gA) and (MB, gB), we define the pairwise

causal order between two events Ea and Eb to be

sAB
ab := sA

abs
B
ab (12)

where the identification of events across the different
spacetimes has been made through the construction
of Sec. 2. We say that the pairwise causal order be-
tween two events Ea and Eb is definite if sAB

ab = 1. In
that case, the order of Ea and Eb is the same in both
spacetimes. We say that the pairwise causal order is
indefinite if sAB

ab = −1. In that case, the order of Ea

and Eb is opposite across both spacetimes.
Proposition 2.

sAB
ab = sBA

ab = s
(AB)
ab (13)

where parentheses denote symmetrisation.
Proof. The causal order between two events is a real
number and thus commutes under multiplication.

Proposition 3.

sAB
ab = sAB

ba = sAB
(ab) (14)

Proof.

sAB
ab = sA

abs
B
ab = −sA

bas
B
ab = +sA

bas
B
ba = sAB

ba (15)

We can naturally generalise the pairwise causal or-
der between two events to the case of an arbitrary
number N of events as

sAB
12 ≡ sA

12s
B
12 = ±1

sAB
23 ≡ sA

23s
B
23 = ±1

sAB
13 ≡ sA

13s
B
13 = ±1

...

sAB
N−1N ≡ sA

N−1Ns
B
N−1N = ±1
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Definition 6 (Longitudinal causal order). The
longitudinal causal order between two spacetimes
(MA, gA) and (MB, gB) is

lAB :=
N∑

1≤i<j

sAB
ij (16)

with, once again,

lAB = lBA = l(AB). (17)

A visual representation of pairwise and longitudinal
causal orders as measures of indefinite causal order is
given in Fig. 2.

Proposition 4. For two spacetimes (MA, gA) and
(MB, gB) with N events,

−
(
N
2

)
≤ lAB ≤

(
N
2

)
(18)

Proof. For the case in which the pairwise causal order
is definite for each pair of events, which is the case
that maximises the longitudinal causal order, we have
that ∀1 ≤ i < j ≤ N, sAB

ij = +1, that is,

max
s

lAB =
N∑

1≤i<j

1 =
(
N
2

)
. (19)

On the other hand, the longitudinal causal order is
minimised when the pairwise causal order is indefinite
for every event ab...mn → nm...ba, i.e. ∀1 ≤ i < j ≤
N, sAB

ij = −1 and the result follows.

Definition 7 (Indefinite longitudinal causal order).
The longitudinal causal order between N events of
a superposition of two spacetimes (MA, gA) and

(MB, gB) is definite if and only if lAB =
(
N
2

)
. Oth-

erwise we say that it is indefinite.

Figure 2: Measures of indefinite causal order for N = 4
events across a superposition of M = 3 spacetimes. The
dashed black line describes pairwise causal order sAB

12 = −1;
the blue rectangle captures the longitudinal causal order
lAB = 2, as well the causal indefiniteness δ(A, B) = 2; the
orange shape represents the transverse causal order t34 =
−1. The total causal order is stot = 2 and the total causal
indefiniteness is ∆ = 8.

Definition 8 (Maximally indefinite longitudinal
causal order). The longitudinal causal order be-
tween N events of a superposition of two spacetimes
(MA, gA) and (MB, gB) is maximally indefinite if and

only if lAB = −
(
N
2

)
. If it is indefinite but not max-

imally indefinite we say that it is braided.

This naming already reflects knot theoretic proper-
ties of the causal order that will be explored below.
A natural quantifier of the indefiniteness of the causal
ordering is defined as follows.

Definition 9 (Causal indefiniteness). The causal
indefiniteness of a superposition of two spacetimes
(MA, gA) and (MB, gB) with N events is

δ(A,B) :=
N∑

1≤i<j

|sA
ij − sB

ij |/2. (20)

Indeed, this indicates how many pairs of events
have opposite causal order. As we shall see, the causal
indefiniteness will also be related to a knot invariant.

Proposition 5.

δ(A,B) =
N∑

1≤i<j

1 − sAB
ij

2 = 1
2

[(
N
2

)
− lAB

]
(21)

Proof. We have that 1 − sAB
ij = 0 for definite pairwise

causal order and 1 − sAB
ij = 2 for indefinite pairwise

causal order. Thus,
∣∣sA

ij − sB
ij

∣∣0 = 1
2 (1 − sAB

ij ). Sum-
ming over all pairs of events, the result follows.

Lemma 1. The longitudinal causal order is defi-
nite for δ(A,B) = 0 and maximally indefinite for
δ(A,B) = N(N − 1)/2.

Lemma 2. The causal indefiniteness is additive un-
der the concatenation of sequences.

Proof. If we have two ordered collections of N events,
which can both be split into n subsequences of respec-
tive lengths l1, ..., ln−1, ln = N − (l1, ..., ln−1) – that
is into n ordered subsets containing li, i = 1, . . . , n
elements each – we have

δ(N)(A,B) =
N∑

1≤i<j

∣∣sA
ij − sB

ij

∣∣0 (22)

=
l1∑

1≤i<j

∣∣sA
ij − sB

ij

∣∣0 +0 + ...︸ ︷︷ ︸
sA

im
=sB

im
∀m∈{l1+1,...,N}

+
l2∑

l1≤i<j

∣∣sA
ij − sB

ij

∣∣0 + 0 + ...

+
N∑

ln−1≤i<j

∣∣sA
ij − sB

ij

∣∣0 (23)

= δ(l1)(A,B) + ...+ δ(ln)(A,B) (24)

which concludes the proof.
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3.2 M < ∞ spacetimes, N < ∞ events
We now consider a superposition of finitely many
spacetimes {(MX , gX )}M

X =1, i.e.

|Ψ⟩ =
M∑

X =1
cX
∣∣g̃X 〉 (25)

where ∀X , cX ∈ C,
∑M

X =1 |cX |2 = 1. We continue
with the case of finitely many events, the same num-
ber N in all spacetimes (see Fig. 3 for an example).

Definition 10 (Transverse causal order). The trans-
verse causal order between two events Ea and Eb in a
collection of M spacetimes {(MX , gX )}M

X =1 is defined
as

tab :=
M∑

1≤X <Y

sX Y
ab (26)

with tab = tba = t(ab).

An intuitive depiction of transverse causal order as
a measure of indefinite causal order is given in Fig. 2.

Proposition 6. For M spacetimes,(
M
2

)
− 2
⌊M

2

⌋⌈M
2

⌉
≤ tab ≤

(
M
2

)
(27)

where ⌊·⌋ and ⌈·⌉ denote the floor and ceiling func-
tions, respectively.

Proof. If the pairwise causal order between events Ea

and Eb is the same in all spacetimes, which is the case
that maximises the transverse causal order, we have
that ∀1 ≤ X < Y ≤ M, sX Y

ij = +1, that is,

max
s

tab =
M∑

1≤X <Y

1 =
(
M

2

)
. (28)

The case that minimises the transverse causal order
is the one in which the pairwise causal order is
different between any pair of spacetimes. Indeed,

τ

(
MA, gA, sA

)

(
MB, gB, sB

)

(
MC , gC , sC

)

A

A

A

B

C

C

C

B

B

CAB

CBC

CAC

τ

τ

Figure 3: Indefinite causal order of three events in a super-
position of M = 3 spacetimes : ABC − BCA − CAB.

any other combination would end up giving a total
positive contribution due to the overlap. For such an
alternating case, we proceed by induction.

Induction hypothesis:

min
s

t
(M)
ab =

(
M

2

)
− 2
⌊M

2

⌋⌈M
2

⌉
for M ≥ 2

Base case (M = 2):

min
s

t
(2)
ab = −1 =

(
2
2

)
− 2 · 1 · 1.

Inductive step (M → M + 1):

Suppose the induction hypothesis holds, where we
alternate the order of each ordered collection of events
between spacetimes to minimise t

(M)
ab . Then, adding

another ordered collection of events, whose order al-
ternates with the last, increases the transverse causal
order by

⌊
M
2

⌋
and decreases it by

⌈
M
2

⌉
. Thus,

min
s

t
(M+1)
ab =

(
M

2

)
− 2
⌊M

2

⌋⌈M
2

⌉
+
⌊M

2

⌋
−
⌈M

2

⌉
.

Next, we want to show that this is equal to

f (M+1) ≡
(
M + 1

2

)
− 2
⌊M + 1

2

⌋⌈M + 1
2

⌉
.

We do so by case analysis and using
(

M
2
)

= (M2 −
M)/2 as well as

(
M+1

2
)

= (M2 +M)/2. For M even,
we have

min
s

t
(M+1)
ab =

(
M

2

)
− M2

2 = −M

2 ,

f (M+1) =
(
M + 1

2

)
− M(M + 2)

2 = −M

2 .

Similarly, for M odd, we have

min
s

t
(M+1)
ab =

(
M

2

)
− (M − 1)(M + 1)

2 − 1 = − (M + 1)
2 ,

f (M+1) =
(
M + 1

2

)
− (M + 1)2

2 = − (M + 1)
2 .

This proves the inductive step for any M > 2. Thus,
by induction, we have that ∀M ≥ 2

min t
(M)
ab =

(
M
2

)
− 2
⌊M

2

⌋⌈M
2

⌉
, (29)

which provides the lower bound of tab.

Definition 11 (Indefinite transverse causal order).
Transverse causal order between N events of a super-
position of two spacetimes (MA, gA) and (MB, gB) is

definite if and only if tab =
(
M
2

)
. Otherwise we say

that it is indefinite.
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Definition 12 (Maximally indefinite transverse
causal order). We say that the transverse causal order
betweenN events of a superposition of two spacetimes
(MA, gA) and (MB, gB) is maximally indefinite if and

only if tab =
(
M
2

)
−2
⌊

M
2

⌋⌈
M
2

⌉
. If it is indefinite but

not maximally indefinite we say that it is braided.

Definition 13 (Total causal indefiniteness). The to-
tal causal indefiniteness of a collection of N events in
a superposition of M spacetimes {(MX , gX )}M

X =1 is

∆ :=
M∑

1≤X <Y

δ(X ,Y) (30)

The total causal indefiniteness counts how many
events in total have an indefinite pairwise causal order
across the entire superposition of spacetimes.

Definition 14 (Total causal order). The total
causal order between a collection of M spacetimes
{(MX , gX )}M

X =1 is

stot :=
M∑

1≤X <Y

lX Y ≡
N∑

1≤i<j

tij (31)

Note that for M = 2 spacetimes the longitudinal
causal order is the total causal order of the collection
of spacetimes, i.e. stot = lAB, whilst for N = 2 events
the transverse causal order is the total causal order of
the collection of spacetimes, i.e. stot = t12. The dif-
ference between these measures of the indefiniteness
of causal order is depicted in Fig. 2.

Proposition 7.

0 ≤ ∆ ≤
⌊M

2

⌋⌈M
2

⌉(N
2

)
(32)

Proof. The lower bound for ∆ is straightforward: just
assume definite causal order between every pair of
events across the whole superposition of spacetimes.
The upper bound for ∆ follows from a similar argu-
ment as in proposition 6: take

⌊
M
2
⌋

of the orderings
to be some fixed permutation of event orderings, and
the rest

⌈
M
2
⌉

to be the opposite ordering so as to have
alternating maximally indefinite causal order, which
maximises the indefiniteness.

Proposition 8.

∆ = 1
2

[(
M
2

)(
N
2

)
− stot

]
(33)

Proof. This follows directly from proposition 5.

Proposition 9. For a collection of M spacetimes
{(MX , gX )}M

X =1 with N events,(
N
2

)
.

[(
M
2

)
− 2
⌊M

2

⌋⌈M
2

⌉]
≤ stot ≤

(
N
2

)(
M
2

)
.

(34)

Proof. If the pairwise causal order is definite for each
pair of events, which is the case that maximises the
longitudinal causal order, we have that ∀X ∀Y, sX Y

tot =(
N
2

)
so that

max stot =
M∑

1≤X <Y

(
N
2

)
(35)

=
(
M
2

)(
N
2

)
. (36)

The case which minimises the total causal order fol-
lows from propositions 7 and 8, or equivalently by
maximising the longitudinal causal order and apply-
ing the same argument as in proposition 6.

We can finally define a proper notion of indefinite
causal order for arbitrary superpositions of metrics
and events.

Definition 15 (Indefinite total causal order). We say
that the total causal order between N events of a col-
lection of M spacetimes {(MX , gX )}M

X =1 in superpo-

sition is indefinite iff stot ̸=
(
M
2

)(
N
2

)
or, equiva-

lently, iff ∆ ̸= 0. Otherwise, we say that it is definite.

Definition 16 (Maximally indefinite total causal
order). The total causal order between N events
of a collection of M spacetimes {(MX , gX )}M

X =1
in superposition is maximally indefinite iff stot =(
N
2

)
.

[(
M
2

)
− 2
⌊

M
2

⌋⌈
M
2

⌉]
or, equivalently, iff ∆ =⌊

M
2

⌋⌈
M
2

⌉(N
2

)
. If it is indefinite but not maximally

indefinite we say that it is braided.

Proposition 10. The pairwise, longitudinal, trans-
verse, and total causal orders as well as the causal
indefiniteness and total causal indefiniteness are in-
variant under quantum diffeomorphisms.

Proof. It was shown [27] that quantum diffeomor-
phisms cannot change the causal order of two events,
i.e. that the pairwise causal order is invariant under
quantum diffeomorphisms. Thus, any linear combina-
tion of pairwise causal orders will be invariant under
quantum diffeomorphisms. By proposition 5 this ex-
tends to causal indefiniteness and so to total causal
indefiniteness.

A similar theorem was proven in the context of
the process matrix formalism, where it was shown
that causal order is invariant under continuous and
reversible transformation [28].
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(MA, gA)

(MB, gB)

τA

τB

A

A

B

B

Figure 4: A representation of indefinite causal order for two
events E1 = A and E2 = B in a superposition of two
spacetimes (MX , gX ), where X = A, B. In each space-
time (MX , gX ), τX denotes the proper time of a specified
timelike worldline. The events are ordered according to the
pairwise causal order sX

12 between them such that A ≺ B
iff sX

12 = sign(∆τX ) = 1 (that is, iff A occurs at an earlier
proper time τX than B.)

4 Diagrammatic representation and
topology
We want to visualise the above introduced concepts
of (in-)definite causal order beyond combinatorial
considerations. We may adopt some Everettian-like
intuition of the form of Fig. 4. Indeed, this reduces
the complexity to a two-dimensional problem: the
ordering of events and the superposition of space-
times. We would like to stress, however, that, while
it may be most naturally interpreted in terms of an
Everettian viewpoint, using this representation does
not commit us in any way to the many-worlds inter-
pretation of quantum theory. Rather, we can view
it as an interpretation-neutral representation of the
different branches of the wavefunction in a particular
basis, while leaving aside any questions about their
metaphysical status. Moreover, this representation
alone does not allow us to understand the relative
ordering of events. A natural way to analyse the
relative ordering of events is to “attach” one string
of events onto the other spacetime, i.e. compare and
contrast the different strings on a similar footing.

One may imagine that some quantifiers of indefi-
nite causal order can be reflected in braiding oper-

ations, and that some topological properties corre-
spond in both the algebraic and diagrammatic pic-
tures. This visualisation also has the advantage of
being easily generalisable to arbitrary superpositions
of M spacetimes. However, although natural and po-
tentially powerful, this construction runs into several
issues. The first one is that there is a clear ambiguity
in the braiding choice – should one braid cross over or
under another? More worrying is that such a braiding
construction would depend on the choice of reference
spacetime – this is most clear in the case of M ≥ 3,
as can be seen in Fig. 5, but is already present for
M = 2 spacetimes, where setting a braiding conven-
tion (over/under) immediately differentiates between
two choices of reference spacetimes.
A more fruitful relation can be established when
(MA, gA)

(MC , gC)

τA

τB

A

B

B

A

(MB, gB)

τC

AB

(MB, gB)

(MC , gC)

τB

τA

B

B

A

A

(MA, gA)

τC

BA̸=

Figure 5: Braid diagram for three spacetimes in superposition
and two events. A disadvantage of the braid diagram is that
this construction depends explicitly on the choice of reference
spacetime – (MB, gB) in the left and (MA, gA) in the right
diagram.

considering graph and knot theory. We now proceed
to the diagrammatic construction, which we will use
to represent the causal ordering of events as knot di-
agrams. Let the diagram representing the causal or-
dering of A and B be DAB. Consider two strings of
events SA and SB. Let

φ : SA × SB → SAB

φ(EA
i , EB

j ) = {(EA
i , EB

j )}δij
(37)

where {X}δij =
{

{X} if i = j

∅ if i ̸= j
. Note that, in

general, SAB ̸= SBA. Let the drawing map be
γ : SAB × SAB → DAB such that

γ
((

EA
i , EB

i

)
,
(
EA

j , EB
j

))
=



EB
i EA

j if EB
i = S(1)

B & EA
j = S(1)

A
EA

i EA
j if S(i)

A = S(j−1)
A

EA
i EB

j if EA
i = S(N)

A & EB
j = S(N)

B
EB

i EA
i if EB

i = S(N)
B

EA
i EA

j if EB
j = S(α)

B & EB
i = S(α+1)

B for some α ∈ {1, ..., N − 1}
EA

i EB
i if EB

i = S(1)
B

Here, S(i)
X , X = A,B denotes the i-th element of

the ordered sequence SX . We project all events of a
given spacetime on one line – spacetime MA will be
the top line, while spacetime MB will be the bottom
line. The intuition behind the above prescription is

as follows (see also Figs. 6a and 6b for an illustration
in a concrete example): Start from the first entry of
SB and draw a solid arrow to the first entry of SA.
Connect all events in SA with solid arrows according

to their causal order until you reach S(N)
A . Go back
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down to S(N)
B with a final solid arrow, connecting the

two branches. Next, draw a short-dashed arrow from

S(N)
B to its counterpart in SA (recalling that EA

i = EB
i

for all i). Then, go “backwards” in the causal order
prescribed by SB until you reach the counterpart of

S(1)
B . At this point, draw a final long-dashed arrow

back to the first entry of SB to close the diagram.

Formally, this construction yields a tricolored di-
rected graph G = (SA ∪ SB ∪ S̃, EAB, γ), where EAB
are the edges of the graph and S̃ is the set of all inter-
sections of the short-dashed arrows with both short-
dashed and long-dashed arrows. It is tricolored as
there are three distinct types of edges (solid, small-
dashed and long-dashed), and directed as each edge
is endowed with a direction. Moreover, the graph can
be ordered (as a directed graph), with the starting

point being the vertex corresponding to S(1)
B .

By construction, each diagram is uniquely defined
for each SAB, though the diagrammatic representa-
tion of SAB will generally be different to that of
SBA. We will come back to that point in the fol-
lowing section. For example, if SA = {A ≺ B}
while SB = {A ≺ B} (i.e. definite causal order),
the associated diagram is given by Fig. 6a, whilst if
SA = {A ≺ B} while SB = {B ≺ A} (i.e. indefi-
nite causal order), the resulting diagram is given by
Fig. 6b.

In fact, the resulting graph is a knot in the graph-
theoretic sense: it is a collection of vertices and edges
with the property that every vertex in the knot has
outgoing edges, and all outgoing edges from vertices
in the knot terminate at other vertices in the knot.
This is interesting for us as it will allow us to link
combinatorial considerations (related to quantifiers of
causal indefiniteness) with topological considerations
(related to invariant knot polynomials), and will thus
provide a way to ensure that some notion of “topo-
logical protection” holds. This motivates the follow-
ing knot construction, which connects the diagram-
matic representation of the causal ordering of events
to knots in a natural and, importantly, unambiguous
fashion.

A

A

B

B
(a) Definite causal order for two
spacetimes and two events.

A B

AB
(b) Indefinite causal order for
two spacetimes and two events.

Figure 6: Diagrams for the causal order of two events for two
spacetimes in superposition.

4.0.1 Fine-grained knot construction

Informally, the construction of a knot from the dia-
grammatic representation of causal order can be un-
derstood in terms of the following drawing rules: Start
by following the arrows of the directed graph. If a
small-dashed arrow meets a solid-dashed arrow (a)
wind under and then over the vertex if it continues as
a small-dashed arrow and (b) stay under the vertex
if it turns into a long-dashed arrow. As for the cross-
ings outside of the events, i.e. at the vertices in S̃, we
can distinguish two cases. If two small-dashed arrows
meet, stay over the vertex, and if a long-dashed arrow
meets a short-dashed arrow, stay under the vertex.
This is illustrated for the examples of definite and in-
definite causal order between two events in Fig. 8 and
Fig. 9, respectively. We now provide a formal con-
struction thereof. The quick reader may wish to skip
the precise steps of the algorithm laid down below.
The ensuing results may be understood without this
additional layer of rigour.

Formally, one can encode the winding of the lines in
the so-called Dowker-Thistlethwaite (DT) word [40].
This is a sequence of numbers which relates knots and
graphs in the following manner: starting from a knot,
take an arbitrary projection thereof, thus generating
a graph. Pick an arbitrary starting point, start a
counter c = 1, and label each of the crossings with
c = 1, · · · , 2n following a direction (here, associated
with the arrows). If the label is an even number and
the strand followed crosses over at the crossing, then
change the sign on the label to be negative. At the
end of this procedure, each crossing will be labelled
with a pair of integers, one even and one odd. The
DT word is the ordered sequence of the even numbers
generated like this. Examples of DT words are given
in Appendix A.
Using DT words, we can formalise the connection be-
tween the diagrammatic representation of the causal
order with a particular knot as follows.

Algorithm 1. Start from the directed graph G,
choose V1 = S(1)

B as a starting point to obtain an
ordered graph, and label the remaining vertices by Vi

in ascending order.

1. The crossings occur at those vertices with four
emerging edges. Associate a pair of integers
(ai, bi) to each of the vertices Vi ∈ G that involve
only dashed arrows.

2. The vertices, involving both dashed and solid ar-
rows, correspond to those crossings where the
lines wind around or underneath each other, thus
doubling the crossing points in the projection of
the corresponding knot. Therefore, associate to
the vertices Vi satisfying this criterion two tuples
of integers, denoted by ((ai, ci), (bi, di)).

3. Start a counter c = 1 at V1 and follow the arrows
of the graph G. At every passing of a vertex, fill
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up the first entry of each pair with the counter,
then set c 7→ c + 1. For those vertices involving
two pairs, replace first ai and then bi such that
the tuple reads ((c, ci), (c + 1, di)). Repeat this
procedure after the first round, without resetting
the counter, replacing ci (and then di) until all
values have been fixed.

4. Change the sign of the even numbers for
those vertices at which the corresponding strand
crosses over the other at the crossing. In terms
of graph labels this corresponds to changing the
sign of the even numbers as follows:

(a) If the vertex has two small-dashed and two
solid edges, change the sign of ai and di (if
they are even). This corresponds to winding
under and then over the vertex during the
second round.

(b) If the vertex has a small-dashed, a long-
dashed, and two solid edges, change the sign
of ai or bi, (whichever one is even). This cor-
responds to staying under the vertex during
the second round.

(c) If the vertex has four small-dashed edges,
change the sign of bi (if even). This cor-
responds to staying over the vertex in the
second round.

(d) If the vertex has two small-dashed and two
long-dashed edges, change the sign of ai (if
even). This corresponds to staying under
the vertex in the second round.

5. This provides a sequence of numbers
{1, n1}, {3, n2}, {5, n3}, . . . for ni ∈ 2Z. The DT
code is then n1n2n3 . . . .

A simple example of this procedure is given in Fig.
7. This algorithm provides rules to associate DT let-
ters to each crossing of the graph seen as a specific
projection of a knot. This projection is a choice, but
fixing the rules makes the resulting knot construc-
tion unambiguous, and highlights that one can de-
form the (now DT-numbered) diagram in any way
desired without changing the resulting knot. In a
way, this is seeing the diagrammatic representation
as a projection of the knot representation, i.e. one
could very well map a causal sequence directly to a
(unique) knot, and only then choose a specific projec-
tion as a diagrammatic representation. One question
remains, however: is the resulting knot independent
of the choice of a base spacetime, that is, of the space-
time chosen as SA? Numerically, it seems so – and
though we are unable to provide a definite proof for
this, we postulate this for the following.

Conjecture 1. The knot built from the fine-grained
diagram of the causal sequences using Algorithm 1 is
independent of the choice of reference spacetime SA.

There is evidence for the validity of this conjecture,
which is shown to hold for all pairs of sequences of
N ≤ 4 events in Appendix A (that is, for the first
2! + 3! + 4! = 32 knots). If this conjecture holds, it is
equivalent to saying that the rules associating DT let-
ters to each crossing are consistent, and the DT words
of the “renamed” knots (which arise from choosing
the other base spacetime) give the same knot as the
DT words of the original knots. Note that if this
conjecture holds true, then about half of the causal
sequences for any number N of events will be associ-
ated to another causal sequence, i.e. we should really
see such pairs of causal sequences as “equivalent” in
some respect (which, of course, is required by con-
sistency: there is no physical meaning to choosing a
preferred base spacetime). For example, ABC-BCA
and ABC-CAB represent the same physical situation:
let A′ := B, B′ := C and C′ := A, then ABC-BCA is
just C’A’B’-A’B’C’, i.e. ABC-CAB.

Note that pairs of diagrams which are identical
upon a reflection around a vertical axis (up to long-
dashed arrows being identified as small-dashed ar-
rows) trivially lead to the same knot: this corresponds
to “flipping” the knot by 180 degrees. The identifi-
cation of a long-dashed arrow to a small-dashed ar-
row that terminates at a vertex with an incoming or
outgoing solid arrow is equivalent to choosing a differ-
ent starting point in the DT knot construction, which
does not affect the resulting knot. Thus pairs of causal
sequences which present such a symmetry, such as
ABC-BCA and ABC-CAB, as well as ABCD-CBDA
and ABCD-DBAC respectively, yield the same knot
and verify Conjecture 1.

We may then start categorising the type of knot
associated with each causal order.

Theorem 1. For a collection of two spacetimes
{(MA, gA), (MB, gB)} with two events, the knot as-
sociated with definite causal order is an unknot.

Proof. This follows by construction and by the fact
that two type I Reidermeister moves [41] (type I’)
relate regular isotopic knots, as is shown in Fig. 8.

Theorem 2. For a collection of two spacetimes
{(MA, gA), (MB, gB)} with two events, the diagram
is a trefoil knot if and only if the causal order is in-
definite.

Proof. This follows by construction, as can be seen in
Fig. 9.

Thus, for the case of two events in two spacetimes
in superposition, there are two possible knots: the
unknot associated with definite causal order, and the
trefoil knot associated with indefinite causal order.

We will use the Alexander-Conway polynomial as
a knot invariant to discuss properties of causal order-
ings. The Alexander-Conway polynomial is a polyno-
mial function associated with knots and links that can
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Figure 7: Passing from a diagrammatic construction to a knot in the case of AB-BA. We first assign the DT numbers to each
vertex by following the arrows and remembering the winding rules for the sign of each even number. From the DT code, the
knot can be reconstructed: in this case, the DT word (following 1,3,5,7,9) is 6,8,10,2,-4 which yields a trefoil knot.

A

A

B

B
Knot

Figure 8: Definite causal order between two events corre-
sponds to the unknot.

A B

AB
Knot

Figure 9: Indefinite causal order between two events corre-
sponds to the trefoil knot.

L+ L− L0

Figure 10: The three possible crossings L+, L−, and L0 of
two lines in a knot, used in the recursive construction of the
Alexander-Conway polynomial.

be can be constructed recursively from the following
skein relations:

• ∇(O) = 1 where O denotes the unknot,

• ∇(L+) = ∇(L−) + z∇(L0)

where L+, L− and L0 are the crossings given in
Fig. 10. More concretely, starting from a given knot,
one “zooms in” on each of the crossings and consid-
ers the knots obtained by swapping said crossings for
the remaining two options depicted in Fig. 10. The
second skein relation then tells us how to relate the
Conway polynomial of the given knot to that of the
modified knots. By iterating this procedure, one will
eventually reach the unknot, whose Conway polyno-
mial is simply ∇(O) = 1. This way, we obtain a
recursive definition of the Conway polynomial of all
other knots. For example, the Hopf link (two circles
linked together exactly once) has Alexander-Conway
polynomial ∇(Hopf link) = z, while the trefoil knot
has ∇(Trefoil) = z2 + 1. Let us also stress that the
usefulness of the Alexander-Conway polynomial lies
in the fact that it is a knot-invariant – that is, it re-
mains the same under deformations of the knot (Rei-
demeister moves) and is thus the same, independently
of which two-dimensional projection we choose to rep-
resent it with. We refer the reader to [42] for a more
detailed introduction to knot invariants.

Let us now consider all the possibilities for the case
N = 3,M = 2. The resulting knots are shown in
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Fig. 11. Note that the knot 11a for definite causal or-
der in N = 3,M = 2 is still an unknot. Further note
that the knots 11b of ABC-ACB and 11c of ABC-
BAC are both equivalent to that for indefinite causal
order for 6b – this just highlights the fact that ap-
pending an additional event before or after the series
of events of interest does not change anything for the
analysis of relative causal order. Moreover, note that
knots 11d and 11e have the same causal indefinite-
ness δ = 2 – it turns out that these knots are equiv-
alent: they are both the three-twist knot (52 knot in
Alexander-Briggs notation) as they have Alexander-
Conway polynomial ∇(z) = 1 + 2z2, while they are
inequivalent to knot 11f with δ = 3, which is a cin-
quefoil knot (51 knot in Alexander-Briggs notation, a
(2,5)-torus knot) as its Alexander-Conway polynomial
is ∇(z) = 1 + 3z2 + z4. There is thus a clear link to
be made between measures of causal order and topo-
logical invariants.

4.0.2 Coarse-grained knot construction

One may argue that repeated subsequences of events
do not characterise the indefiniteness of the situation,
e.g. ABCDEFG-GBCDEFA is completely analogous
to AHG-GHA from a topological point of view, where
H=BCDEF. In practice, this means we need to coarse-

grain the sequences of events: repeated subsequences
can just be thought of as one big event as far as in-
definite causal order goes. For example, if the event
“Alice looks at her microscope in the lab” occurs in
both spacetimes, it makes sense to talk about this
macroscopic event rather than (“photon 1 reaches Al-
ice’s eye” ≺ “Alice’s eye molecules react and send a
signal to her brain” etc.). In practice, this is reached
with the following coarse-grained ordered set:

(a) ABC-ABC,
δ = 0

(b) ABC-ACB,
δ = 1

(c) ABC-BAC,
δ = 1

(d) ABC-BCA,
δ = 2

(e) ABC-CAB,
δ = 2

(f) ABC-CBA,
δ = 3

Figure 11: Fine-grained knot classification of the causal order
for N = 3, M = 2.

/SAB := {(EA
i , EB

i ) ≺≺≺ (EA
j , EB

j ) ≺≺≺ ... : (EA
i , EB

i ) ∈ SAB & (∀i > 1,∀j ̸= i, {EB
i−1 ≺ EB

i } ̸= {EA
j−1 ≺ EA

j })}. (38)

Elements of /SAB do not share two consecutive
elements of SAB, i.e. we coarse-grained over the
redundant subsequences of events. For example,
ABCD-CABD ≡ ECD-CED ≡ EC-CE ≡ AB-BA,
so the resulting knot ought to be a trefoil (and in-
deed now is). In this example, we call E (and C) a
coarse-grained event.

Definition 17 (Effective causal order). The effective
causal order of coarse-grained events EX

a and EX
b of

spacetime (MX , gX ) are defined as

sMX
eff,ab :=

{
+1 if EX

a ≺ EX
b

−1 otherwise
(39)

respectively, with convention that for X = A,B,

[sMX
eff ] ≡

(
0 1

−1 0

)
if /SAB = ∅, which corresponds

to the case of definite causal order for two coarse-
grained events.

All quantifiers of causal order introduced in Sec. 3
straightforwardly follow for the effective causal order,
and the diagrammatic and knot constructions can be
performed straightforwardly in this case. For exam-
ple, the coarse-grained knot classification of the causal
order for N = 3,M = 2 is presented in Fig. 12. We

now see that cases 12b, 12c, 12d, and 12e are all equiv-
alent after coarse-graining: they are all trefoil knots.

Definition 18 (Coarse-grainability). A pair of causal
sequences of events is called coarse-grainable if SAB ̸=
/SAB.

A related but inequivalent notion is that of re-
ducibility. Consider a pair of causal sequences con-

(a) ABC-ABC,
δeff = 0

(b) ABC-ACB,
δeff = 1

(c) ABC-BAC,
δeff = 1

(d) ABC-BCA,
δeff = 1

(e) ABC-CAB,
δeff = 1

(f) ABC-CBA,
δeff = 3

Figure 12: Coarse-grained knot classification of the causal
order for N = 3, M = 2.
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taining groups (that we shall call causal subsequences)
of events – this pair of causal sequences are thus con-
catenations of causal subsequences. Within each sub-
sequence, the causal order between events may be
definite or indefinite. An example of this is ABCD-
BADC, which is the concatenation of AB-BA with
CD-DC.

Definition 19 (Irreducible causal orderings). A pair
of causal sequences of events is called reducible if they
contain non-trivial (i.e. not themselves nor the empty
set) causal subsequences, and irreducible otherwise.

Coarse-graining is, in a sense, equivalent to renam-
ing events and thus does not bear any effect on the
subsequent theorems – it reflects some sort of redun-
dancy in the sequences, and simply encapsulates dif-
ferent ways of looking at the same problem. On the
other hand, reducibility is less trivial: if one concate-
nates subsequences, one expects some sort of additiv-
ity on a topological level. This is expressed in the
following lemma and subsequent theorems.

Lemma 3. Knots associated to irreducible causal or-
derings are either prime knots or the unknot.

Proof. Suppose that the knot is not prime nor the un-
knot, i.e. it is the knot sum of several knots. By con-
struction, this implies that there exist subsequences
of causal orders that are delimited by such a compo-
sition, in the sense that there will be no crossing be-
tween different parts of the knot during the construc-
tion. This is shown in Fig. 13 for the example ABCD-
BADC. By contraposition, this means that if the knot
is associated to an irreducible sequence of causal or-
ders, then the knot is prime or the unknot.

Lemma 4. Knots associated to maximally indefinite
causal order for superpositions of M = 2 spacetimes
are (2, 2N − 1)-torus knots.

Proof. A (p, q) torus knot is a knot that lies on the
surface of a torus and is created by looping a string
q times through the hole and p times around the axis
of rotational symmetry of the torus. By construction,
knots associated to maximally indefinite causal order
are just intertwining at every node with 2 windings
around the axis of rotational symmetry, thus resulting
to a (2, q)-torus knot. For N events, we get 2N − 1
windings, where we have a factor of 2(N − 1) coming
from winding around every event except the last, and
+1 from the final crossing between the last event of
the first sequence and the first event of the second
sequence.

Notation 1. We write ∇Tp,q (z) ≡ ∇(p,q)(z), where
Tp,q is the (p, q)-torus knot.

Lemma 5. For (2, q) torus knots where q ≡ 1 mod 2,

∇(2,q)(z)2 = (q − 1)(q + 1)
8 . (40)

Proof. For (2, q)-torus knots, ∇(2,q)(z) = Fq(z) [43]
where Fq(z) are Fibonacci polynomials. But

Fq(z) =
q∑

k=0
F (q, k)zk (41)

where

F (q, k) =


(

1
2 (q + k − 1)

k

)
if q ̸= k mod 2

0 otherwise.
(42)

We are interested in the quadratic term, for which

k = 2,
(

N
2

)
=
(
N
2

)
, and q ≡ 1 mod 2 so that

∇(2,q)(z)2 = F (q, 2) = (q − 1)(q + 1)
8 , (43)

which concludes the proof.

Lemma 6. The causal indefiniteness of a superposi-
tion of two spacetimes (MA, gA) and (MB, gB) with
N events in either definite causal order or in max-
imally indefinite causal order is related to its knot
representation as

∇(z)2 = δ(A,B). (44)

Proof. This is trivially true for definite causal orders.

By lemma 1, δ(A,B) =
(
N
2

)
for maximally indefi-

nite causal order. But by lemma 4, the knot associ-
ated to this scenario is a (2, 2N − 1) torus knot, with

∇(2,2N−1)(z)2 =
(
N
2

)
.

Lemma 7. For any prime knot or the unknot, the
Alexander-Conway polynomial has ∇(z)0 = 1 and
∇(z)1 = 0.
Proof. ∇(z)0 = 1 comes from the fact that applying
the skein relations, we always end up with an unknot,
for which ∇(O) = 1, with only one skein branch lead-
ing to this. ∇(z)1 = 0 comes from the fact that we do
not work with links but with knots, so applying skein
relations will never yield a term with a single factor
of z (as would be the case e.g. for the Hopf link).

Lemma 8. The quadratic term of the Alexander-
Conway polynomial is additive under K1#K2 knot
addition where K1 and K2 are prime or the unknot,
i.e.

∇K1#K2(z)2 = ∇K1(z)2 + ∇K2(z)2. (45)
Proof. Since the Alexander-Conway polynomial is
multiplicative under knot addition [44], we have

∇K1#K2(z)2 = ∇K1(z)2 · ∇K2(z)0

+ ∇K1(z)1 · ∇K2(z)1

+ ∇K1(z)0 · ∇K2(z)2 (46)
= ∇K1(z)2 · 1 + 0 · 0 + 1 · ∇K1(z)2

(47)

by lemma 7, which concludes the proof.
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Figure 13: Concatenation of two sequences AB-BA and CD-DC into ABCD-BADC. The knot representation of the disjoint
sequences gives two trefoil knots, which under a knot sum (denoted #) gives the same knot as the knot representation of
ABCD-BADC.

Lemma 9. The quadratic term of the Alexander-
Conway polynomial of arbitrary knot sums
K1#K2#...#Kn of prime knots (and unknots)
Ki is additive.

Proof. We prove this by induction. The base case is
proven in lemma 8. Suppose that this holds for the
sum of k prime knots of the form above; we write this
knot K#k – this is a composite knot. We want to
show that this relation holds for the composite knot
K#k#Kk+1.

Since the Alexander-Conway polynomial is multi-
plicative under knot addition [44], and ∇Ki

(z)0 =
1 for any prime knot Ki (by lemma 7), then
∇K#k

(z)0 =
∏k

i ∇Ki(z)0 = 1. Then

∇K#k#Kk+1(z)2 = ∇K#k
(z)2 · ∇Kk+1(z)0

+ ∇K#k
(z)1 · ∇Kk+1(z)1

+ ∇K#k
(z)0 · ∇Kk+1(z)2 (48)

= ∇K#k
(z)2 · 1

+ ∇K#k
(z)1 · 0

+ 1 · ∇Kk+1(z)2 (49)

by lemma 7, so ∇T#k#Kk+1 = ∇T#k
(z)2 + ∇Kk+1(z)2,

which proves the inductive step. Thus, for arbitrary
sums of such prime knots, the second term of the
Alexander-Conway polynomial is additive.

Theorem 3. The causal indefiniteness of a super-
position of two spacetimes (MA, gA) and (MB, gB)
with N events whose subsequences are either in def-
inite causal order or in maximally indefinite causal
order is related to its knot representation as

∇(z)2 = δ(A,B). (50)

Proof. This follows from lemmas 6, 9, and 2 where
we have that δ(K1#K2#...#Kn) = δ(K1) + δ(K2) +

...+δ(Kn) and since non-trivial torus knots (not (2, 1)
torus knots, i.e. the unknot) are prime [45] – however,
the arguments above also apply for unknots.

Note that theorem 3 is a generalisation of lemma
6, where we allow for concatenations of maximally
indefinite causal orders.

Conjecture 2. The causal indefiniteness of a super-
position of two spacetimes (MA, gA) and (MB, gB)
with N events for a pair of irreducible causal se-
quences is related to its prime (by lemma 3) knot
representation as

∇(z)2 = δ(A,B). (51)

Note that we have shown that this is true for knots
whose subsequences are either in definite causal orders
or in maximally indefinite causal orders from theorem
3. The question is then whether this holds for prime
knots representing irreducible braided causal orders.
To support this conjecture, we provide in Fig. 14 three
non-trivial examples for which it holds: ABCD-BDAC
(cinquefoil knot 51 in Alexander-Briggs notation with
∇(z) = 1 + 3z2 + z4 and δ = 3), ABCD-DACB (73
prime knot in Alexander-Briggs notation with ∇(z) =
1 + 4z2 + 2z4 and δ = 4), and ABCD-CBDA (also
a 73 prime knot in Alexander-Briggs notation with
∇(z) = 1 + 4z2 + 2z4 and δ = 4). Other examples are
provided in Appendix A.

Theorem 4. Given Conjecture 2, the causal in-
definiteness of a superposition of two spacetimes
(MA, gA) and (MB, gB) with N events is given by

∇(z)2 = δ(A,B), (52)

where ∇(z)2 is the quadratic term of the Alexander-
Conway polynomial of the knot representation of the
causal sequence.
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(a) ABCD-BDAC,
∇(z)2 = δ = 3

(b) ABCD-DACB,
∇(z)2 = δ = 4

(c) ABCD-CBDA,
∇(z)2 = δ = 4

Figure 14: Examples of irreducible causal sequences that sat-
isfy Conjecture 2.

Proof. Assuming Conjecture 2, this follows
from lemmas 9 and 2 where we have that
δ(K1#K2#...#Kn) = δ(K1) + δ(K2) + ... + δ(Kn)
for knot representations Ki of arbitrary irreducible
subsequences of causal orders.

It then follows that we can read off the indefinite-
ness of the causal order from knot diagrams. This
theorem implies a topological protection of the no-
tion of indefinite causal order: changing quantifiers of
the causal order requires topological (discontinuous)
changes. In [46, 47] it was argued that the quadratic
term of the Alexander-Conway polynomial of a knot
has a topological meaning: it is a measure of the “self-
linking” of the knot.

Here, there is thus a notion of “topological protec-
tion” which, though not referring to the topology of
the spacetime, is related to it. The “topological pro-
tection” here is at the level of the causal sequences
themselves and at the level of the associated knots.
Quantum diffeomorphisms cannot change the causal
ordering in spacetime [27], and this is trivially high-
lighted by the fact that two sequences of events with
the same ordering have the same knots and conse-
quently the same quantifiers of indefiniteness. At the
level of knots, quantum diffeomorphisms can be seen
as smooth deformations of the knot, which trivially
cannot change the causal ordering of the associated
causal sequences. Our result here is more general:
certain (though not all) permutations of events, at
the level of the causal sequences (i.e. at the level
of sets) preserve the causal ordering of ensembles of
events, and such permutations can be implemented
as topology-preserving maps. Roughly speaking, the
topological properties inherent to the notion of in-
definite causal order (including spacetime considera-
tions though not restricted to such) are encoded in
the knots. This in turn explains Proposition 10, and
in this sense we may formulate the following theorem.

Theorem 5. Given Conjecture 2, any topology-
preserving map cannot change the causal indefinite-
ness of sequences of events.

This is similar to the theorem proved in [28] in
the context of the process matrix formalism, stat-
ing that causal order is invariant under any contin-
uous and reversible transformation. Note that the
topological protection of (in-)definite causal order for

M = 2 spacetimes implies the topological protection
for more generic superpositions of spacetimes, since
quantifiers of indefiniteness for such general situa-
tions depend on those for M = 2 spacetimes. Fur-
ther, note that Theorem 5 does not strictly imply
that the sequences of events in each branch cannot
change under topology-preserving maps: two differ-
ent pairs of sequences of events with the same causal
indefiniteness can be represented by the same knot
(and thus have the same Alexander-Conway polyno-
mials). Thus, topology-preserving maps can in prin-
ciple change the sequences of events while preserving
the causal indefiniteness.

5 Operational encoding of the causal
order
Let us now turn to the operational encoding of the
causal order provided in [27] for two events in two
spacetimes in superposition. The protocol given
therein allows to encode the causal order between
two events, s = ±1, in orthogonal qubit states by
sending a target system with an internal spin-1/2 de-
gree of freedom through a setup, passing in superposi-
tion of opposite orders between two agents Alice and
Bob, each equipped with a memory register. The set-
up is tuned such that the internal degree of freedom
starts in an initial factorised state, passing through
the first laboratory at proper time τ∗

1 and the second
laboratory at τ∗

2 . Upon the target system’s passing,
each agent measures its state in the orthonormal ba-
sis {|b1⟩T , |b2⟩T } and encodes |τ∗

i ⟩ in their respective
memory register. By appropriate post-processing, the
branch-wise causal order is thus encoded in the mem-
ory register.

This encoding can be generalised to the case of N
events – and thus N agents – andM spacetimes. The
target system is now taken to have an N -dimensional
internal degree of freedom, such that there exists an
orthonormal basis {|bi⟩T }i=1,..,N in which each agent
measures the test particle upon its passage in their
lab. The crossings of the target system’s worldline
with that of each of the agents’ laboratories is tuned
in a way that in each of the M branches, the target
crosses the j-th laboratory at proper time τ∗

j . Thus,
upon measurement, agent i receives the outcome cor-
responding to state

∣∣bπ(i)
〉

T
, depending on the per-

mutation π of the order of events in the respective

branch, and encodes
∣∣∣τ∗

π(i)

〉
Ri

in their memory regis-

ter Ri. Thus, given the initial joint state

|Ψ0⟩ =
( M∑

X =1
cX |g̃X ⟩

) N⊗
i=1

|0⟩Ri
⊗ |b0⟩T , (53)

the state evolves to

|ΨN ⟩ =
( M∑

X =1
cX |g̃X ⟩

N⊗
i=1

∣∣∣τ∗
πX (i)

〉
Ri

)
|bN ⟩T , (54)
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where πX is the permutation corresponding to the or-
der of the N events in branch X of the superposition.
During post-processing, once the target system has
evolved to its final state |bf ⟩T , a referee transforms
the state of all memory registers unitarily to

|Ψf ⟩ =
( M∑

X =1
cX |g̃X ⟩

√
N

N−1⊗
i=1

j=i+1

∣∣∣sX
ij |τ∗

πχ(j) − τ∗
πχ(i)|

〉
Ri

)

⊗
∣∣∣∑N

k=1 τ
∗
k

〉
RN

|bf ⟩T .

(55)
The concrete transformation implementing this
change is given by Ûrel = 1G ⊗ ÛR ⊗ 1T with1

ÛR =
∫ ( N∏

n=1
dτn

)√
| detJ |

(
N−1⊗
i=1

|τi+1 − τi⟩⟨τi|Ri

)

⊗ |
N∑

k=1
τk⟩⟨τN |RN

(56)

Here, J is the Jacobian associated to the coordinate
transformation τi → τ ′

i = τi+1 −τi for i = 1, . . . , N−1
and τN → τ ′

N =
∑N

k=1 τk, which simply yields
| detJ | = N , as shown in Appendix B. There, we also
show that this transformation is indeed unitary. By
tracing out the state of the N -th register and the tar-
get system and relabelling the state of the i-th register
to just

∣∣sX
ij

〉
, we have

|Ψ⟩ =
M∑

X =1
cX |g̃X ⟩

N−1⊗
i=1

j=i+1

∣∣sX
ij

〉
. (57)

Post-selecting the control with the gravitational field
on the outcome

∑M
X =1 |g̃X ⟩, we get that the test par-

ticle is in the state

|ψ⟩ =
M∑

X =1
cX

N−1⊗
i=1

j=i+1

∣∣sX
ij

〉
. (58)

Note that all information about the total causal order
of the collection SX of events is contained in the causal
order si(i+1) between neighbouring pairs of events,
which is is explicitly encoded in the state (58). This
concludes the generalisation of the operational encod-
ing of causal order for an arbitrary finite number of
events and spacetimes in superposition.

6 Measures of quantum coherence in
a superposition of causal orders
In this section, we want to explore quantifiers for in-
definite causal order that take into account the coher-
ence of a quantum state. Given a pure quantum state

1Note that ÛR is similar to the transformation to relative
coordinates T̂

(M)
rel

given in [32].

|ψ⟩ of the form (58), we can associate to it the density
operator

ρ̃ = |ψ⟩ ⟨ψ| =
M∑

X ,Y=1
cX c

∗
Y

N−1⊗
i=1

j=i+1

∣∣sX
ij

〉 〈
sY

ij

∣∣ . (59)

From this, we can define the density operator ρ with
entries [ρ]X Y = cX c

∗
Y .

Definition 20 (l1 coherence). The l1 coherence of a
quantum state ρ ∈ B(H) is defined as

Cl1 :=
∑
m̸=n

|ρmn| (60)

i.e. as the sum of off-diagonal components of the den-
sity matrix ρ.

We can use the coherence to further distinguish be-
tween different “strengths” of indefinite causal order.
Let us start by considering the pairwise causal order
between two events in a superposition of two space-
times. In this case, Cl1 = 2|ρAB|, and we can define
a weighted version of the pairwise causal order.

Definition 21 (Pairwise quantum causal order). For
two spacetimes (MA, gA) and (MB, gB), we define the
pairwise quantum causal order between two events Ea

and Eb to be

šAB
ab := 2|ρAB|sA

abs
B
ab. (61)

If the pairwise causal order is definite, Eq. (61) re-
duces to the l1 coherence measure. This is not rel-
evant for our purposes. If the pairwise causal or-
der is indefinite, however, it can be interpreted as a
measure of the “strength” of the indefiniteness of the
causal order – the more coherent the superposition,
the stronger the indefiniteness. The same reasoning
can be applied to the longitudinal causal order.

Definition 22 (Longitudinal quantum causal order).
The longitudinal quantum causal order between two
spacetimes (MA, gA) and (MB, gB) is

ľAB :=
N∑

1≤i<j

2|ρAB|sAB
ij . (62)

When going beyond a superposition of two space-
times, we also want to be able to take into account
differing levels of coherence between different pairs of
branches. In this case, it is no longer enough to work
with the total coherence Cl1 . Instead, we want to take
into account the coherence 2|ρX Y | between any pair
of branches X and Y separately.

Definition 23 (Transverse quantum causal order).
The transverse quantum causal order between two
events Ea and Eb in a collection of M spacetimes
{(MX , gX )}M

X =1 is defined as

ťab :=
M∑

1≤X <Y

2|ρX Y |sX Y
ab (63)
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with ťab = ťba = ť(ab).

Naturally, these definitions give rise to a notion of
quantum causal indefiniteness,

δ̌(A,B) := 2|ρAB|
N∑

1≤i<j

∣∣sA
ij − sB

ij

∣∣0, (64)

and quantum total causal indefiniteness,

∆̌ :=
M∑

1≤X <Y

2|ρX Y |δ(X ,Y), (65)

as well as a quantum version of the total causal order.

Definition 24 (Total quantum causal order). The
total quantum causal order between a collection of M
spacetimes {(MX , gX )}M

X =1 is

štot :=
M∑

1≤X <Y

ľX Y ≡
N∑

1≤i<j

ťij . (66)

This set of quantifiers incorporates specific quan-
tum mechanical aspects, in particular the coherence
between pairs of spacetimes, in the characterisation
of indefinite causal order. Future work could explore
the operational meaning of these quantum mechani-
cal quantifiers as well as an extension of the knot the-
oretic or diagrammatic representation that captures
them. The latter might require equipping the dia-
grams with additional structure, encoding the ampli-
tude of the branches of the superposition.

7 Discussion
In this paper, we explored how the indefiniteness of
causal order, for an arbitrary finite number of events
and spacetimes in superposition, can be quantified
and found a compelling connection to knot theory.
In particular, we proposed a way to represent super-
positions of different ordered sequences of events in
terms of knot diagrams. Our results indicate that
scenarios with maximally indefinite causal order cor-
respond to torus knots, those with definite causal or-
der to the simple unknot, and, more generally, irre-
ducible causal sequences to prime knots. Moreover,
we demonstrated that the indefiniteness of causal or-
der for a superposition of two spacetimes with N
events, whose subsequences are either in definite or
maximally indefinite causal order, is related to the
quadratic term of the Alexander-Conway polynomial
of the corresponding knot. This characterisation fa-
cilitates the classification of potential causal orderings
by representing them as inequivalent knots and using
knot invariants to differentiate them. Additionally,
since the quadratic term of the Alexander-Conway
polynomial is a topological invariant, it immediately
follows from this characterisation that causal definite-
ness or maximal indefiniteness cannot be altered by

any topology-preserving map. This result aligns with
previous work showing the invariance of causal order
under quantum diffeomorphisms [27] and builds the
connection to earlier results from the process matrix
formalism that demonstrate its invariance under arbi-
trary continuous and reversible transformations [28].

An important open conjecture is whether the re-
lationship between the indefiniteness of causal order
and knot invariants extends to arbitrary causal se-
quences. This would require proving the equivalence
for arbitrary irreducible causal sequences. This might
be reached through an analysis of the Seifert ma-
trix [Aij ] associated with these prime knots, which
are directly related to the quadratic coefficient of the
Alexander-Conway polynomial [47]. Though Conjec-
ture 1 does not follow from Conjecture 2, as two dif-
ferent knots may share the same quadratic term of
their respective Alexander-Conway polynomial, prov-
ing the former would certainly be a major step in
proving the latter. It would also be interesting to de-
termine under what conditions a given knot represents
a causal ordering. Although not all knots seem to be
related to causal orderings in our construction – for
instance the figure-eight knot, being a knot with four
crossings, cannot be mapped to irreducible sequences
– it may be insightful to determine general proper-
ties of knots that are indeed associated to indefinite
causal structures. For example, are all knots with an
odd number of crossings related to some causal struc-
tures?

Another potential avenue for future research would
be to connect the present work to various diagram-
matic frameworks modelling indefinite causal struc-
tures. This includes, for example, the process matrix
formalism (e.g. [3, 8]), extended circuit formalisms
[17, 21, 22] and, more generally, frameworks within
quantum causal modelling (e.g. [16, 48, 49]). Though
quantum-controlled indefinite causal order cannot vi-
olate causal inequalities [18], it would be interesting to
understand whether the framework in this paper can
be extended to more general setups, e.g. to quantised
worldlines and non-quasiclassical spacetimes which
could go beyond this quantum-controlled formalism,
and lead to knots and invariants which could be asso-
ciated to causal inequality violations.

An experimental realisation of the quantum 4-
switch, which is a special case of our formalism for
N = 4 events, has been performed in [50]. More
specifically, the authors looked at the case of N =
4,M = 4 with causal sequences ABCD − BADC −
CBDA−DACB. This corresponds to a total causal
indefiniteness of ∆ = 21. It is shown in [50–54] that
the quantum N -switch process can provide a com-
putational advantage over fixed-gate-order quantum
circuits, dependent on both N and M , for solving a
particular phase-estimation problem. In future work,
it would be interesting to understand whether the (to-
tal) causal indefiniteness δ and ∆ can be linked to the
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complexity of certain protocols, and whether a bound
on these quantifiers relate to a possible computational
advantage. For example, if a given causal sequence in
some (N,M) case has ∆ ≥ ∆crit(P ), then computa-
tional advantage could be reached for some protocol
P .

Moreover, it would be interesting to explore the
group theoretic features of some of the constructions
in the present work. This includes, on the one hand,
the study of the knot groups associated to, in partic-
ular, the unknot and torus knots representing definite
and maximally indefinite causal order, respectively.
On the other hand, it might be fruitful to explore
the link to the braid group. This connection is mo-
tivated by a theorem by Alexander [55], which states
that every knot can be represented as a closed braid.
However, this correspondence is not one-to-one [56],
in the sense that multiple braids can correspond to
the same knot, and would thus be assigned the same
causal order invariant. This could be traced back
to the fact that the braiding distinguishes between
different choices of the reference spacetime, whereas
the knot construction does not, as we saw in Sec. 4.
Establishing the link to the braid group would open
the door to explore further connections to topological
quantum field theory, such as Chern-Simons theory
and anyons.

Finally, the present framework can be generalised in
several directions. Firstly, we may allow for infinitely
many events across all spacetimes in superposition,
thereby considering the continuum limit N → ∞.
Secondly, one may want to allow for a continuum of
spacetimes in superposition, that is, take the limit
M → ∞ and consider states of the form

|Ψ⟩ =
∫

Ω
c(gX )

∣∣g̃X 〉 dµ(gX ). (67)

This, however, would require a meaningful measure
µ(gX ) on a measurable set Ω of spacetime metrics 2.
In both of these limits, it would be necessary to find
an appropriate normalisation of the various quanti-
fiers for indefinite causal order in order to prevent
divergences.

Further generalisation could involve considering
scenarios with indefinite causal occurrences, where
some events may or may not be present in some space-

times. As a simple example, consider the case of
a particle in the presence of a black hole, where in
one branch of the superposition, the particle falls into
the black hole whereas it escapes into infinity in the
other. Here, the event of the particle falling into the
black hole only occurs in one branch. Currently, we
exclude such scenarios by requiring that the num-
ber of events is the same across all spacetimes. An
even more intriguing scenario arises when a particle
in one branch causes a collapse into a black hole by
falling into a massive star while this does not hap-
pen in the other branch, thus causing a change in the
topology of spacetime in a single branch of the super-
position. This would require a generalisation of our
framework to account for a superposition of topolog-
ically inequivalent spacetimes. Lastly, one could con-
sider other exotic topological scenarios, for instance
closed timelike curves. Such cases could be naturally
considered through so-called fusion diagrams, often
used in the field of topological quantum matter. We
believe that these are just a few avenues for the fu-
ture exploration of the intersection between indefinite
causal order, knot theory, and quantum gravity.
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A Examples satisfying Conjectures 1 and 2.
In total, there are 2!+3!+4! = 32 knots for N ≤ 4 events, and 8 pairs of knots in those which can be associated
upon renaming, the others being their own renamings. For example, setting A′ := B,B′ := A,C ′ := D and

2This might be feasible when restricting to a superposition
of spacetimes gX from a tractable subset of spacetime metrics.
Dealing with superpositions of arbitrary spacetime metrics, on
the other hand, would require finding a path integral for general
(Lorentzian) metrics. This, however, is an open problem, with
various approaches to quantum gravity offering different direc-
tions for solutions, such as (causal) dynamical triangulations
[57] or spin foam methods [58].
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D′ := C shows that ABCD-BADC should really be understood as the same pair of event sets as B’A’D’C’-
A’B’C’D’, i.e. the resulting knot for this sequence is, by definition, invariant under the choice of base spacetime.
On the other hand, setting A′′ := B,B′′ := C and C ′′ := A shows that ABC-BCA and C”A”B”-A”B”C” are
again just renamings of the same pair of event sets, with different choices of base spacetime. We now show that
those which are not invariant all satisfy Conjectures 1 (and 2) for N ≤ 4. We write a DT sequence of the knot
construction and provide the associated Alexander-Conway polynomial for each of the knots.

1. ABC-BCA and ABC-CAB.

(a) ABC-BCA,
DT: 6,-10,12,2,-4,-8

(b) ABC-CAB,
DT: -10,-8,12,-4,-2,6

Figure 15: 1. ABC-BCA and ABC-CAB: ∇(z) = 1 + 2z2 ⇒ ∇(z)2 = 2 = δ.

2. ABCD-BCAD and ABCD-CABD – clearly these are just the knots of ABC-BCA and ABC-CAB, respec-
tively, since adding D-D at the end does not change the knot (it corresponds to performing two type I
Reidermeister moves): ∇(z) = 1 + 2z2 ⇒ ∇(z)2 = 2 = δ.

3. ABCD-ACDB and ABCD-ADBC.

(a) ABCD-ACDB,
DT: 8,-14,-12,-16,2,-6,-4,10

(b) ABCD-ADBC,
DT: -12,-10,14,-16,-4,-2,8,6

Figure 16: 3. ABCD-ACDB and ABCD-ADBC: ∇(z) = 1 + 2z2 ⇒ ∇(z)2 = 2 = δ.

4. ABCD-BCDA and ABCD-DABC.

(a) ABCD-BCDA,
DT: 8, -14, -12, 16, 2, -6, -4, -10

(b) ABCD-DABC,
DT: -14, -12, -10, 16, -6, -4, -2, 8

Figure 17: 4. ABCD-BCDA and ABCD-DABC: ∇(z) = 1 + 3z2 ⇒ ∇(z)2 = 3 = δ.

5. ABCD-BDAC and ABCD-CADB.

6. ABCD-BDCA and ABCD-DACB.

7. ABCD-CBDA and ABCD-DBAC.

8. ABCD-CDBA and ABCD-DCAB.

The rest of the sequences with N ≤ 4 events are their own renamings. We not only see that the quadratic
coefficients of the Alexander-Conway polynomials are the same, but the knots themselves are the same. We
have thus shown that Conjecture 1 holds for N ≤ 4 events, i.e. the choice of base spacetime is irrelevant for
N ≤ 4. It is conjectured that this holds for any N ∈ N.
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(a) ABCD-BDAC,
DT: 14, -10, -20, -18, -4, -22, 24, 2, 12,
-6, 8, -16

(b) ABCD-CADB,
DT: 20, 10, -16, 26, -22, 4, -18, -6, 24,
8, 2, 12, -14

Figure 18: 5. ABCD-BDAC and ABCD-CADB: ∇(z) = 1 + 3z2 + z4 ⇒ ∇(z)2 = 3 = δ.

(a) ABCD-BDCA,
DT: 8,12,14,18,2,-16,4,6,-10

(b) ABCD-DACB,
DT: 16, 10, 12, 20, -18, 4, 6, 8, 2, 14

Figure 19: 6. ABCD-BDCA and ABCD-DACB: ∇(z) = 1 + 4z2 + 2z4 ⇒ ∇(z)2 = 4 = δ.

(a) ABCD-CBDA,
DT: 8, 14, -12, 18, 2, -6, 16, 4, -10

(b) ABCD-DBAC,
DT: 12, 14, -10, 18, -6, -16, 2, 4, 8

Figure 20: 7. ABCD-CBDA and ABCD-DBAC: ∇(z) = 1 + 4z2 + 2z4 ⇒ ∇(z)2 = 4 = δ.

(a) ABCD-CDBA,
DT: 8, 10, -14, 16, 2, 4, -6, -12

(b) ABCD-DCAB,
DT: -12, -10, 14, 16, -4, -2, 8, 6

Figure 21: 8. ABCD-CDBA and ABCD-DCAB: ∇(z) = 1 + 5z2 + 2z4 ⇒ ∇(z)2 = 5 = δ.

B Unitarity of Transformation in Operational Encoding
Here, we show that the transformation (56) is indeed unitary, that is, ÛRÛ

†
R = Û†

RÛR = 1R. This immediately

implies the unitarity of the total transformation Ûrel = 1G ⊗ ÛR ⊗ 1T since the latter acts trivially on the
gravitational part of the state and the target system. We start by showing that ÛRÛ

†
R = 1R.

ÛRÛ
†
R =

∫ ( N∏
n=1

dτn

)(
N∏

m=1
dτ̃m

)
| detJ |

N−1⊗
i=1

|τi+1 − τi⟩ ⟨τi|τ̃i⟩︸ ︷︷ ︸
δ(τi−τ̃i)

⟨τ̃i+1 − τ̃i|Ri

⊗ |
N∑

k=1
τk⟩⟨τN |τ̃N ⟩︸ ︷︷ ︸

δ(τN −τ̃N )

⟨
N∑

l=1
τ̃l|RN

=
∫ ( N∏

n=1
dτn

)
| detJ |

N−1⊗
i=1

|τi+1 − τi⟩⟨τi+1 − τi|Ri ⊗ |
N∑

k=1
τk⟩⟨

N∑
l=1

τl|RN

In the first line we used that, because the coordinate transformation is linear, the Jacobian does not depend
explicitly on τ resp. τ̃ and thus | detJ(τ)| = | det J(τ̃)| ≡ | det J | (see below for the concrete expression).
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To show that this is indeed the identity on R, we change the integration variables from τi+1 − τi → τi for

i = 1, . . . , N − 1 and
∑N

k=1 τk → τN . Note that this is precisely the inverse transformation of that, with respect
to which the Jacobian J is defined. Since the Jacobian of the inverse transformation is simply the inverse of
the Jacobian, the integration measure is rescaled by | det

(
J−1)| = | det J |−1. We thus obtain

ÛRÛ
†
R =

∫ ( N∏
n=1

dτ ′
n

)
| detJ |−1| detJ |

N−1⊗
i=1

|τ ′
i⟩⟨τ ′

i |Ri
⊗ |τ ′

N ⟩⟨τ ′
N |RN

=
∫ ( N∏

n=1
dτ ′

n

)
N⊗

i=1
|τ ′

i⟩⟨τ ′
i |Ri

= 1R.

Next, let us show Û†
RÛR = 1R. We have

Û†
RÛR =

∫ ( N∏
n=1

dτn

)(
N∏

m=1
dτ̃m

)
| detJ |

N−1⊗
i=1

|τi⟩⟨τi+1 − τi|τ̃i+1 − τ̃i⟩︸ ︷︷ ︸
δ(τ̃i+1−τ̃i−τi+1+τi)

⟨τ̃i|Ri

⊗ |τN ⟩⟨
N∑

k=1
τk|

N∑
l=1

τ̃l⟩︸ ︷︷ ︸
δ(
∑N

k=1
(τ̃k−τk))

⟨τ̃N |RN
.

We can simplify this using the following property of the multivariate delta-distribution:

δ(g⃗(x⃗)) = δ(x⃗− x⃗0)
| detJg⃗(x⃗0)| .

In our case, gi(⃗̃τ) = τ̃i+1 − τ̃i − τi+1 + τi for i = 1, . . . , N − 1 and gN (⃗̃τ) =
∑N

k=1(τ̃k − τk). When seen as a

function of ⃗̃τ , the terms proportional to elements of τ⃗ do not affect the Jacobian and we simply have Jg⃗ = J .

The zero of the function inside the delta-distribution is simply given by ⃗̃τ = τ⃗ . We can thus rewrite the above
expression as

Û†
RÛR =

∫ ( N∏
n=1

dτn

)(
N∏

m=1
dτ̃m

)
| detJ |δ(

⃗̃τ − τ⃗)
| detJ |

N⊗
i=1

|τi⟩⟨τ̃i|Ri
=
∫ ( N∏

n=1
dτn

)
N⊗

i=1
|τi⟩⟨τi|Ri

= 1R.

This concludes the proof of unitarity. To simplify the expression for the state after the unitary transformation,
we also compute explicitly the constant factor

√
| detJ | that rescales the wavefunction. To this end, note first

that for N = 2 and N = 3 the Jacobi determinant is

det J2 ≡ det
(

−1 1
1 1

)
= −2, det J3 ≡ det

−1 1 0
0 −1 1
1 1 1

 = −1 · det
(

−1 1
1 1

)
+ 1 · det

(
1 0

−1 1

)
= 3.

This generalises to arbitrary N as
det JN = (−1)N ·N, (68)

which can be proven via induction. In particular, assuming that Eq. (68) holds for some N ≥ 2, we can compute
the determinant for the (N + 1)-dimensional Jacobian as follows:

det JN+1 = det


−1 1 0 . . . 0
0
...
0
1

JN

 = −1 · det JN + (−1)N · det


1 0 0 . . . 0

−1 1 0 . . . 0
...

...
0 . . . 0 −1 1


= (−1)N ·N + (−1)N · 1 = (−1)(N+1)−1(N + 1).

where we used the induction hypothesis and the fact that the determinant of a triangular matrix is just the
product of its diagonal entries in going from the first to the second line.

References
[1] Lucien Hardy. “Towards quantum gravity: a framework for probabilistic theories with non-fixed causal

structure”. Journal of Physics A: Mathematical and Theoretical 40, 3081 (2007).
[2] Giulio Chiribella, Giacomo Mauro D’Ariano, Paolo Perinotti, and Benoit Valiron. “Quantum computations

without definite causal structure”. Phys. Rev. A 88, 022318 (2013).

Accepted in Quantum 2025-09-05, click title to verify. Published under CC-BY 4.0. 21

https://dx.doi.org/10.1088/1751-8113/40/12/S12
https://dx.doi.org/10.1103/PhysRevA.88.022318
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